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Introduction

o F1-hypergeometric Function

ab
Let a, b, ¢ € R. The hypergeometric function 5 F; [ ¢ z] is defined
by

2 F

9

a b | < (@n(b)n_n
¢ Z] _ZO (©)nn! Z
where (a), = a(a+1)...(a+ n— 1) is the Pochhammer symbol.

Facts. Assume a, b, ¢ € Q.
a

n=

b
° 5f C; z| satisfies a hypergeometric differential equation,

whose monodromy group is a triangle group.
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o F1-hypergeometric Function

ab
Let a, b, ¢ € R. The hypergeometric function 5 F; [ ¢ z] is defined
by

2 F

9

a b;z _ i (@)n(b)n n
c —~ (c)nn!
where (a), = a(a+1)...(a+ n— 1) is the Pochhammer symbol.
Facts. Assume a,b,c € Q.
ab
o »F; ¢ z| satisfies a hypergeometric differential equation,
whose monodromy group is a triangle group.
ab
L C’ -
abelian varieties defined over Q.
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Introduction

Hypergeometriic Differential Equation

ab
o F [ C;z satisfies the differential equation HDE(a, b, c; z):

z(1-z)F"+[(a+ b+ 1)z—c]F' + abF = 0.

Theorem (Schwarz)

Let f, g be two independent solutions to HDE(a, b; ¢; \) at a point
ze®n,andletp=|1—c|,q=|c—a—b|,andr =|a— b|. Then the
Schwarz map D = f/g gives a bijection from $y UR onto a curvilinear
triangle with vertices D(0), D(1), D(c0), and corresponding angles
prm,qQm, rm.

When p, q, r are rational numbers in the lowest form with 0 = % let e;

be the denominators of p, g, r arranged in the non-decreasing order,

the monodromy group is isomorphic to the triangle group (e1, €2, €3).
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Introduction

Arithmetic triangle groups

o A triangle group (e1, e2,e3) With 2 < ey, 2,63 < x is

(x,y | x® = y® = (xy)® = id).
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Introduction

Arithmetic triangle groups

e A triangle group (e1, €2, €3) with 2 < ey, 62,63 < 0 is

(x,y | x® = y® = (xy)® = id).

e Atriangle group I is called arithmetic if it has a unique embedding
to SL>(R) with image commensurable with norm 1 group of an
order of an indefinite quaternion algebra.

e [ acts on the upper half plane. The fundamental half domain I'\h
gives a tessellation of h by congruent triangles with internal angles
/e, m/es, /6. (1/e1+1/ex+1/e3 < 1)
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Arithmetic triangle groups

e A triangle group (e1, €2, €3) with 2 < ey, 62,63 < 0 is
(x,y [ x% = y% = (xy)® = id).

e Atriangle group I is called arithmetic if it has a unique embedding
to SL>(R) with image commensurable with norm 1 group of an
order of an indefinite quaternion algebra.

e [ acts on the upper half plane. The fundamental half domain I'\h
gives a tessellation of h by congruent triangles with internal angles
w/ey, /e, m/es. (1/e1 +1/ex+1/e3 < 1)

e The quotient space is a modular curve when at least one of g; is
oo; otherwise, it is a Shimura curve.
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Introduction

Arithmetic triangle groups

e A triangle group (e1, €2, €3) with 2 < ey, 62,63 < 0 is

(x,y | x® = y® = (xy)® = id).

A triangle group T is called arithmetic if it has a unique embedding
to SL>(R) with image commensurable with norm 1 group of an
order of an indefinite quaternion algebra.

I acts on the upper half plane. The fundamental half domain '\ h
gives a tessellation of h by congruent triangles with internal angles
w/ey, /e, m/es. (1/e1 +1/ex+1/e3 < 1)

The quotient space is a modular curve when at least one of g; is
oo; otherwise, it is a Shimura curve.

o Arithmetic triangle groups I have been classified by Takeuchi.
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Introduction

Examples

e The triangle group corresponding to

1 5
12 12.
2F4 ELE 2F;

R~
ol 3=
N

is (2,3,00) ~ SL(2,Z).
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Examples

e The triangle group corresponding to

1 5
12 112;21, 2F1[

is (2,3,00) ~ SL(2,7Z).
e The triangle group corresponding to

2F4

R~
ol 3=
ILI

n
hy
| —— |
o=
[S21E-NN&) (] V]
LN
n
y
| —— |
-
-
LN

is (2,3,7).
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Introduction

(2,3, )-tessellation of the hyperbolic plane
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(2,3, 7)-tessellation of the hyperbolic plane
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Legendre Family

For A\ #£0, 1, let
E\:y?=x(x—1)(x—=)\)
be the elliptic curve in Legendre normal form.

e The periods of the Legendre family of elliptic curves are

> dx
2E) :/1 XX DX -
e If0 < A< 1,then

N|—=

o F
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Legendre Family

For A\ #£0, 1, let
Ey: y? =x(x—1)(x—))
be the elliptic curve in Legendre normal form.

e The periods of the Legendre family of elliptic curves are

> dx
2E) :/1 XX DX -
e If0 < A< 1,then

11
2F; [2 ?;)\

The triangle group I' = (00, 00, 00) ~ '(2).
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Generalized Legendre Curves

@ Euler’s integral representation of the o withc > b > 0

1
P()) :/ xP1(1 = x)e7P=1(1 — Ax)%dx
0

= oF B(b,C— b),

) ; A
C

where

|
oen - [0t o (2

is the so-called Beta function.
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Generalized Legendre Curves

@ Euler’s integral representation of the o withc > b > 0

1
P(N) :/ xP=1(1 = x)e=P=1(1 — Ax)~%dx
0

= oF; 70; Al B(b,c — b),

where

|

is the so-called Beta function.
@ Following Wolfart , P(\) can be realized as a period of

CINIER L N — xi(4 — x)i(1 = Ax)k,

where N = led(a, b,c),i=N(1 —-b),j=N1+b—-c), k= Na.
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Let N > 2. For the curve
CIVHHL YN = (1 — XY (1 = Ax)k,

e a period can be chosen as

i N R
P(A) = 5(1 _N’1 _N> o F; ON_j_i )\] ,
N

Example. For the curve C£6;4’3’1] C Y8 =x*(1 - x)3(1 - \x),
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Let N > 2. For the curve
CIVHHL YN = (1 — XY (1 = Ax)k,

e a period can be chosen as

i N R
P()\):B<1—N,1—N> 2F1 2N—i—';)\]’
=N
e the corresponding Schwarz triangle is a triangle with angles
|N—i—j| |N—k—j| |N—i—k|
N T, N T, N .

Example. For the curve C£6;4’3’1] C Y8 =x*(1 - x)3(1 — \x),
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Let N > 2. For the curve

CYHH: yN = X1 = x) (1 = a0k,

e a period can be chosen as

j N R
P(\) =B (1 - K/’1 N) oF | MM )\] ,
=N
e the corresponding Schwarz triangle is a triangle with angles
|N—i—j| |N—k—j| |N—i—k|
N T, N T, N .

Example. For the curve C[6431] y8 = x*(1 - x)3(1 — \x),

e P(\) =B(3.3) oF

e the corresponding Schwarz triangle is A (5, 3, & ); the
corresponding triangle group is I ~ (3,6, 6).
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Petkoff-Shiga’s result

Fact. The triangle group I' = (3, 6, 6) can be realized as the norm 1

group of the maximal order Og of the quaternion algebra Bg over Q of
discriminant 6.
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Petkoff-Shiga’s result

Fact. The triangle group I' = (3, 6, 6) can be realized as the norm 1
group of the maximal order Og of the quaternion algebra Bg over Q of
discriminant 6.

Petkoff-Shiga. The Jacobians of these genus 3 Picard curves
C(\) : wi=(2%—1/4) (z2 - )\/4>

decompose into E'(\) & A'(\) where
e E'(\): wi = (z—1/4)(z— \/4)is a CM elliptic curve
e A'()) is an abelian surface with QM by Oe.
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Petkoff-Shiga’s result

Fact. The triangle group I' = (3, 6, 6) can be realized as the norm 1
group of the maximal order Og of the quaternion algebra Bg over Q of
discriminant 6.

Petkoff-Shiga. The Jacobians of these genus 3 Picard curves
C(\) : wi=(2%—1/4) (z2 - )\/4>

decompose into E'(\) & A'(\) where
e E'(\): wi = (z—1/4)(z— \/4)is a CM elliptic curve
e A'()) is an abelian surface with QM by Oe.

Definition. For a simple abelian surface A, we say that A is with
quaternionic multiplication (QM) by an order O if End(A) ~ O.
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i4.3,1 .
cl43 1 with I = (3,6,6)
Question. Can we construct abelian surfaces with QM by Og from the
family

C£6;4,3,1] S y® = x*(1 = x)3(1 — Ax)?

Fang Ting Tu (NCTS)
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cle*3 W with r = (3,6,6)

Question. Can we construct abelian surfaces with QM by Og from the
family
CEABI L Y8 — x4 (1 - x)°(1 — Ax)?

For A # 0, 1 € Q, the Jacobian variety of the smooth model X£6;4’3’1] of
cl*31is decomposed as
Jac(X[#43M) = E(\) @ AN,

where
EO): y3=x*(1—x)3(1 - \x)
is a CM elliptic curve.
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cle*3 W with r = (3,6,6)
Question. Can we construct abelian surfaces with QM by Og from the

family
C£6;4,3,1] S8 = x*(1 = x)3(1 — Ax)?

For XA # 0, 1 € Q, the Jacobian variety of the smooth model X£6;4’3’1] of
cl*31is decomposed as
Jac(X[#43M) = E(\) @ AN,
where
EO): y3=x*(1—x)3(1 - \x)
is a CM elliptic curve.

Proposition. We have
AN) ~ A (N),

and thus A()) is an abelian surface with QM by Og.
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Motivation

Question.

e Can we construct abelian surfaces with QM from the generalized
Legendre family CIN://K,
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Introduction Motivation and Main Result

Motivation

Question.
e Can we construct abelian surfaces with QM from the generalized
Legendre family CIN://K,
 Can we construct abelian surface A from CIV://Al with Endy(A)
contains a quaternion algebra?
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Introduction Motivation and Main Result

Motivation

Question.
o Can we construct abelian surfaces with QM from the generalized
Legendre family CIN://K,
 Can we construct abelian surface A from CIV://Al with Endy(A)
contains a quaternion algebra?

Assume N >2,1 </ j k<N, A#0,1€Q. Let Jy = JI"'/" pe the
Jacobian variety of the smooth model XI""/#1 of CIN:"/#1,
Facts.
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Introduction Motivation and Main Result

Motivation

Question.
o Can we construct abelian surfaces with QM from the generalized
Legendre family CIN://K,
 Can we construct abelian surface A from CIV://Al with Endy(A)
contains a quaternion algebra?

Assume N >2,1 </ j k<N, A#0,1€Q. Let Jy = JI"'/" pe the
Jacobian variety of the smooth model XI""/#1 of CIN:"/#1,
Facts.

e Foreachn| N, Jg’""’j’k] is a natural quotient of J&N;i,j,k].
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Introduction Motivation and Main Result

Motivation

Question.
o Can we construct abelian surfaces with QM from the generalized
Legendre family CIN://K,
 Can we construct abelian surface A from CIV://Al with Endy(A)
contains a quaternion algebra?

Assume N >2,1 </ j k<N, A#0,1€Q. Let Jy = JI"'/" pe the
Jacobian variety of the smooth model XI""/#1 of CIN:"/#1,
Facts.

e Foreach n | N, JI"""" s a natural quotient of JI"*
o Let J® be the primitive part of J, so that its intersection with any
abelian subvariety isomorphic to JI"""*! for each n | N is zero.

4K
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Question:

¢ Given a hypergeometric differential equation, when does J{¢"
contain a subvariety A such that of Endy(A) contains a quaternion
algebra?
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Introduction Motivation and Main Result

Question:
¢ Given a hypergeometric differential equation, when does J{¢"
contain a subvariety A such that of Endy(A) contains a quaternion
algebra?
¢ |f the monodromy group of the hypergeometric differential
equation is an arithmetic triangle group I', when does Endy(A)
contains the corresponding quaternion algebra Hr?
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Introduction Motivation and Main Result

Assumption. Assume N > 2,1 < j k < N, gcd(i,j, k,N) =1,
A # 0,1 € Q. Furthermore, suppose N { i + j + k.

Theorem (Deines, Long, Fuselier, Swisher, T.)

Let N = 3,4,6. Then for each \ € Q, the endomorphism algebra of
J{®" contains a quaternion algebra H over Q if and only if

N—i N—j k 2N—i—j—k —
o) e () <o

where B(a, b) = r(fgi(bb)) is the Beta function, and T'(-) is the Gamma
function.

Remark.
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Introduction Motivation and Main Result

Assumption. Assume N > 2,1 <, j. k < N, gcd(i,j, k,N) =1,
A # 0,1 € Q. Furthermore, suppose N { i+ j + k.

Theorem (Deines, Long, Fuselier, Swisher, T.)

Let N = 3,4,6. Then for each \ € Q, the endomorphism algebra of
J{®" contains a quaternion algebra H over Q if and only if

N—i N—j k 2N—-i—j—k _
o) /e ) <o

where B(a, b) = r((agi(b’;) is the Beta function, and T (-) is the Gamma
function.

Remark.
o H= Hr.
@ Our methods apply more generally. For general N, H = Hr?
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Hypergeometric Abelian Varities

Holomorphic Differential 1-forms on XA[N;i’j’k]

Let X, = X!""/*] be the smooth model of CIV"*¥. A basis of
HO(X\, Q") is given by
xP (1 — x)P1(1 — Ax)P2dx
w = %
satisfying the following conditions
ni + ged(N, i)
> D TYYEN )
by > N
by > n/+9;>\;1(N,/) .
by o K gcl,;:i(N, K)

, 0<n<N-1, beZ,

1,

_1’

n(i+j+k) —god(N,i+j+k)
N
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Examples
1-forms is

e For C£3;1’2’1] (I = (8,00,)), a basis for the space of holomorphic

dx dx

Az

Fang Ting Tu (NCTS)
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Hypergeometric Abelian Varities

Examples

e For CLS”’Z’” (I = (8,00,)), a basis for the space of holomorphic

1-forms is
ax  ox
y'oyE
e For CL‘“’“] (I =(2,2,2)), the space of holomorphic 1-forms are
spanned by
dx dx xdx
2y oy
and

(1—x)dx (1 —Ax)dx
A A
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Hypergeometric Abelian Varities

Let ¢y = €¥™/N. For each 0 < n < N, we let V,, denote the isotypical
component of HO(X,, Q") associated to the character x, : ¢y +— (5.

Then
N—1

HO(X(2),Q") = D Va

n=0

If gcd(n, N) =1,
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Hypergeometric Abelian Varities

Let ¢y = €¥™/N. For each 0 < n < N, we let V,, denote the isotypical
component of HO(X,, Q") associated to the character x, : ¢y +— (5.

Then s
HO(X(2),Q") = D Va
n=0
If gcd(n, N) =1,

o dimV,={M}+ {%} + {0k — {W} , where {x} = x — | x|
denotes the fractional part of x.
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Hypergeometric Abelian Varities

Let ¢y = €¥™/N. For each 0 < n < N, we let V,, denote the isotypical
component of HO(X,, Q") associated to the character x, : ¢y +— (5.

Then s
HO(X(2),Q") = D Va
n=0
If gcd(n, N) =1,

o dimV,={M}+ {%} + {0k — {W} , where {x} = x — | x|
denotes the fractional part of x.
e dim V,+dim Vy_,=2.
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Hypergeometric Abelian Varities

Let ¢y = €¥™/N. For each 0 < n < N, we let V,, denote the isotypical
component of HO(X,, Q") associated to the character x, : ¢y +— (5.

Then
N—1

HO(X(2),Q") = D Va

n=0
If gcd(n, N) =1,
o dim Vo = {5} + {F} + {5} - {22}, where {x} = x - |x]
denotes the fractional part of x.
e dmV,+dimVy_,=2.

The subspace
Ho(X/\’Q1)new _ @ Vs
ged(n,N)=1

is of dimension ¢(N).
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Hypergeometric Abelian Varities Period Matrix

The abelian variety J7¢"

Assume N < i+ j+ k < 2N. For gcd(N, n) = 1, we have
Vi, = C(dx/y").

Wolfart. The primitive Jacobian subvariety J{¢” is isogenious to
C?(N) /A(N), where
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Hypergeometric Abelian Varities Period Matrix

The abelian variety J7¢"

Assume N < i+ j+ k < 2N. For gcd(N, n) = 1, we have
Vi, = C(dx/y").
Wolfart. The primitive Jacobian subvariety J{¢” is isogenious to

C?(N) /A(X), where A()\) can be identified with the Z-module generated
by the 2¢(N) columns

. 1 , 00 '
(Un(C,'V)/O wn>i, (Un((,\,) /1/)\wn>i, (n,N)=1,i=0..¢(N) — 1

and op : (v — (N, wn = ax/y".
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Hypergeometric Abelian Varities Period Matrix

The abelian variety J7¢"

Assume N < i+ j+ k < 2N. For gcd(N, n) = 1, we have
Vi, = C(dx/y").

Wolfart. The primitive Jacobian subvariety J{¢” is isogenious to
C?(N) /A(X), where A()\) can be identified with the Z-module generated
by the 2¢(N) columns

((In(dv) /01 wn) |

I

, (an(C,"V)/1:wn)., (M N) =1, i=0.6(N)— 1

and op : (v — (N, wp = ax/y".

Remark. These periods are all of first kind. When N = 3, 4, 6, the
abelian variety J{®" is 2-dimensional.
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¢(N) =2
All the periods are:

! N—i N—j
/0 Wy = B( N

K
’T) 2F4

k  N—i
N
wi = (—1)WA’*’N”B(

o

N
2N—i—j')‘]7
N
i+j+k—N N-—k
N 9
=a(A)B<I+]+k_N N — k

2F1[ P ,A]
)b
N ; N )2F1[ IT_'\_I-['A],

i+j+k=N

Fang Ting Tu (NCTS)
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Hypergeometric Abelian Varities Period Matrix

All the periods are:

L N—i N—j)
wi =B L) LF
/0 1 ( N N 21

k  N—i

N N .
ON—j—ji M| 5
N

L | itjrk—N
> ki N o (i j+k—N N—k RS R

[ @ = (AT B( N )t
3 N

i+j+k—N N—k NE &
and
‘ i MO

/OWN—1—B<N,N)2F1 ,'7\?/-:/\]7
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Hypergeometric Abelian Varities Period Matrix

All the periods are:
NN
ON—i—j /\] ;

! N—iN—j)
wy =8B ,—— | oF
/0 1 ( N N )2 .

w1 =(_1)%”,\WB<’+1+k_N,N_k>2F1 [

N

N N

i+j+k—N N—k MR
:O[(A)B< jN ) N )2F1 [ N :A )
and

1 i STl
/OwN_1=B(N’N>2F1[ %;/\]7

& _ 2N—-i—j—k k
[ wN—1 = () 'B (T’ N) oF4 2lei—j;
A
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k  N—i
N Nl



Hypergeometric Abelian Varities Period Matrix

Y i+j+k—N N—-k i
7'1—/1 w1—7'N_1a()\)B( N < /B NN

o0 2N—-i—j—k k N—i N—j
T,/\,_1:ﬁ WN—1:7'1CV()\)_1B(NJ7N> /B< N NI>-
X

o (sin 4;7) (sin wa)
y= e A e QU+ ).
TIN=1 (sin gm) (sm %w)
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Hypergeometric Abelian Varities Period Matrix

Example: X[6 43:1]
For the curve [6; 4, 3, 1], the lattice A is generated by

<T1> (Ceﬂ) (ﬁﬁz) (46/5172)
) \G 'm2) \Bert) \& Bori )

;)\], 7228(2/3,1/2)2F1

where
1 =B(1/3,1/2)2F;

== (W51 - o0

oo W=

, P2=2/P.

N——
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Hypergeometric Abelian Varities Period Matrix

Example: X[%*%]

For the curve [6; 4, 3, 1], the lattice A is generated by
<T1> ( (6T > (ﬁﬁz) ( C63172 )
) \G 'm2) \Bert) \& Bori )

;)\], 7228(2/3,1/2)2F1

where

| :B(1/3,1/2)2F1

o=

1

3

5

6

Br=— (NP1 - N'2V2), g =2/p.
En

The endomorphism algebra End(J7°") contains

(¢ O (0 B4
E‘(O <6‘>’ "‘(ﬁz 0)’

Fang Ting Tu (NCTS) Generalized Legendre Curves and QM
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6;4,3,1
Example: XA[ ]

Note that /2 = —3, J2 = 2, and IJ = —JI. Thus End(J®") contains the
quaternion algebra

(—_%’Z) =Q+QI+QJ+QEJ, P=-3 L2=2lu=-J,

which is isomorphic to H g ¢)-
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new 1 I
End(J7") with ¢(N) = 2
When N = 3, 4,6, a period matrix of J7®" is

( 71 vt a(N)BTN-1 Cva(N) BTN )
™t (Tt T /Ba(N) Gy /Ba(X) )

_ofitj+tk—=N N-k i
B_B< N bl N /B N’N I

N — /N Ji k 2N j—k
218 = B( - N)/B(N,—N )

If 3 € Q (v/B € Q), then Endy(J") contains the endomorphisms

_(¢v O (0 a()\)5>
E‘(O cﬁ)’ J‘<f(m 0 )

Fang Ting Tu (NCTS) Generalized Legendre Curves and QM April 7th, 2015 24 /47
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End(J*") with ¢(N) = 2

When N = 3,4, 6, if
N — /N J k 2N j—k —
=a(M ) (A B

the algebra Endy(J7°") contains the quaternion algebra defined over
Q generated by

— ! 0 A
l:2E—®H%ﬁ%ZGNO% C;{g),J:<iﬁ “8%

which satisfy

2
P=(in-G')  SL=veq W+d=0.
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End(J*") with ¢(N) = 2

Claim. When N = 3,4, 6, if Endy(J{") contains a quaternion algebra
over Q, then

_ i+j+k—N N—-k i —

Idea.

’j’k]

"Computing" the Galois representation of CLN;” via Gaussian

hypergeometric functions.
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End(J*") with ¢(N) = 2

Claim. When N = 3,4, 6, if Endy(J{") contains a quaternion algebra
over Q, then

_ i+j+k—N N—-k i —

o F1 — Gaussian hypergeometric function

!
Lp(J7®, s)

Idea.

’j’k]

"Computing" the Galois representation of CLN;” via Gaussian

hypergeometric functions.
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End(J*") with ¢(N) = 2

Claim. When N = 3,4, 6, if Endy(J{") contains a quaternion algebra
over Q, then

_ i+j+k—N N—-k i —

»F; — Gaussian hypergeometric function
{
Lp(J7®Y, s)
/]\

Galois representations

Idea.

’j’k]

"Computing" the Galois representation of CLN;” via Gaussian

hypergeometric functions.
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Hypergeometric Abelian Varities Criterion

Hypergeometric functions over I,

Let p be a prime, and g = p°.
Definition.
e LetF; denote the group of multiplicative characters on F.

e Extend x € ﬁq; to Fq by setting x(0) = 0.
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Hypergeometric Abelian Varities Criterion

Hypergeometric functions over I,

Let p be a prime, and g = p°.

Definitio/n\.
e LetF; denote the group of multiplicative characters on F.
e Extend x € IE/‘g to Fq by setting x(0) = 0.
o (Greene, 1984) Let \ € Fy, and A, B, C € F.. Define

oF4 (A B;>x> =
C /g

where ¢ is the trivial character.

YA(1 — Ax),

x€lFq
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Hypergeometric Abelian Varities Criterion

Jacobi sums and Beta functions

If y € ﬁg is of order N, we have the following analogy
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Hypergeometric Abelian Varities Criterion

Jacobi sums and Beta functions

If y € ﬁg is of order N, we have the following analogy

N = X
Ny) <= ax)
By &) = JIX'.X)
C/[\N;i,j,k] — CLN:i,/,k] /Fq
k N—i —k X’
2F1 [N 2Nﬁll—j'>\] 2F1 < I+ )‘)
q
—
N-k I k y/
oF [ N ,ﬂj;A] 2F1( —i+j;)‘)
N q
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Hypergeometric Abelian Varities Criterion

Counting points on generalized Legendre curves

Theorem.

Let p > 3 be prime and g = p* =1 (mod N), and let /, j, k be natural

numbers with 1 </, j, k < N. Further, let £ € F; be a character of
order N. Then for A € Fg \ {0, 1},

[N:ij.K] N—1 . é“fkm gim
#X (]Fq)=1+Q+QZ§m/(—1)2F1< gm(i-&-/);)‘)
m=1 q

+ o+ M 4Ny + Moo — 4,

. gk
where ng, ny, N1, Ny, are the numbers of points on X/[\N"’/’ I'from
A

resolving the singularities 0, 1, }, oo respectively of CLN;i’j’k]
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Hypergeometric Abelian Varities Galois Representations

Galois Representations

Suppose C V1K hag genus g. One can construct a compatible family

of degree- 2g representations
pe(N) - Go == Gal(Q/Q) — GLog(Qy)

via the Tate module of the Jacobian JI"'"/#1 of xIN:H,

Let ¢ € upn, the multiplicative group of Nth roots of unity. The map
Ac (X, y) = (x, ¢~'y) induces an action on the p,. Consequently,

N—1

peMNlsa@/aw) = @D on(A)

n=1

where o,()) is 2-dimensional when (n, N) = 1.
Let p"®" be the subrepresentation of p that corresponds to J{¢*.
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Hypergeometric Abelian Varities Galois Representations

4-dimensional Galois representations with QM

Proposition.

im

—km .
—Tram(Fl'Obq) and oF; <§ £m(i+j) ;)\> : fm/(_‘l )q
q

agree up to different embeddings of Q({y) in C.

Theorem

Let o(N) = 2. If Endy(J{®") contains a quaternion algebra, then the
corresponding representations oy and on_1 of Gy, , which are
assumed to be absolutely irreducible, differ by a character.
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Hypergeometric Abelian Varities Galois Representations

Criterion
Proposition. If A B,C € F; A B#¢, A B+# C,e,and \ € Fg\ {0,1},

J(A AC) oF; (A g;A) _
q

AB(—1)C(—\)CAB(1 — \)J(B, BC) 2 F; (A g A) :
q

Theorem. For the curve CIN//4l with ¢(N) = 2, if End(J"®") contains
a quaternion algebra, then, as A = 1", B =1}, C = D,

—k i K i
n n n n
o F ( N (/ﬁjﬁ)\> . 2F < N _(')/+j) ;>\>
N q N q

differ by a character. Equivalently,

F(n) == Iy, i) /(s )

has to be a character of N (2N when N is odd).



Hypergeometric Abelian Varities

ax)a(x) = p,

Hasse-Davenport Relation.

-1

g(x"®) = (=) x (N2 (@V2) g (MBI T 9 V)
j=0

Fang Ting Tu (NCTS)
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Hypergeometric Abelian Varities Jacobi Sums and Beta Functions

ax)a(x) = p,

7'('
rzr(-z)= sin(zn)’
Hasse-Davenport Relation.
-1
gO') = (=) XN (M) g (M) [T o™ M)
j=0

1—¢ 41 ,
_ ez 00 (1 /
M(tz) =227 { 5 jHOrz+£.
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Hypergeometric Abelian Varities Jacobi Sums and Beta Functions

Proposition. Let N > 4 be an even integer such that N divides p — 1

and let n € F, of order N. Let A= 1/, B=1/, C = n* be characters
such that none of A, B, C, AC, BC are trivial. If J(n/, n*=1)/J(n', n*~") is
a character for each prime p with p =1 mod N, then

B(4, %51)/B(4, k1) is an algebraic number.

Example

Let p be a prime suchthat 10 | p—1and n € ]Ei of order 10. Then

J(n.n°)/J?, %) = n(=1)J(n,n°) /I(n?, n*) = n°(2).

In comparison,
1 6 2 5 4
(o o) /B(o o) e
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Hypergeometric Abelian Varities Jacobi Sums and Beta Functions

In conclusion, if End(J7¢") contains a quaternion algebra, then

nN77IIN /J nN 1 (H_H_k))

has to be a character. Hence,
i N—-—k (i+j+k) _

equivalently, B (T, T) /B (T, ’T> has to be algebraic.
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A

« Aperiod of XM N1 g

1 1 NA
B<N’1_N>2F1 [ N

_L‘ Zl_L
>
| I |

o 5 =
Fang Ting Tu (NCTS) Generalized Legendre Curves and QM
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General Cases Examples

[N;1,N—1.1]
X)\
e Aperiod of X!V N1 g

IRV [

e Using the relation

2F; (A A;)\> = 2F; <A A;)\> ,
g q 13 q

one can deduce that the Gy, ¢,) representation on(X) is
isomorphic to on_p(A).
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General Cases Examples

X)[\N;1 JIN—1.1]

e Aperiod of X!V N1 g

IRV [

e Using the relation

2F; (A A;)\> = 2F; (A A;)\> ,
g q 13 q

one can deduce that the Gy, ¢,) representation on(X) is
isomorphic to on_p(A).
o If op(N) is absolutely irreducible, it can be descended to a

2-dimensional representation for GQ(MNJFCF).
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X[3; 1,2,1]
A

Example

Let p be the 4-dimensional Galois representation of Gy arising from
the genus-2 curve y3 = x(x — 1)2(1 — \x). Let o’ be the Galois
representation of Gg arising from the elliptic curve y? + xy + % = x3.
For any X\ € Q such that the elliptic curve does not have complex
multiplication, p is isomorphic to p’ & (p' ® x_3) where x_3 is the
quadratic character of Gy with kernel Gy, /=)
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General Cases Examples

y° = x(1 — x)*(1 — 2x) and Hilbert modular forms

For the curve y° = x(1 — x)*(1 — 2x), one can predict that its
L-function is related to two Hilbert modular forms, which differ by
embeddings of Q(+/5) to C. From numeric data, we identified two
Hilbert modular forms, which are labeled by Hilbert Cusp Form

2.2.5.1-500.1-ain

the LMFDB online database.

p_| Lp(C(N), T) over Q(v/5) | Hecke eigenvalues

7 (49T% + 1072 + 1)(49T* — 1072 + 1) —10

11 (1172 — 2T +1)% 2,2

13 (1697% + 1)? 0

17 (289T* — 2072 + 1)(289T% + 2072 + 1) 20
(1972 =5 (158) T41) (1972 — 5 (122) T4 1) 145

9 (19T2+5(1+‘[)T+1>(19T2+5(1 f)T 1) 5(1 25)

st | (31724 (B58) 141) (3172 4 (=58) 741))° =1£5/6

o | (e (55B) o) (s (R T |

Fang Ting Tu (NCTS)

Generalized Legendre Curves and QM

April 7th, 2015

38 /47



General Cases Examples

X)[\1 2;9,51]

e The arithmetic group I' = (2, 6, 6) can be realized as the

monodromy group of a period on J{'2% 1],

The corresponding periods of J{°" are

>

IR
ol MW oI
>
| IS A

00
) / w5
1/
00
5 / w7
1/2

April 7th, 2015

1 l 1 0o
1 :/ wy = B(1/4,7/12)F; |'* ] / w1
0 5 1/)
1 3 11 o0
72:/ wiy = B(5/12,3/4) 5 F; 'z A] / Wit
6 1/
1 1 5
4 12
]

0
732/ ws = B(1/4,4/12) ,F;
0
7'4:/ w7 = B(
0

3/4,1/12) 2F4

Fang Ting Tu (NCTS) Generalized Legendre Curves and QM
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General Cases Examples

For the Gaussian hypergeometric functions, we have the identities:

3 5 3
2Fi (77 ?7_2;>\> = n?(N)2Fy (77 772;>\>
n p n p
6 n° 8
=1 (=271 1)) 2Fy ( DY A)
77 P
-1 -3

= (~2703(1 = N)F) oFy (” 7, ;A) :

K p

where 7 is a multiplicative character of F; of order 12.

In this case,

/w/ win = B(1/4,7/12)/B(1/12,3/4) = \/M
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General Cases Examples

For the subvariety J{¢”, the lattice A()\) is generated by

. 1 1 1
1, ¢T1, ¢®r, IT1, iXeary, (iXsar, (ZiXears,
: i2 i2 2
T2, 7—2/<7 7—2/<27 _I7—25 / +\{§7—15 / +\/1§T15 I+—\/:1§T17
a\® ; al\® ; aC2)\6 ;
QaTy, C5057—27 aTQ/sz iaTZa iT1 /)‘67 C5i7—1 /A§7 iT‘I /CzAé,
2 2 2 2 1 P 1
+a‘/§7'1, ;stsﬁ, QJE\_/ZET, 4,70\[/57'1, iNeTo, iNeT/C,  (PilETo,
where
11 3 1
4 12,
T =B(1/4,7/12),F |2 2:X| 73 =B(5/12,3/4)F T
6 6

a=(1-X"21/9+6V3/3.
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General Cases Examples

Endp(J7¢") is generated by the endomorphisms

¢ 0 0 O 0 0 i/)\% 0
A_|0 1/¢ 0 0 g_|0 0o o ixs
0 0 ¢ oI i 0 0 0
0 0 0 1/ 0 i/x6 0 0

0 Z3 o0 0

| a\b

iXéa 0 0 0

C= 1

0 0o 2

ia\_ 6
0 123 0

Endo(J7°") contains the quaternion algebra ( ! 3) ~ Hr, which is

T
generated by B, and A+ A",

Fang Ting Tu (NCTS) Generalized Legendre Curves and QM

April 7th, 2015

42/ 47



General Cases Examples

Theorem (Wstholz)

Let A be an abelian variety isogenous over Q to the direct product

ATt x -+ x A of simple, pairwise non-isogenous abelian varieties A,
defined over Q, p =1,..., k. Let A5(A) denote the space of all periods
of differentials, defined over Q, of the first kind and the second on A.
Then the vector space V, over Q generated by 1, 2xi, and A@(A), has
dimension

dim A2
dimg V4 = 2+4Z—dlm@ Endo)
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General Cases Examples

X)[\10;2,7,7]

e The arithmetic triangle group I is (5,10, 10).
e Hr is quaternion algebra defined over Q(+/5) with discriminant p,.
The corresponding periods of J7¢ are

1 7z 4

m= [ = B0/ R | S

0 i 0 |

1 (3 1 ]
72_/ wg = B(7/10,1/5)2F1 | 1° ZiAl,

0 L 10 |

1 (12 ]
73:/ ws = B(8/10,2/5)2F; | E:|.

0 L 0 |

1 [0 3
74—/0 wr = B(1/10,3/5)2F1 |0 $:|.

L 10 |
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General Cases Examples

o0 \/5_1 [e%S)
A = = -7 ! = =
4 —/1 “1= o 005 To, To /1 wg = aq ()B4

00 _\/__1 00
T/:/w T,T/:/w:a)\ T3,
el A TSV A Sl A 2(A)B273

where

ar(A) = (=1)75A110(1 — X)2/5, 3, = B(7/10,2/5) /B(3/10,4/5),
ap(N) = (—1)1/8A3/19(4 — \)=4/5 8, = B(1/10,1/5) /B(9/10,2/5) .
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General Cases Examples

e By using Gaussian hypergeometric functions, one knows that the
subrepresentations o, and on_, differ by a character. Thus g4,
B2 are both algebraic.
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General Cases Examples

e By using Gaussian hypergeometric functions, one knows that the
subrepresentations o, and on_, differ by a character. Thus g4,
B2 are both algebraic.

e o1 and o3 do not differ by a character.
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General Cases Examples

e By using Gaussian hypergeometric functions, one knows that the
subrepresentations o, and on_, differ by a character. Thus g4,
B2 are both algebraic.

e o4 and o3 do not differ by a character.

e Combining with Wistholz’s result we know that for a generic
A € Q, the 4-dimensional abelian variety J7** is simple, and
Ng(J3e") is 10-dimensional.
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General Cases Examples

The algebra Endy(J{®") contains the endomorphisms

C 0 0 0 0 011()\)51 0 0
A 0 C_1 0 0 B_ —Zﬁ;;& 0 0 0

0 0 ¢ o0 |’ 0 0 0 az(N) B2

o o o ¢ 0 0 —v5_1 0

The algebra Endp(J7") contains the quaternion algebra

V51 /61
<W) >~ Hs,10,10)-
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