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II. The kinetic formulation of the skeleton equation

The skeleton equation: in the case of the zero range process,
1 .

0ip = AD(p) — V- (2% (p)g) in T? x (0,T),

for an L*-control g € (Lf,w)d. We specialize to the case, for some a € (0, 00),
op=A0p" =V -(p2g).
The kinetic formulation: for x = 1j9<¢<,1 — 1{p<e<03,
Bix = al™ TAX + 9eq = 9e(€2 - V) + V- (€2 (9ex)9),

for a locally finite, nonnegative measure ¢ on T¢ x R x [0, T] with

42 6,(a Vo).
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II. The kinetic formulation of the skeleton equation

A renormalized kinetic solution of the skeleton equation

A nonnegative function p € C([0, T]; L*(T)) is a renormalized kinetic solution of the
skeleton equation if there exists a nonnegative, locally finite measure ¢ on
T¢ x R x [0, 7] such that p and g satisfy the following four properties.

— Preservation of mass: ||p(@,t)|| 11 (ray = llpoll 1 (pay for every t € [0,T7.
— Local H'-regularity: ((p A K)V ) € L*([0,T]; H'(T?)) for every K € N.

— Regularity and vanishing of the measure at infinity: we have that

55 (a1 Vp|?) < ¢ and l}vrfninfq(']rd x [M, M + 1] x [0,T]) = 0.
— 00

— The equation: for every ¢ € C2°(T? x (0,00)) and t € [0, T],

/Td x¥ s: - 7/; /Td op™ " Vo (VY)(@,p) - /Ot /w /R@fiﬁ)(%é)q

+ [ [Loownniovor [ [ sie o).

— we have that limg_,¢ (ﬂ_lq(Td X (%5) x [0, T])) =0.
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II. The kinetic formulation of the skeleton equation

Well-posedness of renormalized kinetic solutions [F., Gess; 2023]

Let T € (0,00), d € N, and let ® € Cf,.((0, 00)) N C([0,00)) satisfy that
— ®(0) = 0 with ® > 0 on (0, c0),
— @’ is locally 1/2-H61der continuous on (0, o),
— and max{o<e<nry <I>’(§) <cM.
Then for every nonnegative po € L* (Td) there exists a unique renormalized kinetic
solution of the equation
Bip = Ad(p) — V- (B2 (p)g) in T% x (0,T) with p(-,0) = po.

Furthermore, if p; and p2 are two solutions with initial data pi,0 and p2,, then

tg%oax llp1(z,t) — P2(xvt)||L1(1rd) = llp1o — P2,0||L1(11"d) °

— including ®(§) = £ for every a € (0, 00), for which

dp=A0p* =V -(p?g).
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ITI. Weak solutions of the skeleton equation

Weak solutions of the skeleton equation

A weak solution of the skeleton equation is a nonnegative p € C([0, T]; L*(T%)) that
satisfies the following two properties.

— The entropy estimate: we have that
p? € L*([0,T); H'(T%)).

— for every 1 € C*°(T%) and t € [0, 7],

s=t @ a o t o
=72/ / p5Vp7-Vw+/ / p2g- V.
s=0 0 Td o J1d

The entropy estimate: we have that

T T
max / plog(p)+/ / |Vp§|2§/ polog(po)+/ / lg]%.
te[0,T] Ja Jo Jrd Jrd o Jrd

An interpolation inequality: we have that

[ @ swiz)

o] ., S leoligy + w02

2 2 !
LiLZ LELZ
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ITI. Weak solutions of the skeleton equation

The kinetic formulation: for every ¢ € C*°(T%) and t € [0, 7],

Lol 2=~ [ [ o5 won- [ [ [0

[ Ad<a§¢><x,p>p%g-vP+AT [ eta- o).

The weak formulation: for every 1 € C>(T?) and ¢ € [0, T],

s=t t e a
:—2/ / p2Vp2 - V¢+// p2g-Vi.
=0 o Jrd Td

|, ooyt

Weak-strong continuity: does a weakly convergent sequence

2 \d
gn - g S (Lt,z) )
induce a strongly convergent sequence of solutions
pn = p € Li,?

— weak convergence implies that the g, are uniformly bounded in (Liz)d
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ITI. Weak solutions of the skeleton equation

The entropy estimate: we have that

T T
maX/ plog(p)+/ / IVP7I2S/ polog(po)+/ / l9]*.
tel0,T] Jpd 0 Td Td 0 Td

Spatial regularity: if « € [1,2] then

2 _a o _2
Vo= >(p""2)Vp? € (L")

If o € [2,00) then
Ip(@) — p)|* < [p(@)F — p(y) F[* so that p e Wa(TY).
L'-integrability of the products: we have that
p3Vp? € (Li,)" and p?g e (Li,)"
Regularity in time: for s > 4/2 we have that
dip =2V - (p2Vp2) =V -(p%g) € H*(T?.
— Aubin-Lions—Simon Lemma for strong (Lt{x)d—compactness:

wa (), wh(T?) cc LT € H*(T).
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ITI. Weak solutions of the skeleton equation

Equivalence of weak and kinetic solutions: for initial data with finite entropy,

when is a weak solution
s=t 't a a tor a
—2 [ [ Vet vus [ [ pigeve,
s=0 o Jrd o Jrd
a kinetic solution

| otasyie)
foeel =~ / Lo o @0 - [ t [, w6
+/0t /Td(é’si/))(x,p)p%ngvL/OT /Td p2g- (V) (@, p)?

Deriving the kinetic form: for 9:¥(z, &) = ¥(z,§), for p. = (p * k%),

0 W) = [ 0w 000
=2 [(V)(w.p)- (p19p8) ~ [(V0)(w.p0)- (F )"

2 [ @) ap Voo 03V — (@) p )V (03 0)"
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ITI. Weak solutions of the skeleton equation

DiPerna—Lions theory [DiPerna, Lions; 1989], [Ambrosio; 2004]

Let b: T* x [0, T] — R? satisfy

T
L1 Dl + bl <o
Then, for every po € L°°(T?) the continuity equation
Owp =V - (pb),

has a unique solution in (L' N L°°)(T% x [0, T]).

— a lower bound on V - b is sufficient [Ambrosio; 2004]

— almost optimal conditions [Depauw; 2003]

— the skeleton equation

dip = Ap* =V - (p%yg).
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ITI. Weak solutions of the skeleton equation

The equation satisfied by the convolution: for p = (p * k%),
dipe = —(2p2Vp2 x VES) + (p2 g % VKS).
Deriving the kinetic form: if p is a weak solution, for 9 ¥(z, ¢) = ¢(z,§),
o [ wwp) = [ wlwpion.
Td Td
=-2 /d Y(@, pe)(p2 Vp? % Vi) + /d U(@, p:)(p? g x Vi)
T T

A useful decomposition: let Supp(y)) C T¢ x [0, M] and let

Ay ={(z,t): p% (z,t) > M?% +1} andlet Ay = (T x [0,T]) \ A;.
We then write, for both terms,

[ 000899k = [ 0l po)(1agpt g Vi)
T T

+ /d (@, p)(La, p? g * VES).
T
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ITI. Weak solutions of the skeleton equation

A useful decomposition: let Supp(¢)) C T¢ x [0, M] and let

Ay ={(z,t): p? (w,6) > M? +1} and let Ao = (T x [0,7]) \ Ar.
We then write

/ W(a, pe)(pF g VA7) = / W pe)(Lagp g % Vi) + / W, pe)(La p¥ g V).
Jrd Td Td

The “good” term defined by Ag: after integrating by parts,
/d P(@,pe)(Lagp= g+ VET) = /d(agdf)(% pe)(Lagp? g+ k") - Vpe
T T

+ [ (T pe) - (agpF ).

After passing € — 0, the strong Lf,x—convergence proves that

lim /T () (Lagpf g = V)

= [, @)@ apa)- Vot [ a0t (T0)p)

= [ ocwenrta-Vo+ [ ot (T
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ITI. Weak solutions of the skeleton equation

A useful decomposition: let Supp(y)) C T¢ x [0, M] and let
Ay ={(z,t): p%(z,t) > M?% +1} andlet Ay = (T x [0,T])\ A;.

We then write
/d W(z, p:)(p? g+ VK) = /d ¥(, p)(Lagp? g+ VET) + /d W(z, p)(1a, p? g+ VE).
T T T

The “bad” term defined by A;: in this case, using Holder’s inequality,
I/d W(z, p)(1a, p? g % V&)
T
_ 1 N
<e™! / [ (@, pe)|(La, |g|” * [eVET])2 (1, p* % [eVET])2

([, Waplalol « 29n) ([ e polas = 2vs))

We first observe that

1

1 1
tim ([ e pol(Lalal = 1e9n1)?) = ([ ot pitalal?)” =0,

e—0
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ITI. Weak solutions of the skeleton equation

A still useful decomposition: for A; = {(z,t): p% (z,t) > M2 + 1} we need that

1
limsupe™" / [ (z, pe)|(1a, p™ % [EVET]) )2 0.

e—0

We first write

[0 T = [ gty e[, (26 @) )] ey

Then, for Ay = {(z,t): p% (x,t) > M3 +k} and 1, = 1a\Aj s

T

WJ(Z/ pe)| (1, p% % [eVET]) dy

S I ety D) @]V )]y

>

1

A

o T e DI 41 L@V )] .

El
Il
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ITI. Weak solutions of the skeleton equation

A decomposition: for Ay = {(z,t): p% (z,t) > M? +k} and 1} = Ta\Asss
[, 10 pe) (L™ < =Vl dy

& Z/ paya (y+,p(y + 2)[(M? +k +1)°15(2) |V (y)| dz dy.

I By = {(0,0): (0% %) + ) = pF (@)[14(@) 2 K} then
Bial < g [ 10 s+ 2) = pF @) 1(w) da
= [, a2 @) (s Lale) s
< ki/( [ 0% 2 +2) = pF @)% () d2) (o) da
- B (/w |/01 Vo (@ + 5y +2)) - (v +2) dsl*w" () d2) 1e (o) da
yl* +<*

1
3 / / Vo2 (z+ s(y + 2)) k% (2)1k(z) ds dz da.
k (']l‘d)2 0
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ITI. Weak solutions of the skeleton equation
A decomposition: for Ay = {(z,t): p% (z,t) > M 4+ k} and 1; = Ta\Asss
[, 10 02) (1, < [V dy
S5 [ WO IO £k 1 LT ()
d>2

I Bf, = {(2.,0): |(p% + %) (z +9) — p¥ (2)[1x(x) > k} then
1B z‘<‘y‘7/ / Vo2 (z + s(y + 2))[’k°(2) 1k (z) ds dz dz.
]{32 ('H-d)Q

Since, if a € [1,2],
pE(@) = (pF xw)(@+y) > p2(2) — (px )2 (y+a) > p (2) - M2,
for every (y,t) € T¢ x [0, 7],
Supp (Y(y + -, pe(y + )1k (-)) € By,

and we having using the boundedness of 1 that

wlR

/w v, pe)| (L, o % |eVR7)) € /|Bky|<M2+k+1> EVA® (4)| dy.
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ITI. Weak solutions of the skeleton equation

A decomposition: for B , = {(z,t): I(p% % 5%)(x +y) — p? (x)|1x(z) > k},

1 g2 1 .
N 72/ / Vo2 (x4 s(y + 2)) |’k (2) 11 (x) ds dz dz,
k ('H*d)’z

we have that

[ 166211, 95 dy
T

S [ BRI kDR )y

SN
< /(Td)a -/0 (|y|2 + 52)‘5v"f€(y)||Vp% (z + s(y + 2)) QKE(Z)lAl (@)
st [ [ TR WITs s ) )

set [ wotp,
Td
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ITI. Weak solutions of the skeleton equation

The conclusion: we recall that for A; = {(z,t): p(z,t) > M + 1},
| /d b(x, pe)(1a,p% g+ Vi)
T
2 3 3
< ([, Wl @algl <1696D) = ([ 10 o)l « Va)) .
T T
Since we have shown that [, [1(z, pe)|(1a, p® * [eVET| S €7 [ra |Vp2 %

lim|/ w(m,pg)(lAlp%g*VmE”:O.
Td

e—0

Therefore, since

/ W(a, pe)(pF g Vi7) = / W pe)(Lagp g % Vi) + / W, pe)(Lay p g 5 Vi),
Td Td Td

we have that

e—0

tim [ w03 = V) = [ @co)wmota- Yok [ oFa- (V).
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ITI. Weak solutions of the skeleton equation

Recovering the kinetic form: if p is weak solution, for p. = (p * k%),

o / W pe) = / (e pe)upe

S / W) (03 VpF % Vi) + / B, pe) (0% g % ViF)
Td Td

and, after passing to the limit € — 0,
c‘%/ U(z,p) = —/ (0et) (, p)ap™ |V pl|* — / ap®H(VY)(z,p) - Vp
Td Td Td

+ [ @cwprta- ot [ pBa- (V).

The kinetic equation: for ¢ = §,(a&* ' |Vp|?),

o[, [vex== [ [@o@oa- [ [ae(Twe-vx

+ [, [owmogts- vx— [ [ 5 @c0g- (vo)@.0).

and

Ox =V (a€*'Vx) + 0eq— 0:(€2g - Vx) + V- (€2 (9ex)9)-
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ITI. Weak solutions of the skeleton equation

Equivalence of weak and renormalized kinetic solutions [F., Gess; 2023]

Under assumptions including ®(&) = £™ for every m € [1,00), a nonnegative function
p € C([0, T]; L*(T%)) that satisfies

% (p) € L*([0,7]; H'(T%)
is a renormalized kinetic solution of the skeleton equation
dp = A®(p) — V- (22 (p)g) in T? x (0,T) with p(-,0) = po,

for a nonnegative po with finite entropy if and only if p is a weak solution. In
particular, weak solutions exist and are unique.

— equivalence of renormalized and weak solutions [DiPerna, Lions; 1989],
[Ambrosio; 2004].

— strong continuity with respect to weak convergence of the control

— for example, ®2 convex or concave or & satisfies that 0 < A <P <A
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ITI. Weak solutions of the skeleton equation

Weak-strong continuity [F., Gess; 2023]

If p,, are solutions of the skeleton equation with controls g, — g and initial data
po,n — po with uniformly bounded entropy, then p, — p for p the solution of the
skeleton equation with control g and initial data po.

)

The entropy estimate: if O;p, = Aps — V- (p? gn) then

T N T
max / Pn log(pn)—|—/ / Vo2 ? 5/ po,nlog(po,n)+/ / |gn|”.
te[0,T] Jd o Jrd Td o Jrd

Compactness since the g, are uniformly (Lim)"l—bounded7
pn is strongly compact in L%’I and p? is weakly compact in L?H;.
Uniqueness of the limit: We have for some p that, along a subsequence,
pn — p in L%,z and p,? — p% in L?H;7
from which we conclude that
Bip=2V-(p2Vp?) =V (p%g),

and that p, — p along the full sequence n — co.
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IV. L.s.c. envelope of the rate function
The zero range process: u¥ on T x [0,7] for N = 15 and T(k) ~ ke™**,

N T N

The heat equation: the hydrodynamic limit 0:p = Ap,
N

The skeleton equation: the controlled equation 0ip = Ap —V - ({/p - g),

The rate function: we have P(u" ~ p) ~ exp(—NI(p)) for

1.
(p) = 5 inf{llgll7z : ip=2p—V-(vpg)}
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IV. L.s.c. envelope of the rate function
The hydrodynamic limit: for the parabolically rescaled, mean zero particle
process ui’ on T%, as N — oo, for J(p) = Vo (p),

pi — pda for 8:p = Ao(p) =V - J(p).

Macroscopic fluctuation theory: the probability of observing a space-time
fluctuation (p, 7) satisfying

Op=V-j (thatis, 3t/,0=§1§ j-V),
U ouU

satisfies the large deviations bound [Bertini et al.; 2014]

Pl ~ p] ~ exp (— NI(p)) for I(p / [, =70 -m(e) G = T
The skeleton equation: if (j — = y/m(p)g then I(p [0 Jra lgl? and
dp="V- (J(p)+(j—J(p))) Ao (p - (v/m(p)g).

The zero range process: o(p) = ®(p) and m(p ) (p) and
O = AD(p) = V- (@7 (p)g).
The exclusion process: o(p) = p and m(p) = p(1 —p

)
Op=2~2p—=V-(y/p(1-p)g).

and
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IV. L.s.c. envelope of the rate function

— for I(p) = %inf{ ||9Hi2(11‘d><[0,T];Rd) 1O0p=Ap* =V - (p

ol
<
=

—

Large Deviations Principle [Benois, Kipnis, Landim; 1995]

For every closed A C D([0,T]; M. (T%)),

. 1 N .
h;{n_}s;lop i log(P[p" € A]) < _TrlLIéfA I(m).

For the space of smooth fluctuations
S={8m=Am* -V - (m*VH): H € C*'(T* x [0,T])},
for every open subset A C D([0, T]; M4 (T%)),

. 1 N ———lsc
lim sup — log(P c Al)>— inf [ .
im sup  log( Iz D> R0
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IV. L.s.c. envelope of the rate function

The restricted rate function: for the space of smooth fluctuations
S={8m=Am*—-V.-(m*VH): H € C*"(T* x [0,T])},
the large deviations lower bound is defined by

. 1 N ———lIsc
lim sup — log(P c Al)>— inf I
imsup - log( Iz N> Jclnt 1)

The recovery sequence: given an arbitrary fluctuation
op=A0p* =V -(p2g),
need find a sequence p, € S such that

pn— p € Ly, and I(pn) — I(p).
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IV. L.s.c. envelope of the rate function

The rate function: we have
1, o a
1(p) = 5 inf {llgl}: : dup = o™ = V- (pZ9) } .
The Hilbert space: H;a is the strong closure w.r.t. the inner product
T
o960 = [ [ 57696 tor pwec.
o Jrd
Unique minimizer: the equation defines
dip— DNp™ ==V - (p2g) € Hi,
and if I(p) < oo then the minimizer g = p2 VH for H € H}o and
o= [ [ o IvEE = i, = 2o - ae(:
PP=9 ), Jua? — g W, = g llovp Pk

The “ill-posed” equation: we have the formally “supercritical” equation

Op = Ap® —V - (p*VH).
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IV. L.s.c envelope of the rate function

The recovery sequence: given an arbitrary fluctuation
dip=2NDp™ =V - (p?yg),
need find a sequence p, € S such that
pn = pE L;z and I(pn) — I(p).

A first attempt: there exists H € H;nz such that

dup= Ap” — V- (p"VH) and 1(p>:§/ /dp VHPE.
(0] T

Let p. solve
Oipe = Ape =V - (pSVHE).
Passing € — 07
— supercritical with no stable estimates with respect to VH

— the Hilbert space framework is too rigid
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IV. L.s.c envelope of the rate function

A second attempt: for some g € LET and po with finite entropy,
Bip=Ap* =V - (p%g) with p(-,0) = po.

Regularizing the data: we consider

1 1

1 s 1
pon = ((po An)V E) * kg and gn = g * Ky,

and solve N
Oepn = App, — V- (pi gn) with pn(+,0) = po.n.

There exists H,, € H;% such that
Otpn = Apy, — V- (pnVHy) with pn(-,0) = po,n.
Deducing the regularity of H,: we have the elliptic equation
=V - (pnVHy) = Oupn — Apj,.

— not necessarily uniformly elliptic

— is p, regular?
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IV. L.s.c envelope of the rate function
The final attempt: for some g € Lf,x and po with finite entropy,

Bip=Ap* =V - (p%g) with p(-,0) = po.
Regularizing the data: we consider

1 1

1 1 1
pon = ((po An)V =) % kit and gn = g% ki,
“Turning off” the control: for ,,(§) =0 if £ < % or £ > n, solve

Otpn = Apﬁ -V (pggn(l’n)gn)
= App — V- (p2 Gn),
for the control gn = on(pn)gn.

Regularity of p,: we have that £ < p, < n and p, € C®(T% x [0, T7]).

1
Deducing the regularity of H,: There exists H,, € H;% such that
Otpn = Apy =V - (ppVH,) and — V- (pyVHy,) = 0ipn — Apy.

— in general, Oip = AP(p) — V- (q)%(p)g) for ® € CZ.((0,00))

B. Fehrman (LSU) EPFL 15 August 2024

28 /31



IV. L.s.c envelope of the rate function

The fluctuation: for some g € Lir and po with finite entropy,
Bip=Ap* =V - (p%g) with p(-,0) = po.

The recovery sequence: for 0,(§) =0if £ < L or £ > n, solve

Depn = Dpy =V - (p on(pn)gn) = Dpy =V - (P gn),
for the control gn = on(pn)gn and with pn(-,0) = po,n.

Compactness: the p, satisfy uniformly the entropy estimate and

pn = p and o(pn)gnlipsoy — glipsop and I(pn) < [lo(pn)gnlls — llglla-

For the space of smooth fluctuations

S={8m=Am*-V.-(m*VH): H e C*(T* x [0,T])},

we have that

——Flsc 1. o o
Ip)|s = 1(p) = 5 inf{llgll; : Dup = Ap™ = V- (0 g)}.
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