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IV. Weak solutions of the skeleton equation

Equivalence of weak and renormalized kinetic solutions [F., Gess; 2023]

Under assumptions including ®(&) = £™ for every m € [1,00), a nonnegative function
p € C([0, T]; L*(T%)) that satisfies

% (p) € L*([0,7]; H'(T%)
is a renormalized kinetic solution of the skeleton equation
dp = A®(p) — V- (22 (p)g) in T? x (0,T) with p(-,0) = po,

for a nonnegative po with finite entropy if and only if p is a weak solution. In
particular, weak solutions exist and are unique.

— equivalence of renormalized and weak solutions [DiPerna, Lions; 1989],
[Ambrosio; 2004].

— strong continuity with respect to weak convergence of the control

— for example, ®2 convex or concave or & satisfies that 0 < A <P <A
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V. SPDEs of fluctuating hydrodynamics type

e a miscible mixture developing a rough diffusive interface due to the effect of
thermal fluctuations [Donev; 2018]
e Fluctuating hydrodynamics, for example, [Spohn; 1991]
— in the zero range case, the formal SPDE

1
dipe = A®(pe) — VEV - (27 (p:)).
— fluctuation-dissipation relation, for the free energy ¥} (£) = log(®(€)),

P'(p) = 2(p) Ve (p).

— coarse-graining and correlated noise
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V. SPDEs of fluctuating hydrodynamics type

The mean behavior: the hydrodynamic limit
95 = Do(p) =V - J(p),
for the flux J(p) = Vo(p).
Fluctuating hydrodynamics: the isotropic non-equilibrium fluctuations p
described by the continuity equation
0 =V -j(p) with j(p) =J(p) + v,
for the mobility m and a Gaussian noise « satisfying [Spohn; 1991]
(ai(z, t)ay(y, s)) = m(p)dijdo(z — y)do(y — s).

The formal SPDE: the noise o = y/m(p)& for £ a space-time white noise,

8tp AU \/ "S
The zero range process: o(p) = <I>(p) and m(p) = <I>(p) and

1

Oup = A®(p) = V- (22 (p)§).
The exclusion process: o(p) = p and m(p) = p(1 — p) and

dp=A2p—=V-(Vp(1-p)).
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V. SPDEs of fluctuating hydrodynamics type

Space-time white noise: a Gaussian noise £ on T¢ defined by

d¢ = Z ex dBf for a smooth orthonormal L?(T%) basis “e, = v/2sin(k - z).”
kezd

Schilder’s theorem: for a Brownian motion B and A C C([0,T]),

PlyeB € Al ~exp (—¢ " ;IeleA I(z)) for I(z)= %/OT |4:(s)|? ds.
The contraction principle: for the solutions
Qupe = AB(pe) — VEV - (97 (p.)6),
we have formally that, for A C Li L},
Plp- € A] = exp (— ™" inf I(p)),

for the rate function

1(p) = L inf {gl}2: 0o = A%(p) ~ V- (23 (0)g) }.
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V. SPDEs of fluctuating hydrodynamics type

The Dean—Kawasaki equation: we have,

1
Otpe = §Aps - \/EV' (VPEE)
The Zero Range Process: the formal SPDE describing non-equilibrium behavior,

Qupe = AD(p.) — VEV - (B (p.)¢).

e Supercritical in the language of regularity structures [Hairer; 2014]

Ill-posedness vs. triviality
— for example, [Konarovskyi, Lehmann, von Renesse; 2019]

Degenerate diffusions
— porous media and fast diffusions, ®(£) = £™ for every m € (0, 00)

Irregular noise coefficients
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V. SPDEs of fluctuating hydrodynamics type

The Dean—Kawasaki equation: for independent Brownian motions,

Oup = 3 Ap — VEV - (V7E).

e White noise is too singular (particles systems, course graining. . .):

£ [ & 3 £
o) O < Ne) >O¢ O—=5t 0
I I BN S PR IR PN S

e Spatially correlated noise:
56 =& ° for a convolution kernel x° of scale § € (0,1).

Dean—Kawasaki equation with correlated noise: the Stratonovich equation,

Op = %Ap — VeV (\/,7055).
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V. SPDEs of fluctuating hydrodynamics type

The Stratonovich-to-Itoé correction: we consider the Stratonovich SPDE

0ep = A®(p) = V - (a(p) 0 f(x) d&7),
for the noise d&® =377, e dBF.

R Y S
k=1

|P|—0
:Z/ eg(% > @(prisa) = () By = Bi) + > 0(pr)(Buiyy — Bry))
e I7]=0 |P|—=0
5[ [ aann [ [ o
1 t , t
> [ [ o ovemdast [ [ saae

1 t

=52 [ (7o 0Vo+ o oo vet)ds+ [ [ fotean,
1 /T o Jrd

The Ito-form of the SPDE: we have that

S5
o= D0(p) ~ V- (o(p) a") + £ (o7 ()W),
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V. SPDEs of fluctuating hydrodynamics type

A general SPDE with conservative noise: for consider the Stratonovich SPDE

0ip = AD(p) — VEV - (a(p) 0 dE°),

for probabilistically stationary noise &° = (€ * Iia) and scalar o.

A choice of “renormalization”: for the stochastic integral

—0

[ 1B 00 aB. = Jim ST (OF(B ) + (1= OF(Be) (B = B,

yields the equation
Op = A2 (p) = VEV - (a(p) 05 dE),
and the It6 formulation
Oip = AD(p) — V- (0(p) d€°) + 0(¢°)V - (0" (p)* V).
An Itd equation with a correction for 6 € [1/2, c0),
Oip = AD(p) — V- (0(p) d€°) + 0(¢°)V - (0" (p)* V).
Stratonovich integration yields 6 = 1/2

Klimontovich integration yields 6§ =1
— choice of correction motivated by gradient flow formulation
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V. SPDEs of fluctuating hydrodynamics type

A general SPDE with conservative noise: for consider the Stratonovich SPDE

Oip = AD(p) — VEV - (a(p) 0 d&°),

for probabilistically stationary noise &° = (€ * /-c‘s) and scalar o.

The Ito-formulation for the spatially constant quadratic variation (§5>,
s € <f§> 1rN2
0ip = AD(p) = VeV - (0(p) dE”) + =5V - (0'(p) V).
Logarithmic divergence of the correction: if o(p) = /p then

) ) )
B9 @ 0w = 09 (Lvp) = L Atog(o),

and we have, in the Dean-Kawasaki case,

Oup=Ap— VeV - (pde®) + @Alog(ﬂ)
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V. SPDEs of fluctuating hydrodynamics type

The SPDE: we specialize to the case

1 ’ 1
op=Ap—V-(pzde®) + gv . (4—pr).
The PDE renormalization: for a smooth S: R — R and ¢ € C>(T?),
_ / 3¢9 <5§> 1
o | S0o) = | ' (0)6() (g = V- (o3 46" + 557V - (V)

1 5
=— '( )V (x) - (Vp —p2 de’ + %Vp)

1 é
/ S"(p IWI —p2de’ - Vp+ %)IVP\Q)
o [ S o) Y V(o)
T k=1

The Ito correction: We have that

1 1
Zw ot = 3 (AVel + 20 Vph - Ve + (D) Vb

k=1

o g8 sy 1 2
=(V §>P+<§>4p|vﬂ\4
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V. SPDEs of fluctuating hydrodynamics type

The SPDE: for the equation

_ Yy &g (L
dep=~Ap =V - (p?d&’) + =5 V~(4pr)-

The PDE renormalization: for a smooth S: R — R and ¢ € C*°(T¢),

at( g S(p)¢(x)) =—| S(pVe(x): (Vp_p% de® + %W)

Td

1 L ¢0
— [ 8"(0)o) (190 = p* d€’ - Vp+ Lﬁp).

Td

The kinetic formulation: for x(z,§,t) = 1{oce<p(z,t)} — 1{p(a,t)<e<0}>

at(/Td/Rs’(p) /Td/v (Vx+ %vx)
/Td/as S(1wp + Vo5 0)

-/, [ v (@0e} g’ + (5" (©0(@))Ed V- ae”

— we use Vx =0,Vp and O¢x = do — 0,
— the test function ¢ (x, &) = S'(£)p(x)
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V. SPDEs of fluctuating hydrodynamics type

The kinetic formulation: for the solution
5
1
Op=2p—V-(p2de’) + Eg. (=Vp),

we for x(z,€,t) = ljo<e<p(e,t)} — L{p(z,t)<e<0} that

5 =
%Ax + deq — O¢ (5p( v 25 >€))
F V- ((9ex)€7 de€®) — (62 Vx - de?),

for a locally finite nonnegative measure ¢ satisfying the “entropy inequality”

q>6,Vpl*.

Preservation of nonnegativity and mass: we have P-a.e. that if po > 0 then
p > 0 with

||p(17,t)“L1 Td) = ||PO||L1 Td) -
(T4) (Td)
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V. SPDEs of fluctuating hydrodynamics type

The kinetic formulation: we have that

o=+ St o0 - 06 (3, (V551 0)) 49 (@oed aeh) - e v ae)

The entropy estimate: testing with ¢(§) = log(&),

|
[ L Lo+ Lo g [ [
f/ot/w/:{%tﬁé W(V-g‘5>+2/va%-d§5.

We therefore have using ¢, |Vp% |? < €7 1q that

1
1 “¢< 1 Vp2 - d¢’.
tg%%]/pog //Trd/m a3 /pooog(po)ﬂ +tnfg§|/ p? - dg°

Using the Burkholder—Davis—Gundy inequality

= oo+ [ [ [ go) <5 [ mioson + 5-€].
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V. SPDEs of fluctuating hydrodynamics type

The kinetic formulation: we have that

. s 1
oo = 8+ &2t o 06 (5, (V351 0)) 4 9 (@ee aeh) — e v ag)

The local H'-estimate: testing with 1, (€) = Liaar41) = 1a,

Ad/X¢M =
/ /Td /\M+1 / (V€0 pLa(p )+2/W 1a(p)p2 Vp - d€’.

We have using d,|Vp|*> < ¢ and the Burkholder-Davis-Gundy inequality that

e[ [ [z [ e es[oren [ en0)].

Vanishing of the measure at infinity: using the real analysis lemma, P-a.e.,

lim inf ¢(T% x (M, M + 1) x [0, T]) = 0.
M — o0
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V. SPDEs of fluctuating hydrodynamics type

Stochastic kinetic solutions [F. Gess; 2021]

A stochastic kinetic solution is a continuous L' ('H‘d)-valued, Fi-predictable process p
and a random kinetic measure q that satisfy the following five properties.

(i) Preservation of mass: we have that E ||p(-,t)|| 1 = E|/po]|;1-
(iii) Local regularity: P-a.e. for every K € N,

(p ANEK)V (i) € LA(Q x [0, T); H'(T%).
(iv) Regularity and vanishing of the measure at infinity: P-a.e. we have that

%ninf(q(qrd X (M, M +1) x [0,T])) =0 and ¢ > §,|Vp|>.
— 00

(v) The equation: for every 1 € C2°(T x (0, oo)) and t € (0, 00),
190 (V) (@)

/R/Tdex\Z:o: // Ve (VY)(z,p) — ¢ P
*/ot/R Tdamdq*/o/qrdw(x’p)v o(p)dg’) vg //T
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V. SPDEs of fluctuating hydrodynamics type

Extensions: we consider general equations of the type

dp = A(p) =V - (0(p) 0 & +w(p)) + Ap) + S(p)€",

including non-equilibrium fluctuations of asymmetric systems, mean-field games,
stochastic geometric PDEs, and branching interacting diffusions.

— The generalized Dean-Kawasaki equation with correlated noise
1
Oip = A®(p) =V - (B(p) + ©2(p) 0 &)
— Nonlinear Dawson-Watanabe equation

s
Orp = AD(p) + /7E".
— Fluctuating mean-curvature equation

Vp
14 p?

Bp="V-( )+ V- ((1+p%)7T 08d).

— Fast diffusion and porous media: (&) = ™ for any m € (0, 00).
— ¢ is globally 1/2-Holder continuous, A is globally Lipschitz continuous.
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V. SPDEs of fluctuating hydrodynamics type

Vanishing of the defect measure: for the equation

A\ 1 1
oo = tx+ & ax+0ca-0:(5,(T59) 4 (000t g - oo agd),
for the test functions ¢ = %1{§<5<B} and Cyy = —l{m<ce<crrii}s
s—t B M+1
s [, fose J=sl5 L e [ L),
(V-&)
* B/o / Loty cpn + / [ 3 .

The righthand side vanishes as M — oo and 8 — 0. Therefore,

“E/Ot/wq(m.,(),s) = hm]E / Ad /’3(1] :]E[/Td (po(x)—p(a:,t))] =0.

We have P-a.e. that

hmlnf(ﬁ a(T? x (8/2, B) x [O,T])) -
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V. SPDEs of fluctuating hydrodynamics type

Stochastic kinetic solutions [F. Gess; 2021]

A stochastic kinetic solution is a continuous L' (Td)-valued, Fi-predictable process p
and a random kinetic measure q that satisfy the following five properties.

(i) Preservation of mass: we have that E ||p(-,t)|| .1 = E|/po]| ;1.
(iii) Local regularity: P-a.e. for every K € N,

(P AK)V (V&) € L*(Q x [0, T]; H' (T7)).
(iv) Regularity and vanishing of the measure at infinity: P-a.e. we have that

lim inf (¢(T* x (M, M 4+ 1) x [0,7])) =0 and q > d,|Vp|°.

M — o0

(v) The equation: for every 1) € C2°(T* x (0,00)) and t € (0, 00),

/R/waz:o=—/0t/Tde-(w)<x,p)fE<§5> /O 190 (V)@ 0)

Td P

_/Ot/R Tdﬁgaﬁdq—/ot/ww(x,p)v.(a(p)dgé)+@/Ot/w(a@)(m,p)p,

— we have that liminfg_, (%q('ﬂ‘d x (8/2,8) x [O,T])) =0.
EPFL
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V. SPDEs of fluctuating hydrodynamics type

A useful identity: if p1 and p2 are kinetic solutions, for

Xi(2,&t) = Lo<e<pi(e,t)} — Lpi(at)<e<0}s

we have

/|p1 p2|—//|X1 x2|” //Xl )% — 2x1x2

:/ /X1Sgn(§)+><28gn(§)—2><1><2
Td JR

:/ /X1+X2*2X1X2-
Td JR

The cutoff functions: the cutoff at zero, for 8 € (0, 1),

2
¢B(O) =0 and d)b = El{§<f<6}7

and the cutoff at infinity, for M € (1, 00),

¢m(0) =1 and Cu = —Lim<e<mii}-

The essential identity: we will use that

= lim i —2 )
/w lpr — pa| Jim lim /Td/R(M + X2 — 2x1x2)¥sCum
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V. SPDEs of fluctuating hydrodynamics type

The equation: we have that

€

¢ 1 1
oo = o+ 62 At 0eg = 36 (5,5 59)) + V- (et a6 - de(ed v ae)

and we use that

— lim i -2 ):
/lepl pe| = lim lim /Td/R(Xl+X2 X1X2) sl

The singletons: we have that

& / /xiwch = 6(;7(1? x (g,ﬂ)x (0,8)) + i (T x (M, M +1) x (0,t))

1

‘L
5/ (L <p; <py$m(pi)p? N pi - e’ +/Td Linr<ps<art13¥s(pi)p? Vpi - d€°

(v-¢)

2
+ 5 /Td (B]-{§<M<B}CIW(P1’)P¢ + Linr<p;<ris13 98 (pi)pi)-

These terms vanish in the limit M — oo and 8 — 0.
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V. SPDEs of fluctuating hydrodynamics type

The equation: we have that

iy 1 1
Dhx = Ax + <5€> ax+0cq - 9 (3,5 ) 19 (0x0et ag’) — c(ebvx - ag?),

The mixed term: we have that

815(/ /X1X2'¢'BCM) = “terms identical or analogous to the skeleton equation”
Td JR

7%/Td/R%VX1-VX2w5CA *%%/;rd/REVXTVXWﬂCM
+Lf§>/ /5p1(agx2)g+Lﬁ/ﬂ/ﬂjw(&x%
/ / (X1, x2)¥8Cm

+V& / /85 YsCar) X200, € + v-&) 5 / /35 ¥pCar)X1055€.
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V. SPDEs of fluctuating hydrodynamics type

The covariation term: for the covariation term

3t(/Td/RX1X21/JﬁCM)

__E [ [lg,. & [ [1lg.,
=—% /Td/]R€VX1 VixesCu 3 /1rd/R§vX2 Vx1tsCm

v
+<275> /T d /R 8o (Dex2)EWbaCar

+<V'2—55>/%d/%6p2<85xl>5+'/%d/% dix1, x2)baCor + -

Since we have the identity
5 11
s 11
> (V&1 p3 )

> 1 1

A1, Xa) = D G Vi e8) - V(03 ) = a0 (3
k=1

we have using Holder’s and Young’s inequality that

&s(/Td/RXle@[}BCM) Z_Lﬁ/ﬂ,d/Rdmé%(Pl% —PQ%)QCMCM—I—...,

15 August 2024 23 /36
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V. SPDEs of fluctuating hydrodynamics type

The cutoff term: for the cutoff term,

3t(/Td/RX1X2¢ﬁCM) >+ <7/T’/ 9 (V) x20p,€

V-
+< £ /ﬂd / O¢ (V¢ ) X105 €.

We have that
|<V2§ / /35 YCar)x20p, |

B

< =

~ 2 Jpa R'Oll{%<m<b’}+ a Rpll{M<p1<M+1}
<
N/qrd/Rl{g@Kﬂ}+(M+1)/Td/Rl{M<m<M+1}'

The conclusion: we have P-a.e. that

31&(/@ |P1—P2\) :at(/w/R(Xl +X2—2X1X2)) <0,

and P-a.e. that

ax Nl = P2l way = llero = P20l ray -
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V. SPDEs of fluctuating hydrodynamics type

Well-posedness of stochastic kinetic solutions [F. Gess; 2024]

Let po € L*(Q; L*(T?)) be nonnegative and Fo-measurable. Then, there exists a
unique stochastic kinetic solution with initial data po. Furthermore, two solutions p'
and p? almost surely satisfy, for every t € [0, T,

||p1('7) - pQ('vt)HLl(Td) < HP(I) - pg”Ll(']l’d) .

— Stochastic dynamics, random dynamical systems, and invariant measures [F.,
Gess, Gvalani; 2022].

Extensions: general equations of the type

Oip = D(p) =V - (7(p) 0 € +v(p)) +A(p) + S(p)E™.
— The generalized Dean-Kawasaki equation with correlated noise
1
Oep = AD(p) =V - (B(p) + @2 (p) 0 &”).
— Nonlinear Dawson-Watanabe equation

0ep = A (p) + /p€’.
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VI. The large deviations principle

The large deviations rate function: A function I: Ltl’m — R is a (good) rate
function if for each M € (0,00) the level set {p € L{ ,: I(p) < M} is a compact
subset of L%’x. We have that

1 . N
I(p) = 5 inf{llgll}z : dp=2p" = V- (p7g)}.

The large deviations principle: the family of random variables p. satisfy a large
deviations principle on Lt{z with rate function I if, for every closed subset A C Ltlyz,

limsup e log (P[p. € A]) < — iI€1£ I(p),
p

e—0
and if, for every open subset U C Ltl’x,
. S '
lllgl_}(l)lelog (Plps € A4]) > plrellfj I(p)
The Laplace principle: the family of random variables p. satisfy a Laplace

principle on L%,w with rate function I if for all bounded continuous functions
h: L%’z — R,

lim (elog (E[eXP ( - %h(ps))])) =— inf (f(p)+1(p))-

PEL ,

— these are equivalent, for example, [Budhiraja, DuPuis, Maroulas; 2008]
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VI. The large deviations principle

The large deviations rate function: the rate function
1, a
I(p) = 5 nf{llgll}z : Oip=Dp" = V- (p? g)}.
The space of bounded entropy: let Ent(Td) denote the space

Ent(T%) = {pe LY(T%): p> 0 with / plog(p) < oo}
Td
The Uniform Laplace principle: the family of random variables p. satisfy a
uniform Laplace principle on L%,I with respect to bounded subsets K C Ent(']I‘d) if
for all bounded continuous functions h: L%,z — R,

lim sup (log (Epo [exp ( — éh(pg))} )) + inf (h(p) + Ip, (p))’ =0.

e—0 poEK

PEL] ,
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VI. The large deviations principle

The large deviations principle [F., Gess; 2023]

The scaling limit: let d(¢) be any sequence satisfying, as ¢ — 0,
£6(e)"“™® - 0 and §(c) — 0,
and for every € € (0, 1) let p. be the solution
Bepe = AB(pe) — VEV - (22 (pe) 0 £°9)).

The large deviations principle: the solutions p. satisfy a uniform Laplace
principle with rate function

1p) = 5 in { gl - Bip = AR(p) V- (23 ()g) }.

The linear fluctuating hydrodynamics: the linear fluctuating hydrodynamics

1 5
0ip° = AD(5°) — VeV - (22 (p)&°),
for the hydrodynamics limit 0;p = A®(p) satisfy an LDP with rate function

T(p) = 5 int {9l - 0p = A2(p) ~ V- (@ ()g) }.
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VI. The large deviations principle
The scaling regime: the equation
1 1
Qupe = Dpes = VEV - (p2 5y 0 d€°) = V- (p2g2)).

for e(V - €59y =~ g6(e) =4+ 0.

Convergence of the controls and initial data: suppose that there exists
M € (0,00) such that

sup / 00, log(po,e) < M and
d

SUP Hg ||L°°(Q L? )< M.
£€(0,1) JT

e€(0,
and pp . — po weakly in L. and g. — g in weakly in law on Lt,a:~

The controlled SPDE: for every ¢ € C2°(T? ( ) and t € [0,T7,
| [ wxelico = - /’/'Vpg (V) (@, p.) [ V0 (T0)a.p)
[ [evda— [ [ o otoae) Vﬁ//&¢w

[ oA i) - [ [ ot V.
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VI. The large deviations principle
Tightness: the condition that

sup [ pnlog(pno) < M and b 97l @iz, < M.
e€(0,1) Jd e€(0,

and poe — po weakly in L. and g. — g in weakly in law on Lf,x implies that the
p° are tight on Ltlyz.

The collapse of the controlled SPDE: for every ¢ € (0, 1),

./R/waxelizo=—/ / Ve - (V) (z, p:) 55 //poa (V) (z, p)
—/t/wd/a@dqe_/()/#(m,p)v (w16 + <Y [ [ @ora.

RFCH Lo 1 s
Vw)(m7p5)_ (dfl))(TPE)pg 9e vp‘»
Td Jo Jrd

and, as € — 0, we have that p°(g) — p(g) in law on L; , for p(g) solving

1
Owp=A0p—V-(p2g).
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VI. The large deviations principle

The Laplace principle: the family of random variables p. satisfy a Laplace

principle on L%T with rate function I if for all bounded continuous functions
h: L%’z — R,

tim (e1og (E[exp (= Zh(0))])) == it (£ +1(0).

PELY,
The controlled SPDE: for g € L>=(Q; L7 ) the function p.,s(g) solves

1 1
Oipes = Dpes — VEV - (p250 dE%) — V- (p2 59°).

The variational formulation: we have that, for ¢ € (0, 1),

—ctog (E[exp (~ Thipea))]) = imt - E[ZIlglE +h(pes(o))]

gEL>® (LT )

— think of the control g = 2 (E*%g)
— for example, [Budhiraja, Dupuis; 2000]
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VI. The large deviations principle
The controlled SPDE: for g € L>=(Q; L7 ) the function p. s(g) solves

— 3 8(e) 1
depe = Ape — eV - (p2 0 dE') =V - (p2 g°).

The Laplace principle upper bound: for a bounded continuous h,

—etog (B[exp (= 2h(p))]) = inf | E[3 163+ hlo-(9))]

gEL>® (L7 )
1
> B[ lgel + hlpe(9))] <
Since3 sup.¢(o,1) ||g€||LOC<Q;L? y < M we have that
ge — g weakly in law on (L} ,)? and p°(g) — p strongly in law on Li ..

Therefore,

. 1 1 2

limsup [<log (E[exp (= <h(pe))])] < = (5 llgll3 + h(p(9)))

< — inf (I(p) + h(p)).

PELG .

— see, for example, [Budhiraja, DuPuis, Maroulas; 2008]
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VI. The large deviations principle
The controlled SPDE: for g € L>=(Q; L7 ) the function p. s(g) solves

— 3 8(e) i
Depe = Ape — eV - (p2 0 dE') =V - (p2 ¢°).

The Laplace principle lower bound: choose an almost minimizer go of

1
E[5 llglls + h(p(9))]-
‘We then have that

lir?j(l)lp ( —celog (E[exp ( - %h(Ps))]))

. . 1, s
=1 f E|= + h(pe
ey, Bl5 ol + 0000

. 1
< limsupE[ llgoll3 + h(p=(g0))]
e—0 2

= E[L ool + hlo(go)] = inf (I(0) + h(p))-

1
pEL;

Therefore,

liggf (5 log (E[exp ( — éh(ps))])) >— inf (I(p) + h(p)).

pELgJ

B. Fehrman (LSU) EPFL 15 August 2024

33 /36



VI. The large deviations principle

The large deviations principle [F., Gess; 2023]

The scaling limit: let d(¢) be any sequence satisfying, as ¢ — 0,
e6(e)™ " 5 0 and (e) — 0,
and for every € € (0, 1) let p. be the solution
Bepe = AB(pe) — VEV - (22 (pe) 0 £79)),

The large deviations principle: the solutions p. satisfy a uniform Laplace
principle with rate function

10) = it { gl - 9ep = AB(p) — V- (@3 (p)g) .

— also in C([0, T]; M4 (T))
— applies to ®(&) = £ for every a € [1,00)

— uniformity with respect to sets of initial data with bounded entropy

B. Fehrman (LSU) EPFL 15 August 2024 34 /36



VII. References

ﬁ L. Ambrosio

Transport equation and Cauchy problem for BV vector fields.
Invent. Math. 158(2): 227-260, 2004.

ﬁ O. Benois and C. Kipnis and C. Landim

Large deviations from the hydrodynamical limit of mean zero asymmetric zero range processes.
Stochastic Process. Appl., 55(1): 65-89, 1995.

L. Bertini and A. De Sole and D. Gabrielli and G. Jona-Lasinio and C. Landim

Macroscopic fluctuation theory.

arXiv:1404.6466, 2014.

A. Budhiraja and P. Dupuis

A variational representation for positive functional of infinite dimensional Brownian motions.
Probab. Math. Statist. 20: 39-61, 2000.

A. Budhiraja and P. Dupuis and V. Maroulas

Large deviations for infinite dimensional stochastic dynamical systems.
Ann. Probab. 36(4): 1390-1420, 2008.

N Depauw

Non unicité des solutions bornées pour un champ de vecteurs BV en dehors din hyperplan.
C. R. Math. Acad. Sci. Paris, 337(4): 249-252, 2003.

R.J. DiPerna and P.-L. Lions

Ordinary differential equations, transport theory and Sobolev spaces.
Invent. Math. 98(3): 511-547, 1989.

) & D

N. Dirr and B. Fehrman and B. Gess

Conservative stochastic PDE and fluctuations of the symmetric simple exclusion process.
arXiv:2012.02126, 2020.

EPFL 05 Avvret SiRA | 55 &



V. References

B
B

L T N T N T T Ay 1

A. Donev

Fluctuating hydrodynamics and coarse-graining.
First Berlin-Leipzig Workshop on Fluctuating Hydrodynamics, 2019

B. Fehrman and B. Gess

‘Well-posedness of the Dean-Kawasaki and the nonlinear Dawson—Watanabe equation with correlated noise.

Arch. Ration. Mech. Anal., 248(20): 2024

B. Fehrman and B. Gess

Non-equilibrium large deviations and parabolic-hyperbolic PDE with irregular drift.
Invent. Math., 234:573-636, 2023

B. Fehrman and B. Gess and R. Gvalani

Ergodicity and random dynamics systems of conservative SPDEs.
arXiv:2206.14789, 2022.

P. Ferrari and E. Presutti and M. Vares

Nonequilibrium fluctuations for a zero range process.

Ann. Inst. H. Poincaré Probab. Statist., 24(2): 237-268, 1988.
M. Hairer

A theory of regularity structures.

Invent. Math. 198: pp. 269-504, 2014.

V. Konarovskyi and T. Lehmann and M.-K. von Renesse
Dean-Kawasaki dynamics: ill-posedness vs. triviality.

Electron. Commun. Probab. 24: 1-9, 2019.

H. Spohn

Large Scale Dynamics of Interacting Particles.
Springer-Verlag, Heidelberg, 1991.

EPFL 15 August 2024

36 /36



