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I. Macroscopic fluctuation theory
The zero range process: u¥ on T x [0,7] for N = 15 and T(k) ~ ke™**,

N T N

The heat equation: the hydrodynamic limit 0:p = Ap,

N T N,
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The rate function: we have P(u" ~ p) ~ exp(—NI(p)) for

1.
(p) = 5 inf{llgll7z : ip=2p—V-(vpg)}
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I. Macroscopic fluctuation theory

The hydrodynamic limit: for the parabolically rescaled, mean zero particle
process ui’ on T%, as N — oo, for J(p) = Vo (p),
pr — pda for 8:p = Ao(p) =V - J(p).

Macroscopic fluctuation theory: the probability of observing a space-time
fluctuation (p, j) satisfying

Op=V "7,
satisfies the large deviations bound [Bertini et al.; 2014]
Pl = pl = exp (= NI(p)) for I(p / [, =70 -m(p) G = TG0
The skeleton equation: if (j — \/79 then I(p fo Jra lgl? and
atp:V-(J(pH(j—J( ))) = Ao(p Fg

The zero range process: o(p) = ®(p) and m(p) = <I>( ) and
dup = AD(p) — V - (22 (p)g).
The exclusion process: o(p) = p and m(p) = p(1 — p)
Op=2p—=V-(y/p(1-p)g).

and
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II. The kinetic formulation of the skeleton equation

The skeleton equation: in the case of the zero range process,
dp = AD(p) — V- (92 (p)g) in T x (0,7),
for an L%-control g € (Lf,x)d. We specialize to the case, for some a € (0, 00),
dip=Dp* = V- (piyg).

— energy critical in L'
— supercritical in L for every p € (1, 00)

— nonnegative integrable initial data
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II. The kinetic formulation of the skeleton equation
The skeleton equation: we have tha dip = Ap® — V- (p2 g).

Zooming in: for A\,n, 7 — 0 the rescaling p(x,t) = Ap(nz,Tt) solves
~ T o Lo
atp:(nQ)\afl)A(p )_V(pQQ)

for g defined by

3(e,) = (=) gna, 7).

Preserving the diffusion and the L"-norm of the initial data,

T

d
(W) =1 and A=1n".

‘We then have that

- 1—-d424d(a_ a1
1l pes =" 5 F(E542) g o
Werequirel+g(%+l)2%+%+d“ and if p=¢q =2,

q rq’
dfor > d/2 and r = 1.

If » =1 then

a 1 2 1 «
1+d(§+5)25+d(;}+5) and p=gq=2.
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II. The kinetic formulation of the skeleton equation

A formal uniqueness proof: if p; and p2 solve
dp=N0p* =V (p?g),
we have using the distributional equalities

€] = sgn(€) and sgn’(€) = 260(€),
that, integrating on the torus T¢,

@

3t(/|p1 ~pal) = /sgn(pl — p2) AT ~ p5) f/sgn(pl =)V ((pi =3 )9)
= [ sen = p)AGE — ) = [ senio — oIV (oF ~ 0F)9)
== [ 2t = )Vt = Va5 = [V (i ~pFlg) <0.

We therefore have that

sl = pela ey = v pa

|1 ray -
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II. The kinetic formulation of the skeleton equation

A slightly less naive uniqueness proof: for f° = (f x x°), and p1, pa solving
Bp=Ap* =V (p?yg),

we have that

5t(/ o1 — pzlé) = /Sgn‘;(pl — p2)A(pT — p5) — /S<‘;1f16(/)1 ~ V- (o — 03 )9)

—/253(p1 = p2)V(p1 —p2) - V(p1 —p2) + /250(91 —p2)(p — p3)V(p1 —p2) - 9.

If @ = 1 then using Hoélder’s and Young’s inequalities, for every e € (0, 1),

8t(/ lp1 — pzl‘s) +/253(m = p2)|V(p1 — p2)|?
< [ = pI¥ior =~ po)*+ L [ 8hlor = o) VPl

Therefore, using that 63(p1 — p2) < T Loy —pal <t

&‘ﬂm pal® /%plpMWm mnN/ukmw%ﬂm?
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II. The kinetic formulation of the skeleton equation

Preservation of nonnegativity: if po > 0 then at the first time p hits zero,
0>0p=A0p" =V (p2g)=A0p* —p?V-g—Vp? . g>0,
from which we conclude that d;p = 0 and that p > 0 if po > 0.

Conservation of mass: solutions preserve mass if po > 0,

Bt(/wp(x,t)) =/Td8tp:/TdV'(Vpafp%g) = 0.

An a priori estimate: for an arbitrary nonlinearity ¥ with ¢ = ¥/,

at(/w \Ij(p)) = /w P (p)|Vpl® + /Td pZg-0' (p)Vp.

Therefore, using Holder’s and Young’s inequalities, for every ¢ € (0, 1),

o— ! p ]- o g/
o [ we) v [ o ool < o [l [ 0w 0 1eeP,
Td Td 2e Jqa 2 Jpa

To close the estimate, we require that

P (p)? S U (p)p* " so Y'(€) S
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II. The kinetic formulation of the skeleton equation

The equation: we have that
op=A0p" =V -(p2g).

A priori estimates: for U'(£) = ¢(£), to close the estimate

T p T
max / W(p) + / / W E) VR < / W(po) + / / 9l?,
t€[0,T] Jrd Jo Jrd Td o Jrd

we require that 9'(€) < ¢.
Entropy dissipation: if ¢(£) = log(§) then ¥(¢) = log(€) — £ and using
a— a—2 4 a
PPNl =07 Vol = 5 |VpE P

we have using the preservation of the L!-norm that

1 Vp2 1
tg[l%]/jrdpog //\p\ /Tpoogpo //

— fluctuation-dissipation relation " (£) ~ @ (5) for (&) = ¢~
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II. The kinetic formulation of the skeleton equation

A local H'-estimate: for M < N € (0,00) let ¥}, y = (N — M) "L{arce<ny SO
that

(x — M)
_ =M _J2(n—m) £€[0,N]
Vaw(©) = gt AL and Wan(g) = ¢ 2V M)

Since for a constant depending on M, N we have ¢’ (£¢) <

max/ Warn(p / /U\u\ p* [ Vp|? /‘I/MN po) / / g1,
t€[0,T] Td Td

and, therefore, for a constant depending on M, N,

T p T
/ / Lin<penyp™ Vol S/ po+/ / s
Jo Jrd Td o Jrd

Local regularity: for every K € (1, 00),

(pAK)VEK™") € LIH,.
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II. The kinetic formulation of the skeleton equation

The skeleton equation: for an (Liz)d—valued control g,
dp=2A0p" =V -(p2g).
L'-contraction: if p1 and p2 are solutions,

trerff?)%] lp1 = P2l 1. (ray = llP1.0 =

Preservation of nonnegativity and mass: if pg > 0 then p > 0 with

llo(@; Oll L1 (ray = llpoll 1. ¢ray -

The entropy estimate: if py is nonnegative with finite entropy then

T
maX/ plog(p //|V02| /polog(po)+/ / lg/?
t€[0,T] Td 0o Jrd

The local H'-estimate: for every M < N € (0, 00),

T T
/ / 1{M<p<N}pa_1\Vp|2§/ po+/ / lg|?
0 Td Td 0 Td
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II. The kinetic formulation of the skeleton equation

A renormalized equation: for n € (0,1) we consider the regularized equation
Bip=Dp* +nAp—V-(p%g).

Then, for a smooth S: R — R and ¢ € C°(T4),
at(/S(p) /S )(2p™ +1Ap—V - (p%g))
— - [ S0V (ap™ Vo4 170)
- [ 8" @6t} (ar™ " 1Vol" + IVl
+ [ 8" @ty Vot 8 (0)Vo() - (63 9).
If S > 0 and ¢ > 0 then the entropy formulation yields that, after passing n — 0,
o.( [ stwo@) <~ [ 80V (ar"'Vp) = [ 8" (o)™ Vol

/ S"(pd(@)pt g Vp+ 8 ()Ve() - (oFg).
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II. The kinetic formulation of the skeleton equation

The kinetic function: for x(z,&,t) = L{oce<p(a,t)} — L{p(z,t)<c<0} We have
Oex = 00 — 9, and Vaux = 9,Vp,
for 6, = do(€ — p).

A renormalized equation: since we have that
c‘% /S )¢(x) =—/S'(p)V¢(:v (ap®'Vp+1Vp)

~ [ @) (ar V6P +0V0P) + [ " @@t e- Vot 8 (Vo) - (pF ),

we have using the equality [, S’(€)x(z,&,t)d = S(p) that
o( [, [x5©0) == [ [v(5'©t@) - (a7 Tx+19)
= [ [ o8 @), (g™ 190 + 1% )
+ [ [ 28/ ©o@)etg - Ix - V(S ()ola) - (€8 dexa)

— the test function ¥ (z,&) = S'(£)¢(z)
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II. The kinetic formulation of the skeleton equation
A renormalized equation: for the regularized skeleton equation
Oip=Dp™ +1Ap—V - (p?g),

we have for X = Lioce<p(a,t)} — L{p(z,t)<e<0}, for every 1 € C(T? x (0, 0),

o( [, [x0)==[ [vo-e Vxravo- [ [ows,(ae 190 +0v0P)
+//awﬁ%ng—Vv(éf@gxg),

or, distributionally, for the measure q" = 8, (a&* '|Vp|* + 1|Vp[?),

Dix = a€* T AX +nAX + 9eq" — 9c(€2 g VX) + V- (€2 Dexg).
Using the distributional equalities Vx = 6,Vp and 0:x = do — 9,

at(AdAxw) // T ) (V) (x,p) - Vi - //3§wq”
+//(3s¢)(w7p)pfg-Vp+pfg-(WJ)(%P)-

— (V9)(z, p) is the derivative of ¢ evaluated at (z, p)
— for example, [Perthame; 1998], [Chen, Perthame; 2003]
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II. The kinetic formulation of the skeleton equation

The kinetic formulation of the skeleton equation: for the regularized equation
Oip=Dp™ +1Ap—V-(p?g),
for the defect measure ¢ = §,(a&*~|Vp|? + 1|V p|?), the kinetic formulation is
dix = o€ T AX + nAX + 0eq” — 0e(63 g~ VX) + V- (€2 (9ex)9).
Passing n — 0, if weakly in the sense of measures,
q" = q 2 6,(a" Vo),
and if p” — p strongly then the kinetic function x of p solves
Bux = o€ Ax + 0cq — Be(€% g VX) + V- (62 (9ex)9),
for a locally finite, nonnegative measure ¢ on T¢ x R x [0, T] with
q > 6,(a&* Vo).

— the kinetic formulation exactly quantifies this “entropy inequality”
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II. The kinetic formulation of the skeleton equation

The skeleton equation: for g € (L7 )% and « € (0, c0),
Oip=2N0p" —V-(p%g)
for x = 1i0<e<p(a,t)} — 1{p(z,t)<e<0} the kinetic formulation is

Bix = ot Ax + Oeq — B (€3 g- Vx) + V- (€3 (9ex)g),

for a locally finite, nonnegative measure g > 6,(a&® | Vp|?).

The defect measure: if p solves the porous media equation d;p = Ap<,

atl
5IVo 2

a— 4a
q(x,&,1) = 6,08 H|Vp|* = 6, (a+1)?

and for X = Lio<e<p(z,t)} — L{p(z,t)<€<0}
Orx = a€® T Ax + Oeq.
An L%-estimate: testing the equation witch P(x, &) =&, since f]R x§ =3

%/T (2.1) // (2,61 = 5 /pO //T

and, therefore,

€[0,77]
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II. The kinetic formulation of the skeleton equation

The equation: for x = Lio<e<p(@,t)y — L{p(a,t)<e<0})

Bex = TTAX + 0eq — (€29 - VX) + V- (€2 (9eX)g)-

Preservation of mass: since [, x(z,¢,t)d¢ = p(x,t),

(o)LL) fonee

The entropy estimate: for test function ¢(§) = log(&), since Vx = §,Vp,

[ ot [ [fee [
7/0 /Td/rﬁqura/o 9-Vp

8, (€ HVpI?) = 72|Vl > [VpE P

N\Q

Since we have that
1 1

g> -
£ ¢
using the preservation of mass and [, xlog(§) = plog(p) — p,

T p "1 T
maX/ plog(ﬂ)+/ / /*qS/ polog(po)+/ / 9/
t€[0,T] Jpd o JraJr € Td 0o Jrd
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II. The kinetic formulation of the skeleton equation

The equation: for x = Lio<e<p(@,t)y — L{p(a,t)<e<0})

dex = AT A+ Deq — 0e(€3 g V) + V- (€2 (9ex)9).
The local H'-estimate: for 13;(£) = L{ar<e<ari1} with ¢ar(0) =0,

M+1 T .
/ / / / / q—|—/ / /1{M<5<M+1}£7g-5pr
TR =0 T J M o Jrd Jr
M+1 T .
/ / / q+/ / Lim<p<rmt1y3p2g-Vp
Td J M 0 Td
/ / /1\[+1 2 /T/ L . o .
2 . 2
o JraJu a—i—l P {(M<p<M+1}P*G VP

a— atl
4> 6, (at™ | Vp[*) = 6,|Vp T [,

Since we have that

we have that

M+1
/// (I</ po— M ++/ / 1{M<p<M+1}P\9|
Td M Td

< / (po—M>++<M+1>/ / Lontepertinlgl.
Td Jo Jrd
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II. The kinetic formulation of the skeleton equation

The kinetic formulation of the skeleton equation: for ¢ > §,a&% | Vpl|?,
Ox = a6 AX +0cq = 0c(€3 g V) + V- (62 (9ex)9)-
Preservation of nonnegativity and mass: if pg > 0 then p > 0 with

||P($7t)||L1<1rd) = ”pO”Ll(’]Td) :

The entropy estimate: if py is nonnegative with finite entropy then

T
1 q< 1 2
[ oo+ [* ][ as [ s+ [ [ 1o

The local H'-estimate: for every M < N € (0, 00),

T 1 2 ooy
Ot/ / Linrcpenyp™ | Vol 5/ / ]l q
Jo JTd Jo JrdJM
N T 2
< - M 1 .
N/Td(PO )++N7M/O /Td (M<p<N}9l

— local H'-regularity of p away from {p ~ 0} and {p ~ co}: for every K € N,

(pAK)V %) € L{H,.
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II. The kinetic formulation of the skeleton equation
The local H'-estimate: if ¢/(£) = Lin<e<nrin)

M+1
/ /i/ q</ pofM)++(]\4+1/ / 1{]\/I<p<]W+1}|g‘
T J M

A real analysis lemma: if ax are nonnegative with Zk:l ar < oo then

lim inf kar = 0.
If not, for k large £ Sar and > 72 | ax diverges logarithmically.
Vanishing of the defect measure at infinity: we claim that

T , pM+1
lim inf/ / / q=
M—oo g Td J s

If po € L*(T) then limar—co Ja(po — M)+ = 0. For the control term, for k € N,

T 2
k :/ / ik 1<p<iylgl™
0 Td

Then > 72 ar < fOT Jra lg]* < 0o and

T
lim inf kay = liminf(M + 1)/ / 1{M<p<M+l}|g‘2 =
M — o0 0 Td

k—oo
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II. The kinetic formulation of the skeleton equation

A renormalized kinetic solution of the skeleton equation

A nonnegative function p € C([0,T]; L*(T%)) is a renormalized kinetic solution of the
skeleton equation if there exists a nonnegative, locally finite measure ¢ on
T¢ x R x [0, T] such that p and g satisfy the following four properties.

— Preservation of mass: ||p(z,t)||p1gay = l|poll 1 (1ay for every ¢ € [0, T7.
— Local H' -regularity: ((pAK)V =) € L*([0,T); H" (T%)) for every K € N.

— Regularity and vanishing of the measure at infinity: we have that

5,(a€*"|Vpl*) < q and liminfq(T* x [M, M +1] x [0,T]) = 0.
— 00

— The equation: for every ¢ € C°(T* x (0,00)) and ¢ € [0, T],

[ "=~ [ [Lasvo-wown- [ [ [ @6

+/Ot[rd<agw)(x,p)p%g~Vp+/OT/po%g'(Wz)(m,p).

— the equation is not enforced on the set {p = 0}! Why are solutions unique?
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II. The kinetic formulation of the skeleton equation

A source of nonuniqueness: take the positive part of a signed solution to the heat
equation
Orp = Ap,

Or, for U C T%, extend by zero the solution to the Dirichlet problem

Op=Ap in U x (0,7).
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II. The kinetic formulation of the skeleton equation

Flux through zero: for a € (0,1) consider a signed solution of the equation
8tp = Apa.

At what rate does “positive mass” change? Precisely, for p+ = (p V 0),

8t(/ P+) :/ 1{p20}3tP:/ Lipz0yAp”
Td Td Td

== [ S(p)Vp - Vp"

T
= —/ So(p) (ap® ' [Vpl?)
Td
For the defect measure

q(z,&,t) = do(p — &) (™ Vp|?),

we have that

it p t 3
[ [ awosiazas= [ [ aio)ar[96) = [ (one0) = pitan).
o Jrd o Jrd Td
Change of “positive mass”: “positive mass” lost at the rate of

/W q(z,0,1).
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III. The kinetic formulation of the skeleton equation

Vanishing of the defect measure: for the equation
dex = A€ THAX + 0cq — 9e(€2 9 - VX) + V- (€2 (9ex)g),

for the test functions ¢ = %1{g<§<ﬁ} and Cyy = —l{amrce<rriiys

M+1
L L =2 [ Lo [ L
JrE/o /Td pig'Vpl{%<P<ﬁ} +/0 /11‘d pig‘vp]-{M<p<M+1}.

We have using p% Vp = p% . p%1 Vp and Hoélder’s and Young’s inequalities that

L e o5 [ L)
M1 ) t o, )
— 1 1 y .
/ /W/A q+ /3/0 ./Td plgl {§<p<ﬁ}+/0 -/Td Plgl L im<pa ity

The righthand side vanishes as M — oo and 8 — 0. Therefore,

“./(;t/ﬂid q(z,0,s)” = Jim /: /Td ./;q: /Td (po(x) — p(z,t)) = 0.
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II. The kinetic formulation of the skeleton equation

A renormalized kinetic solution of the skeleton equation

A nonnegative function p € C([0, T]; L*(T)) is a renormalized kinetic solution of the
skeleton equation if there exists a nonnegative, locally finite measure ¢ on
T¢ x R x [0, 7] such that p and g satisfy the following four properties.

— Preservation of mass: ||p(@,t)|| 11 (ray = llpoll 1 (pay for every t € [0,T7.
— Local H'-regularity: ((p A K)V ) € L*([0,T]; H'(T?)) for every K € N.

— Regularity and vanishing of the measure at infinity: we have that

55 (a1 Vp|?) < ¢ and l}vrfninfq(']rd x [M, M + 1] x [0,T]) = 0.
— 00

— The equation: for every ¢ € C2°(T? x (0,00)) and t € [0, T],

/Td x¥ s: - 7/; /Td op™ " Vo (VY)(@,p) - /Ot /w /R@fiﬁ)(%é)q

+ [ [Loownniovor [ [ sie o).

— we have that limg_,¢ (ﬂ_lq(Td X (%5) x [0, T])) =0.
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II. The kinetic formulation of the skeleton equation

A useful identity: if p1 and p2 are kinetic solutions, for

Xi(2,&t) = Lo<e<pi(e,t)} — Lpi(at)<e<0}s

we have

/|p1 p2|—//|X1 x2|” //Xl )% — 2x1x2

:/ /X1Sgn(§)+><28gn(§)—2><1><2
Td JR

:/ /X1+X2*2X1X2-
Td JR

The cutoff functions: the cutoff at zero, for 8 € (0, 1),

2
¢B(O) =0 and d)b = El{§<f<6}7

and the cutoff at infinity, for M € (1, 00),

¢m(0) =1 and Cu = —Lim<e<mii}-

The essential identity: we will use that

= lim i —2 )
/w lpr — pa| Jim lim /Td/R(M + X2 — 2x1x2)¥sCum
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II. The kinetic formulation of the skeleton equation

The equation: we have that

Bix = € Ax + 0eq — (€2 g Vx) + V- (€2 (9eX)9),

and we use that

= lim i —2 )
/Td lp1 — pa| Jim lim /Td/R(M + X2 — 2x1x2)¥sCu

The singletons: we have that

3t / /szBCM = */Td/quas(wﬁCM)Jr/Td (5§(¢ﬂCA1))(P¢)P¢%g'VPi

qL (T x b B) x (0,t)) + i (T x (M, M +1) x (0,¢))

ﬂ (5

1 a—1
2 Nn2 . 2 .
ﬂ s, <6}€M(pz)p, g-p;® Vpi+ /Td Tiv<p,<arr1y¥s(pi)pl g - p; ® Vi

M+1 ot
< - 2 2
) q+ //PQ|1§ +//pg|1M M1}
./0 '/W./M 3 o Joa | {5 <p<B} o Jra | {M<p<M+1}

These terms vanish in the limit M — oo and 8 — 0.
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II. The kinetic formulation of the skeleton equation

The mixed term: we have that

Bix = o™ T Ax + 0eq — De(£2 g VX) + V- (€2 (9eX)9),

and, therefore,

8t</]r /XlXWﬁCM
= */ / (Oex2)Vplm — / /qz Oex1)slm — /Td/ VX1 Vxe

+/ / 2 Dexa2g - Vx1¢ﬁCM+/ /5235X19 Vxaslm
—// 20ex19 - Vxabplar — //5259(29 Vx1¢slum

+/Td/Ra§(¢ﬂCM)X2£59'VX1 +/1rd/ngag(q/)ﬁghj)X1gfg.vX2

7/Td/Rq1X285(wBCM)f/Td/R%Xlas(WCM)

In comparison to the skeleton equation

Aip = Ap® =V - (p? g) + “cutoff error”.
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II. The kinetic formulation of the skeleton equation

The dissipative error: for d;p = Ap® — V- (p% g) + “cutoff error”,

37:(/Td/RX1X21/)BCM)
*/Td /R q1(Oex2)sCm f/Td /Rq2((7§><1)¢6€M *2Ad/Ra§a71VX1 - Vx2thslas - ..

=/ /5/)2(11%(1\44‘/ /%CIW@CM —2/ /ai(“le] V%80, 0pytbsCar - .
J1d JR Td JR d JR

> [ [ ondma (Vo +19peP)oscor =2 [ [ a5 VS 8rmtacar .
Jrd JR JTd JR

Local regularity: after regularizing x% = (x * k%), for & = k% (p; — £),
Vi (@, €,1) = (Vxw’) (@, €,1) = (8, Vo 5°)(x,€,1) = Vp(x, )’ (pi — ),

and

2 / / IV - Vadstar = / / (0pS™" + apl ™)V 1 - Va8l 65, 105Chr
Td JR Td JR

a—1 a—1\2
= /d/a P12 —py2 ) Vp1 - szasﬁgW?CM
T

+2/ ‘/ozp1 p22 Vo1 - VpaRiRavsCar.
Td
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II. The kinetic formulation of the skeleton equation

The conservative error: for d;p = Ap® — V- (p% g) + “cutoff error”,

8t(/1rd/RX1X2W<M) > ...

+/ /5%8€X29'VX1¢BCM+/ /5%3§X19'VX2¢6CM
Jrd JR J1d JR

*/ /fgasxlg'vleﬁﬂCM*/ /5%35X29'VX1WCM+---
Td JR Td JR

Local regularity of £%: after regularizing x¢ = (x * %), for &8 = &’ (p; — &),

exi (.6, 8) = (Oex * w°) (2,6,1) = £°(€) = K” (i — ©),

and

[, [€8@ode- viivso - [ [ €% @exdig- Vaduscu
Td JR T¢ JR
:/ /(pf —pi)g - VorRIRSYsCar

Td JR

zé—l/Td/Rl{\m*pzlq}(pQ% _p?)wﬁ(pl)CM(pl).
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II. The kinetic formulation of the skeleton equation

The cutoff error: for ;p = Ap® — V- (p2 g) + “cutoff error”,

8t / /XlXﬂ/’ﬁCM

/ /da (YsCr)x262 g - VX1+/ /da $sCu)X1E2 g+ Vo

/ /(Jlxzas ) / /Q2X1ds YaCar)-
‘We have that

/T /ag(wﬂCM)Xzf%g-Vm :/Td pZ g Vpixa(@, p1,)0e(aCar) (p1)

2
S/JI‘ P19 P12 VPI(B( {ﬁ<p1<,3}+1{M<p1<M+1})

< p1|9|2(*(1 8 + Lim<p<m+1}) + quﬁ- o ¢
= Jra B tg<ei<h} " Ta )8 & Td Jm

Conclusion: we have that 0, fw fR X1X2 > 0 and, therefore,

at/ |P1—P2\:8t/ /(x1+x2—2x1x2)§0.
Td Td JR
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II. The kinetic formulation of the skeleton equation

Well-posedness of renormalized kinetic solutions [F., Gess; 2023]

Let T € (0,00), d € N, and let ® € Cf,.((0, 00)) N C([0,00)) satisfy that
— ®(0) = 0 with ® > 0 on (0, c0),
— @’ is locally 1/2-H61der continuous on (0, o),
— and max{o<e<nry <I>’(§) <cM.
Then for every nonnegative po € L* (Td) there exists a unique renormalized kinetic
solution of the equation
Bip = Ad(p) — V- (B2 (p)g) in T% x (0,T) with p(-,0) = po.

Furthermore, if p; and p2 are two solutions with initial data pi,0 and p2,, then

tg%oax llp1(z,t) — P2(xvt)||L1(1rd) = llp1o — P2,0||L1(11"d) °

— including ®(§) = £ for every a € (0, 00), for which

dp=A0p* =V -(p?g).
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