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Preliminaries

Borcea studied crepant resolutions of quotients of the form

(E1 X Ex x E3)/{t x ¢ xid, ¢ x id x¢)

He showed the Calabi-Yau threefolds of CM-type in this
family were the varieties with each of the E; having CM.
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Calabi-Yau Threefolds

Let Ex/C be an elliptic curve with an automorphism of order
k =3,4 or 6, denoted 1.

Consider the triple product Ex x Ex x Ej with an action by
Gk = (1k X Lﬁ_l X id, 1, X id XL£_1>.
For any subgroup Hy of G, we may consider the quotient

(Ek X Ek X Ek)/Hk,

and a crepant resolution.
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Interest

We have two main focuses with the Calabi-Yau threefolds of
this form.

(1) Study the ‘easy’ to understand rigid Calabi-Yau
threefolds in this construction,

(2) Push this towards the non-rigid threefolds and see how
much can be extended and said.
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Modularity of X,

Start with k = 4 and G, e.g.,

E4:y2:x3—x,

ta(x,y) = (=x, iy), and

—_——

X4 = E[?/Gz;

This is defined over Q.
This is a rigid threefold. (h%! = 90.)
Thus, it is modular by Gouvéa-Yui (Serre).
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H} (B2’ ) Ga) ~ H}(Ex"/ Ga),

a nd Galois representation
73 PR R PR
HP(Ea™)® = (H} (Ea) © Hi (Ea) @ Hj(Ea))™,
which is 2-dimensional.

To make things explicit, we will work with the Galois
representation

p: GQ — Aut@((Vg(ELL) ® VZ(E4) b2y VZ(E4))G4)a

where Vj(E) := Ty(E4)Y @ Qp.




Galois representation on X,

For simplicity, denote the endomorphism ¢4 of E4 by [i] and
the induced action on Vj(E;) by [i]«. Note that [i]?> = [-1].

For any o € Gg and (x, y) € E4(Q)

o([1(x,y)) = (=o(x),a(i)a(y))
= [o(Nlo((x, ¥)) = x(@)llo((x, ),
where x : Gg — Q¢ is the (non-trivial) Dirichlet character
of Q(i). So
i (v) = au(iv) = ou([11(v)) = (0 [1])o(v)
= ([x(0) o a])«(v) = Ix(@)]+([1]+ (o)) (v)
= x(0)[i]«(%(v))-

Of particular interest, if ¢ denotes complex conjugation, then
w = ¢(v) is in the (—/)-eigenspace of [i]..
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Frobenius on X,

For a prime p # 2, if x(Frob,) = 1 the above shows the
action of (Frobp), is of the form

(¢ 5)
0 Bp

and otherwise when x(Frob,) = —1, of the form
0 h,
k, O

Thus, on the threefold we have the respective actions

3 3
al 0 AN
o 5) & o
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Trace of Frobenius

Thus we find

tr(p(Frobp)) = O‘z + 5;3; = (ap + 5p)3 —3p(ap + Bp)-
Coincidentally,

Lemma

Let 1 be a Hecke character of an imaginary quadratic field
K and suppose fy, the cusp form associated to 1), has trivial
Nebentypus. Suppose that we have Fourier g-expansions

fy = Z anq” fys = Z b,q".

Then
b, = af, — 3pap.
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L-function of X;

Theorem
Let H be a subgroup of G4 such that X4, a crepant
resolution of Ef /H, is a rigid Calabi-Yau threefold. We have

L(X47 S) = L(S> X?l)
where x4 is the Hecke character such that

L(E4, S) = L(S, X4).
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Twists

Let E4(n) denote the twist y2 = x3 — n?x, and Xy(n) a
crepant resolution of E4(n)3/Gy. One similarly gets

Theorem
Let H be a subgroup of G4 such that a crepant resolution
Xa(n) of E4(n)3/H is a rigid Calabi-Yau threefold. We have

L(X4(n)7 5) = L(Sa X?I)
where x4 is the Hecke character such that

L(E4(n),s) = L(s, xa).

Similar for E3/Eg and twists.
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Special values

Using work of Waldspurger, one may compute the vanishing
and non-varnishing of the respective L-series found above.

Theorem
Let E4 : y? = x3 — x, and X4(—n) a crepant resolution of
E4(—n)3/Gy. For any odd square-free n € N we have

5/%7 ifn=1 (mod 8),
LXa(=m)2) ={ "B jfn=3 (mod 8)
BVn? - ’

0 ifn=5,7 (mod 8).

where a,, 8 € C* and
Z anq” =q-— 3q9 — 4q17 4+ ... € 55/2(128; Xtriv)>

D baq" = —q* +5q" — 7" + ... € S5/2(128, Xeriv)-
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Non-rigid construction

Suppose instead, we choose
Hy = <L4 X tg X Li) C G4,

and the quotient E3/Hy.

We have h¥1 =1 and so Ys = Ef/H4 is a non-rigid
Calabi-Yau threefold.

What can we say now?
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Galois representation

We still need only understand the Galois representation on
Vi(Es), as
H7 (Ya) = (Ve(Ea)**)™

and as generators we can take

XOXRXXXRXQY,
YyQyex,yyey,

where (x, y) is a basis for V;(Es).
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Action of Frobenius

For p # 2, and x : Gg — Qy as before, if x(Frob,) =1 the
action of Frobenius is given by

o .
apﬁp
ap,Bf,
3
Bp
and otherwise, if x(Frob,) = —1 the action is given by
3
2 s
h2k,
hpk?

3
ko
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Trace of Frobenius

We have

ag + oc%Bp + apﬁg + Bg if x(Frob,) =1,

t(p(Froby)) = { i

otherwise
Note, if x(Frobp) = —1, then ap, 5, = £i\/p, so

tr(p(Frobp)) = a3 + a2, + apB2 + 53
= 04,3, + 5,3, + plap + Bp)-

Hence
L(Ya,s) = L(Sym® fa, ) = L(x3, $)L(xa, 5 — 1)

where x4 is the Hecke character associated to E4.
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Families

Consider again the triple product
E4 X E4 X E4

with the action by 14 X 14 X (2.
Replace this with
E4 X E4 x E

and the action by ¢4 X 14 X ¢, where E is any non-CM elliptic
curve with hyperelliptic involution ¢.
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Galois representation

The Galois module of interest is now

(e e o i)

)

so let Vy(E) have basis (u, w) and (for a good prime p)
eigenvalues 7y, 0, of Frob,.

A basis for the Galois module is then given by

XXQU,XRXXKQ W,
yQyuyyw.
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X (Froby) = 1 the action of Frobenius is given by

2
apYp

25p

@p

2
Bp’YP
/835[3 Families

and otherwise, if x(Frob,) = —1 the action is given by

k,%’Yp

k26,




L-functions

Hence

_ (04,23 + Bg)(’)’p +6p) if x(Froby) =1,
tr(p(Frobp)) - { 0 otherwise.

Again, as ap, B, = £iy/p when x(Frob,) = —1 we may
simplify to

tr(p(Froby)) = (vp + (5,,)((1[2, + apfp + 5;2; — px(Frobp)).

Hence, the L-function is the product

L(fe x Sym? fp, s)L(fe @ x,s — 1)L
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Automorphy

L(fe x Sym? fy, s)L(fe @ x,s — 1)L

The following shows the L-function is automorphic:
- Sym? f is automorphic on GL3 (Gelbart-Jaquet),
- fg x Sym? f; is automorphic on GLg (Kim-Shahidi),
- The product of automorphic L-functions is automorphic
(Langlands).
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Construction with Eg

Similarly with E3/Eg.

Except there are no non-rigid Calabi-Yau threefolds Y of the

form
E(, X E6 X E(,/H

with h>1(Y) = 1 coming from the Kiinneth component.

What else can we do?
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Are there any subgroups of H of Gy such that
(Ek X Ek X Ek)/H

only has nice singularities? Yes! For example, on

L-functions!

Es x E4 x Eg, take

H = (12 x 12 xid, 3 x id x.2).




Borcea construction

Letting cp, Bp be the eigenvalues of Frob, (p # 2) on Ey, if
x(Frob,) = 1, the action of Frobenius on E}/H is given by

3

@p

a%ﬁp
a,%,é’p
04,2,6,,
apﬂg
ozpﬂg
ozpﬁg

If x(Froby) = —1...
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Trace of Frobenius

Hence, we have

a3 +3p(ap + By) + B3 if x(Frob,) =1,
tr(p(Frobp)) _{ g ( pO 2 g othe(rwisel.))

Again, the CM condition gives

tr(p(Frobp)) = 042 + 3p(ap + Bp) + ﬁg

and so the L-function is (unsurprisingly?)

L(x3,s)L(xa,s — 1)°.

This time, a similar statement holds for E3/Eg.
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Further questions and remarks

Is there a relationship between the special values of Ej
and X7

What is the rank of CH2(X)o?

Do similar (rigid) threefolds exist for each of the weight
4 CM newforms defined over Q7

Can we use this approach with the Borcea-Voisin
construction?
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Thank you to the attendees for coming!

Thank you to the organizers for planning!
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