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Introduction o F1-Hypergeometric Series/Functoins

»F1-Hypergeometric Series

b
e Let ga,b,c € R. The hypergeometric function o F; C; z] is
defined by
ab — (@)n(b)n
F- Z| = Al 4
2 ‘l c nZ::O (c)nn!

where (a), = a(a+1)...(a+ n— 1) is the Pochhammer symbol.
e Euler’s integral representation of the oy withc > b > 0

a,b 1 Y ob c—b—1 —a
oF4 o’ :B(bc—b)/o x°7(1 = x) (1 — Xx)~%dx,
where ]
_ _ r(ar(pb)
Bla,b)= [ x*'(1-x)PTdx=—"—2
(ab)= [ %1 = e = 28D

is the Beta function.
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o F1-Hypergeometric Series/Functoins
Hypergeometric Functions over Finite Fields

Let g = p® be a prime power. Let Iﬁg denote the group of multiplicative
characters on Fg . Extend x € Fj to Fq by setting x(0) = 0.

Gaussian Hypergeometric Function. (Greene, 1984) Let \ € Fy,
and A, B, C c Fy.

. oF (A g;)\> =2 5 pgBe(t - AT - x),
q

q XE]Fq
where ¢ is the trivial character.

A B _q Ax By
2F1< C'A>q'_q—1 Z(X)(CQX(A)’
x€Fy

where <g> = B(;”J(A, B) is the normalized Jacobi sum of A,
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Introduction o F1-Hypergeometric Series/Functoins

Legendre Family

For A #0, 1, let
Ey: y?=x(x—1)(x—)\)
be the elliptic curve in Legendre normal form.

e The periods of the Legendre family of elliptic curves are

o ax
2B = /1 XX 1) x N

e If0 < )\ <1,then

1

1
oF; |2 ?;)\

If A € Q, and E, has good reduction at prime p, we can express

#E\(Fp) in terms of Gaussian hypergeometric functions.
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Introduction o F1-Hypergeometric Series/Functoins

Legendre Family over Finite Fields

Legendre family of elliptic curves over Fp:
Ex:y?=x(x—1)(x—1)

Trace of Frobenius:

ap(\) =p+1—#E\(Fp), A#0,1

Koike 1992.
If pis an odd prime, then

p2Fi

2 Z";A] = mp(—M)ap(A), A#£0,1,
p

where ¢ is the trivial character and 7 is the quadratic character.
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2
Ex:y =x(x—1)(x—X), 2xeQ-{0,1}.

e IfO < A< 1,then
1

b3, _AE) _ B
2,

2F4 '
m r(3)?

e If pis an odd prime with ordp(A(A — 1)) = 0, then

2F

e’ Cp(—1)  glw)?

M2 772_)\] @) —ap ()

e IfA=1,p=1 mod 4, we have
V2 1/4 —n2(2) _ N4
EQ(EA) = Re<1/2>, 20 ap(\) = Re <772>’

where n4 is a character of order 4.
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For m € Z™, define the truncated » F;-hypergeometric series by

Al 2] S

c pan (ck)k!

When a,(\) is not divisible by p, Dwork shows that

1

1 1
fo(A) := lim oF; [2

; 3\] /2F1 [2 ; 3\]
pS—1 ps—1-1

is the unit root of T2 — ap(\) T + p, where  is the image of \ under the
Teichmdiller character.

Example. When A = -1, p=1 (mod 4),

o —ap(—1)=p- 2F <772 7782;—1> = J(n4,m2) + J(7a,m2)-

o
Mo(2)p(a
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, Where I'p(-) is the p-adic Gamma function.
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Introduction o F1-Hypergeometric Series/Functoins

Motivations

hypergeometric series — periods
Gaussian hypergeometric series «— Golais representations
truncated hypergeometric series <+— unit roots
Motivation

Investigate the relationships among hypergeometric series, truncated
hypergeometric series, and Gaussian hypergeometric functions
through some families of hypergeometric algebraic varieties.

o yN = x/(1 - xY(1 — Mx)¥
o ¥ =(X1X2 - Xp_1)" (1 = X1) -+ (1 = Xp_1) (X1 — AXoXg -+ Xp_1)
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o F1-Hypergeometric Series/Functoins
Generalized Legendre Curves

Let N > 2, and i, j, k be natural numbers with 1 < i j, k < N. For the
smooth model X, of the curve

Cr: yVN=x'(1—xy(1 = xx)f, xeQ—-{0,1}

e a period can be chosen as

N’ N

P(A):B<1—— 1- i> oF,

2N—i—j ' A] ’
e Letn € F; be a character of order N. Then
N—1

—km 77im
#XA(FQ)” ="1+q9+gq Z n 2F1 ( nm(,'_H') ;)\) .
m=1 q
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Generalized Hypergeometric Series/Functions
Generalized Hypergeometric Series/Functions

e For a positive integer n, and «;, 5; € C with 8; € Z—, the
hypergeometric series . 1Fp is defined by

n+1Fn

ag Qi ... Qp > (ao)k T (a)k
Al = A
B1 ... Bn ] H /

where (a)p :=1, (1)k = k!, and (a)x == a(a+1)---(a+ Kk —1).
e If nis a positive integer, and A;, B; € ]ﬁ‘g, then
Aix
A).
(B/X>X( )

A A ... A Aox
”+1F”<0 B . B ) = —1 Z<O>
q erF

=R
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Euler’s Integral Formulae

When Re(5;) > Re(ay) > 0,

oy G4 ... Qp
(8n) /1 an—1 o1 Qg o ... Qpq
x N —x)rmen=t  F ©AX
M(an)T(Bn — an) Jo (=) o B1 - Bna
For characters Ag, A1,...,An, By,...,Bp inlﬁg,
Ay, Ay, ..., A )
F ) ) 9 ,A —
nH ”( B, ... B"),
AnBa(—1) - Ao, Ay oy Ay
T-;An(x)Aanﬂ—x)-n -1 B, B M K
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Higher Dimensional Analogues of Legendre Curves
Copn: Y= (XX Xo_1)" 1 (1=xq) - - (1= Xn_1) (X1 — AXaXg - - - Xp_1)
e G5, are known as Legendre curves.

VA |
e Up to a scalar multiple, ,Fp_1 |" ;’ ;’; Al for any

1 <j < n-—1,when convergent, can be realized as a period of
Cn’)\.

Theorem (Deines, Long, Fuselier, Swisher, T.)
Letq = p® =1 (mod n) be a prime power. Letn, be a primitive order
n character and < the trivial multiplicative character in Fg . Then

] g,

1 = 77i 77i ni
HCor(Fq) =14+¢"" +g" Z,,Fm( mo s M) |
I:1 ) q

v
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Local L-functions of Cz 1 and Cj 1

Theorem (Deines, Long, Fuselier, Swisher, T.)

Let no, n3, and n4 denote characters of order 2, 3, or 4, respectively, in
Fg.
q

e Letg=1 (mod 3) be a prime power. Then

oo (™ ) = o) - BB
’ q

e Letg=1 (mod 4) be a prime power. Then

q* aFs (774’ 7:’:’ 77547 7754;1> = J(n4,12)3+qJ (112, n2) —J (74, 12)?.
b b q
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Generalized Hypergeometric Series/Functions
Ahlgren-Ono. For any odd prime p,

2 2 2 2
P afe (B TR ) ——a(p) - p.
) ) p

where a(p) is the pth coefficient of the weight-4 Hecke eigenform
n(2z)*n(4z)*, with n(z) being the Dedekind eta function.

The factor of Zg, , corresponding to

y? = (x1%2x3)°(1 — x1)(1 = X2)(1 — X3) (X1 — XaX3)

(1—aP)T+p°T?)(1 - pT)
(- -pT)

chfq( T,p)=
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o G 4F3 <774, T(/:’ 7784’ 24;1> = J(1a,n2)3+qJ(na, n2) — I (7, 12)?
b ) q

e Hasse-Davenport relation.
Let IF be a finite field and IFs an extension field over F of degree s.
If x # ¢ € F* and xs = x o Ng,/r a character of Fs. Then

(—9(x))° = —g(xs)-

The factor corresponding to new part is

(1+ (B3 + BT +P°T2) (1 + (Bp + Bo)PT + P°T?)
(1— (B2 +Bo)T + p°T?),

where 8y = J(14,12).
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Generalized Hypergeometric Series/Functions
Galois Representation corresponding to chﬁw(T, p)

The Jacobi sum J(n4,72) can be viewed as the Hecke (or
Grdssencharacter) character v of GQ V=) which is corresponding to
the elliptic curve with complex multiplication which has conductor 64.

By class field theory, v corresponds to a character y of GQ( V=) For
each Frobenius class Frobg € Gy ,/—1) with g =1 (mod 4),

i i i i
A3 F. Nas Mg N4 5 Ty, 1
i 121:3 ' 3< & & & q

coincides with the trace of Frob, under the 6-dimensional semisimple
representation

G . 2 2
— Ind%e (3 )
P Gy \X DX ®@x) DX
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For m e Z*, define

ap

... Qpn m
Pl =
51 5n ]m kzo

n+1Fn

ﬁ al)k )\k
i=1

Theorem (Deines, Long, Fuselier, Swisher, T.)
For each prime p =1 (mod 4),

i3 %3 et (1 1)°
F. i1 =(-1) =T = ||~
43 111'] ( )4"(2)”(4) (mod p)
1 |
Kilbourn.
11011
o [ : §,1] _ a(p) (mod )
p—1
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Lemma. Let r, n, j be positive integers with 1 < j < n. Let p =1

(mod n) be prime and n, € Fj such that n,(x) = x/(P~1/ (mod p) for
each x € Fp. Then,

pr—1 - Fr_y (77”7 Mny, =+ Tn ; X) =
p

6, PR s 6
nj oo .. n=jo4
(_1)r+1 crfr—1 n " no =
1 ... 1 " x
(p—1

+ (—1)r+1+(p;1)f’ (x(p_”"Tfj x5 f>

We have similar result for
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Theorem (Deines, Long, Fuselier, Swisher, T.)
Forn>3,andp =1 (mod n) prime,

n—1 n—1 n—1 p—1 _
F._ n n n ;1 n __q\kn
nfn—1 1 1 ]p_1 Z( k )

=—Tp (%)n (mod p?).

Conjecture.

Let n > 3 be a positive integer, and p be prime such that p = 1
(mod n). Then

n—1 n—1 n—1 1 n 5
R e Y :
nFn—1 1 g L1 p<n) (mod p°)

Fang Ting Tu (NCTS) Hypergeometric Functions April 14th, 2015

19/32



Ideas and Proofs Gross-Koblitz Formula

p-adic Gamma Functions

Assume p is an odd prime.
Morita. The p-adic Gamma function ', : Z, — Z} is the unique
continuous function characterized by

Mp(n)=(-1)" ] inezt,

0<i<n,pti
and
Proposition.
o [p(0)=1

e Ip(x +1)/Tp(x) = —x unless x € pZ, in which case the quotient
takes value —1.

o Tp(X)p(1 —x) = (—1)%) where ap(x) € {1,..., p} with
ay(x) = x mod p.
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Ideas and Proofs Gross-Koblitz Formula

Gross-Koblitz Formula

Proposition.
e Given p > 11, there exist Gi(x), Go(x) € Zp such that for any
m € Zp,

(mp)?

5 ] (mod p°).

Mp(X + mp) = p(x) [1 + Gi(x)mp + Ga(x)

e Gi(x) = Gi(1 — x) and Gy(x) + Go(1 — x) = 2G;(x)2.

Gross-Koblitz Formula. Let ¢ : F; — Z; be the Teichmiiller
character such that ¢(x) = x (mod p). Then

o) =0 )

where 0 < j < p—2,and 7, € Cp is a root of xP~' + p = 0.
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Ideas and Proofs Gross-Koblitz Formula

Example.

r-(Or, (1
p- 2F1 <772, 7762;_1> = _ p(2) p(4) (mOd p)
o

Proof.
By the relations

9(n2) (9(na)? + 9(7a)?)
9(14)g(n4)

p.2F1 (7727 7752 ; —1) = J(n47772)+‘j(m7 772) =
p

using the Gross-Koblitz formula, we see that

2, 12 __”:71 (%) (”p Mo (

ooofi (M ) - &, ()r
(%)( Prp() +Tp

Mo (2)Te (3)
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Ideas and Proofs Proofs of Some Results

Proposition. For any prime p =1 (mod 4),

2F4 F %; —1] = __Tela) _ (mod p?).
1 bt Mo(2)p(3)

Ideas. For any xq, X2, ¥ € Zp, we have

1 1
5 T+ X 5 T X
p—1

1+yp '

11
= 2F; [2 j; 1| +(x1 + x)Ap — yBp (mod p?)
%
—1
i - ()% ko p(2)
with A = o2 | (-1)f2HT and B= Z k|2 )X He,
k=0
@ .y~ 1
where H,; 51 and Hy := Z i are harmonic sums.
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Ideas and Proofs Proofs of Some Results

Ideas.

o

a . _ T(a—b+1)l(a/2+1) _ (a+1)_
* 2k [ a-b+1’' _1] — T(a+)r(a/2—b+1) — (a/2+1)_bb

e When b = Tp

]
2
2F;

(3 +xp)_
Tﬁb (mod p?),

( b

a quotient of I'p,-values.

e p(a+mp) =Tp(a)[1 + Gi(a)mp] (mod p?), and
Gi(a) = Gi(1 — ).

—_ =

: =1

+ (X1 + x2)Ap — (X1 — X2)Bp

p-1
2

NaNw —
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Ideas and Proofs Proofs of Some Results

Example. lfwe let xy = 1, xo = —1, (b= 152), we have
3+p
(3 +xP) _ ( 2 )‘751 _ (Pp(z +5)
G+ (%2),,  Te+Be(+%)
2
Thus,
To(P)p(z + 5)
Mo(3 + 8)o(§ + )
Mp(3) [ 1\ p 1\ p 2
=——5 -5 |1TGO0)p-Gi|5)5-GCi|,])5| (modp),
[o(3)Mp(3) 2)2 4)2
11
oFy |2 2 1 —Bp
1 o=t
2

_% [1 + G1(0)p — G (%) g - Gi G) g} (mod p?).
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Ideas and Proofs Proofs of Some Results

Theorem.

n—1 n—1 n—1

n—1 n
n+1Fn[" no ;;1] z—rp(},) (mod ?).
o

Idea. Use the special case of Karlsson—Minton formula:

1—p 14+m+yp 14+m --- 14+ m
n+1Fn )
1+yp 1 1
_ 1P ety o (p1)!

(T +yp)m(mh)™=1 (1 4 yp)m(m)n-T
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Theorem. For each prime p=1 (mod 4),

AT e (e (1 o o
p—1
Dougall.
7Fe [a a/:/;ﬂ 1+§7b 1+:7c 1+Zfd 1+:7e 1+_£rm; ]
_(M+am(t+a-b-cm(1+a—-b—-d)n(1+a—-c—dm
S (l+a-bm(l+a-c)m(1+a-dm(l+a-b—-—c—d)mn
Put

a=1/4,b=5/8,c=1/8,d = (1+pu)/4,
e=(1+(1-up)/4,m=(p—1)/4).
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Ideas and Proofs Proofs of Some Results

Theorem. For each prime p=1 (mod 5),

2 2 2 2 2 1\° 2\° .
s5Fa |° ? ? ? ?;1 E_rp<§) Fp(§> (mod p*).
p—1
Conjecture.
shal” 1 11 17 E_FP(E) rp<5> (mod p7).
p—1
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Ideas and Proofs Proofs of Some Results

Theorem. Let g =1 (mod 4) be a prime power. Then

Q- 4F3 (774’ T, T T 1) = J(n4,12)% + qd(na, 1m2) — J(7a, m2)?.
q

g, & €

McCarthy. For characters Ag, A1,...,An, Bi,...,Byin Iﬁg, we define
Ag, A1, ..., A, )
F ) ) ) 'X
it ”< By, ..., B

) H " H gg(B’X (1) x(x).
3 U

xeFXf
If Ag # e and A; # B; foreach 1 < i < n, then

AOa A1a sty An_

"+‘F"( Bi, ..., B,,’X>q
n *
A A, A, ..., A,

H(B') ”“F"( B, ..., BY).
=
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Ideas and Proofs Proofs of Some Results

McCarthy. For A,B,C,D, E ¢ IE/‘E such that, when A is a square,
A+e B#e, B?+A CD+A, CE +#A, DE # A, and CDE + A,

£ (A B C D E_1*
5T4 AB, AC, AD AF :

_ 9(A)g(ADE)g(ACD)g(ACE) S F (RB, Cc, D, E 1)*
q

~ g(AC)g(AD)g(AE)g(ACDE) 4=, R ACDE, AB
9(ADE)g(ACD)9(ACE)q (A, B
9(C)g(D)9(E)g(AC)g(AD)g(AE)

Whipple. If one of 1 + Ja— b, ¢, d, eiis a negative integer, then

F |2 b c d e -
574 1+a-b 1+a-c 1+a—d 1+a-—e’
rM+a—-crf(l+a-—dr(l+a—ef(l1+a—c—d-—e)

rM+ar+a—d—-efl+a—c—-dlf(l+a—-c—e)

[1+%a—b c d e

1.
1+%a c+dte—a 1+a—b

" 4F3
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Ideas and Proofs Proofs of Some Results

Lemma.

e Let g=p® =1 (mod 8) be a prime power, and ng a character of

order 8 in F; with 3 = n4 . Then

4 Na, N4, T4, 7N4
. 4F, .
q -4 3( e, £, & )q

- J(?’]g,’r/g)4 — q . 5F4 <7747 N4, T4, 7Na, 778_ 1) .
q

€, g, € 78

e Let g=p® =1 (mod 8) be a prime power. Then
5F4 <774, Na, N4, 714, 778;1>*
& &, g, T8 q

J(ng, ns)* 7
- % — qJ(na,m2) — J(n2,ma)® + J (2, 7a)°-
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Some Conjectures
e Forany integer n > 1 and prime p=1 (mod n)
] = a,(fa(2)) (mod p?)
p—1

11 n=
F n n n : 1
S T
where ap(fn(2)) is the pth coefficient of f,(z) = {/E1(z)"~1Ex(z)
when expanded in terms of the local uniformizer €74/5" and

E1(z) and E;(z) are two explicit level 5 weight-3 noncongruence

V4
Eisenstein series with coefficients in Z
e For aninteger n > 2, and any prime p=1 (mod n)
p_1 | n 1 n
( kip ) Z_ o () (mod p°).
(5 + 1)k

‘”( klp)k>n5 ) 11

32/32
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