Chapter 10
Fourier Series

10.1 Periodic Functions and Orthogonality Relations

The differential equation
y" + By = F coswt

models a mass-spring system with natural frequency § with a pure cosine
forcing function of frequency w. If 32 # w? a particular solution is easily
found by undetermined coefficients (or by using Laplace transforms) to be

Yp = m cos wt.

If the forcing function is a linear combination of simple cosine functions, so
that the differential equation is

N
Y+ By = Z F, coswyt

n=1

where 3% # w? for any n, then, by linearity, a particular solution is obtained
as a sum

YR
yp(t) = Z 27712 Coswnt.
n=1 B —Wn

This simple procedure can be extended to any function that can be repre-
sented as a sum of cosine (and sine) functions, even if that summation is not
a finite sum. It turns out the the functions that can be represented as sums
in this form are very general, and include most of the periodic functions that
are usually encountered in applications.
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724 10 Fourier Series

PERIODIC FUNCTIONS

A function f is said to be periodic with period p > 0 if

ft+p)=f()

for all ¢ in the domain of f. This means that the graph of f repeats in
successive intervals of length p, as can be seen in the graph in Figure 10.1.

e

Fig. 10.1 An example of a periodic function with period p. Notice how the graph repeats
on each interval of length p.

The functions sint and cost are periodic with period 2w, while tant is
periodic with period 7 since
sin(t+m)  —sint

tan(?¢ = = = tant.
an(t + ) cos(t +m)  —cost an

The constant function f(t) = c¢ is periodic with period p where p is any
positive number since

ft+p)=c=f(?)

Other examples of periodic functions are the square wave and triangular wave
whose graphs are shown in Figure 10.2. Both are periodic with period 2.

-1 0 1 2 3 4
(a) Square wave sw(t) (b) Triangular wave tw(t)

Fig. 10.2
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Since a periodic function of period p repeats over any interval of length p,
it is possible to define a periodic function by giving the formula for f on an
interval of length p, and repeating this in subsequent intervals of length p.
For example, the square wave sw(t) and triangular wave tw(t) from Figure
10.2 are described by

0 if—-1<t<0
t) = - ; t+2) = t).
sw(t) {1 0<t<l sw(t+2) =sw(t)
—t if-1<t<0
tw(t) = = : tw(t + 2) = tw(t).
w(®) {t fo<t<1 w(t+2) = tw(t)

There is not a unique period for a periodic function. Note that if p is a
period of f(t), then 2p is also a period because

ft+2p) = f((t+p)+p) = f(t+p) = f(t)

for all ¢. In fact, a similar argument shows that np is also a period for any
positive integer n. Thus 2nm is a period for sint and cost for all positive
integers n.

If P > 0 is a period of f and there is no smaller period then we say P is the
fundamental period of f although we will usually just say the period. Not
all periodic functions have a smallest period. The constant function f(t) = ¢
is an example of such a function since any positive p is a period. The funda-
mental period of the sine and cosine functions is 27, while the fundamental
period of the square wave and triangular wave from Figure 10.2 is 2.

Periodic functions under scaling

If f(t) is periodic of period p and a is any positive number let g(t) = f(at).
Then for all ¢

90+ 2) = 1(alt+2)) = flat +p) = fat) = g(1).

Thus

If f(t) is periodic with period p, then f(at) is periodic with period P
a

It is also true that if P is the fundamental period for the periodic function
f (%), then the fundamental period of g(t) = f(at) is P/a. To see this it is only
necessary to verify that any period r of g(t) is at least as large as P/a, which
is already a period as observed above. But if r is a period for g(¢), then ra is
a period for g(t/a) = f(t) so that ra > P, or r > P/a.
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Applying these observations to the functions sint and cost with funda-
mental period 27 gives the following facts.

Theorem 1. For any a > 0 the functions cosat and sinat are periodic with
period 27 /a. In particular, if L > 0 then the functions

nm nmw
— d sin—t =1,2,3,....
cos — and  sin—t, n ) 4y 9

are periodic with fundamental period P = 2L /n.

Note that since the fundamental period of the functions cos ¢ and sin “*¢

is P = 2L/n, it follows that 2L = nP is also a period for each of these
functions. Thus, a sum

g ancos—t—i—b sm%t)

will be periodic of period 2L.
Notice that if n is a positive integer, then cosnt and sinnt are periodic
with period 27/n. Thus, each period of cost or sint contains n periods of

cosnt and sinnt. This means that the functions cosnt and sinnt oscillate
more rapidly as n increases, as can be seen in Figure 10.3 for n = 3.

AVZINNA ANZAEN

(a) The graphs of cost and cos 3t. (b) The graphs of sint and sin 3¢.

Fig. 10.3

ExXAMPLE 2. Find the fundamental period of each of the following periodic
functions.

1. cos 2t

2.sin (¢t — )
3.1+ cost + cos 2t
4. sin 27t + sin 37t

» SOLUTION. 1. P=27/2=r.
2. sin 2(t —m) =sin(2t — 2x) = sin 3¢ cos
=27/(3/2) = 4n/3.

3 3pain 3. 3
5m — cos 5tsin 57 = cos 5t. Thus,
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3. The constant function 1 is periodic with any period p, the fundamental
period of cost is 27 and all the periods are of the form 2nw for a positive
integer n, and the fundamental period of cos2t is m with mm being all
the possible periods. Thus, the smallest number that works as a period
for all the functions is 27 and this is also the smallest period for the sum.
Hence P = 2.

4. The fundamental period of sin 27t is 27 /2w = 1 so that all of the periods
have the form n for n a positive integer, and the fundamental period of
sin 3t is 27 /3m = 2/3 so that all of the periods have the form 2m/3 for
m a positive integer. Thus, the smallest number that works as a period
for both functions is 2 and thus P = 2.

<«

Orthogonality Relations for Sine and Cosine

The family of linearly independent functions

1 7Tt 27Tt 37Tt . 7rt . 27Tt . 37Tt
cos —t, cos —t, cos —t, ..., sin —t, sin —¢, sin —t¢, ...
? L ) L ) b L ) ) L ) L ) L )

form what is called a mutually orthogonal set of functions on the interval
[-L, L], analogous to a mutually perpendicular set of vectors. Two functions
f land g defined on an interval a < t < b are said to be orthogonal on the
interval [a, b] if

b
/ F(Hyg(tydt = 0.

A family of functions is mutually orthogonal on the interval [a, b] if any
two distinct functions are orthogonal. The mutual orthogonality of the family
of cosine and sine functions on the interval [—L, L] is a consequence of the
following identities.

Proposition 3 (Orthogonality Relations). Let m and n be positive in-
tegers, and let L > 0. Then

L L
/ cos Lt dt = / sin Lt dt = 0 (1)
_r L _L L
/L cos Ztsin Tt dt =0 (2)
—tsin —tdt =
L L L
L .
L =
/ cos Ltcos It = { Zf e (3)
_L L L 0 ifn#m.

L .
L =
/ sin psin g = {0 A=, (4)
_L L L 0 ifn#m.
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Proof. For (1):
L L
L L
/ cos Ltdt = —sint| = —(sinnm — sin(—nm)) = 0.
L L nmw L |, nm

For (3) with n # m, use the identity

cos Acos B = %(COS(A + B) + cos(A — B)),

to get
L L
1 _
LL cos %tcos %tdt = LL 3 <cos @t + cos WQ dt
L . (n+m)m L _(n—m)m \|*
= t t — U.
(2(n +m)T S L + 2(n —m)m s L 1 0

For (3) with n = m, use the identity cos? A = (1 + cos24)/2 to get
L nmw mm L nmw \2
/ cos —tcos —tdt = / (cos —t) dt =
L L L L L

/L ! 1+ cos 2n7rt dt 1 t+ L si 2n7rt
= — 5 —— = _ — sin —
L2 L 2 2nmw L

L
=1L
-L

The proof of (4) is similar, making use of the identities sin® A = (1—cos24)/2
in case n = m and

1
sin Asin B = i(cos(A — B) —cos(A + B))
in case n # m. The proof of (2) is left as an exercise.

Even and Odd Functions

A function f defined on a symmetric interval [—L, L] is even if f(—t) = f(t)
for —L <t < L,and fisodd if f(—t) = —f(¢) for —L <t < L.

EXAMPLE 4. Determine whether each of the following functions is even,
odd, or neither.

1. f(t) = 3t% + cos 5t
2. g(t) = 3t — t?sin 2t
3.h(t)=t2+t+1

» SOLUTION. 1. Since f(—t) = 3(—t)?+ cos5(—t) = 3> + cos 5t = f(¢) for
all ¢, it follows that f is an even function.
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2. Since g(—t) = 3(—t) — (—=t)?sin3(—t) = =3t + t?sin 3t = —g(t) for all ¢,
it follows that ¢ is an odd function.

3. Since h(—t) = (=)’ +(-t)+1 =t —t+1 =t +t+1=h(t) <
—t =t <= t =0, we conclude that h is not even. Similarly, h(—t) =
—h(t) &= t?*—t+1=—t>—t-1 < t?+1=(—t?+1) < t?+1=0,
which is not true for any ¢t. Thus h is not odd, and hence it is neither
even or odd.

<

The graph of an even function is symmetric with respect to the y-axis, while
the graph of an odd function is symmetric with respect to the origin, as
illustrated in Figure 10.4.

f)

(a) The graph of an even function. (b) The graph of an odd function.

Fig. 10.4

Here is a list of basic properties of even and odd functions that are useful
in applications to Fourier series. All of them follow easily from the definitions,
and the verifications will be left to the exercises.

Proposition 5. Suppose that f and g are functions defined on the interval
—L<t<L.

If both f and g are even then f+ g and fg are even.
If both f and g are odd, then f + g is odd and fg is even.
If f is even and g is odd, then fg is odd.

If f is even, then
L L
/ f(t)dt:2/ f(t)dt.
—L 0

/LLf(t)dtzo.

Since the integral of f computes the signed area under the graph of f, the
integral equations can be seen from the graphs of even and odd functions in
Figure 10.4.

==

5. If f is odd, then
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Exercises

1-9. Graph each of the following periodic functions. Graph at least 3 periods.

3 if0<t<3
1. f(t)Z{_3 N (RO RSO

-3 if-2<t<-1
2. f(t)=40 if-1<t<1 ;  f(t+4) =f().
3 ifl<t<?

3. f(t)=t, 0<t<2 f(t+2)=f(t).
4. f(t)y=t, —1<t<1; [f(t+2)=f().

5. f(t)=sint, 0<t<m f(t+m) = f(1).

sint f0<t<m

6. f(t) = {0 omst<00 figom = fo0).

~t if-1<t<0 B
7-f(t)—{1 focioy P fEra=f0)

8. f(t)y=1t2, —1<t<1l; f(t+2)=f(t).
9. f(t)y=1t2, 0<t<2; f(t+2)=f(t).

10-17. Determine if the given function is periodic. If it is periodic find the
fundamental period.

10. 1

11. sin2t

12. 1+ cos3mt

13. cos2t + sin 3t

14. t +sin2t

15. sin®¢

16. cost + cosmt

17. sint + sin 2¢ 4 sin 3¢

18-26. Determine if the given function is even, odd, or neither.
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18. f(t) = |¢|
19. f(t) =t|¢
20. f(t) =sin’t
21. f(t) = cos?t

(t)
(t)
(t)
(t)
22. f(t) =sintsin3t
23. f(t)
24. f(1)
25. f(t)
26. f(1)
27. Verify the orthogonality property (2) from Proposition 3:

L
/ cos Etsin mt dt =0
I L L

28. Use the properties of even and odd functions (Proposition 10.4) to eval-
uate the following integrals.

1 1
(a) / tdt (b) / thdt
~1 -1
(c) / tsintdt (d) / tcostdt
(e) / oS %t sin %t dt () / t?sint dt

10.2 Fourier Series

We start by considering the possibility of representing a function f as a sum
of a series of the form

- t t
f@t) = % —i—; (an cosnT7T + by, sin n%) (1)
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where the coefficients ag, a1, ..., b1, ba, ..., are to be determined. Since the
individual terms in the series (1) are periodic with periods 2L, 2L/2, 2L /3,

., the function f(t) determined by the sum of the series, where it converges,
must be periodic with period 2L. This means that only periodic functions of
period 2L can be represented by a series of the form (1). Our first problem is
to find the coefficients a,, and b,, in the series (1). The first term of the series
is written ag/2, rather than simply as ag, to make the formula to be derived
below the same for all a,,, rather than a special case for ag.

The coefficients a,, and b, can be found from the orthogonality relations
of the family of functions cos(nnt/L) and sin(nwt/L) on the interval [—L, L]
given in Proposition 3 of Sect. 10.1. To compute the coefficient a,, forn =1, 2,
3, ..., multiply both sides of the series (1) by cos(mnt/L), with m a positive
integer and then integrate from —L to L. For the moment we will assume
that the integrals exist and that it is justified to integrate term by term. Then
using (1), (2), and (3) from Sect. 10.1, we get

L L
mn ag mn
t —tdt = — —tdt
/_Lf()cos 7 5 /_Lcos 7
—_——
0
L

—I—Z{ / COSn—tCOthdt—l—b/ sin%tcos%tdt = an,L.

n=1 —L

{O ifn#m =0

L ifn=m

Thus,
1 L
:Z/_Lf(t)cos%tdt7 m=1,23,...

or, replacing the index m by n,

1 [E
:Z/Lf(t)cos%tdt, n=1,2,3,... (2)

To compute ag, integrate both sides of (1) from —L to L to get

L L
nw
f(t)dt:—/ dt + / cos—tdt+b/ sin —t dt
[, > LT
=2

L =0 =0

= aoL.

Thus, ;
=1 [ fw (3)
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Hence, ag is two times the average value of the function f(t) over the interval
—L <t < L. Observe that the value of ag is obtained from (2) by setting
n = 0. Of course, if the constant ag in (1) were not divided by 2, we would
need a separate formula for ag. It is for this reason that the constant term in
(1) is labeled ag. Thus, for all n > 0, the coefficients a,, are given by a single
formula

1 L
anzz/_Lf(t)cos%tdt, n=0,1,2 ... (4)
To compute b, for n = 1, 2, 3, ..., multiply both sides of the series (1)

by sin(mmnt/L), with m a positive integer and then integrate from —L to L.
Then using (1), (2), and (4) from Sect. 10.1, we get

L L
.. mm ap .omm
t —tdt = — —tdt
/_Lf( ) sin 7 5 _Lsm T

~—_—
=0
> L\nw,mwdbL,nw,mwdibL
—l—Z[an LCOthSIHTt t+0b, LsmftsmTt t} = 0 L.
n=1 ~ —
=0 JO0 ifn#Em
)L ifn=m

Thus, replacing the index m by n, we find that

1 L
bn:E[Lf(t)Sln%tdt7 n:17 27 37 (5)

We have arrived at what are known as the Euler Formulas for a function
f(¢) that is the sum of a trigonometric series as in (1):

1 L

=1 [ s (6)
1 [r nmw

an:z\/;Lf(t)COSTtdt’ n:1, 2, 3, (7)

1 L
=g [ fsn T =123 ®)

The numbers a,, and b,, are know as the Fourier coefficients of the function
f. Note that while we started with a periodic function of period 2L, the
formulas for a,, and b, only use the values of f(¢) on the interval [—L, L].
We can then reverse the process, and start with any function f(t) defined on
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the symmetric interval [—L, L] and use the Euler formulas to determine a
trigonometric series. We will write

nmnt

i t
f(t)N%_F;(anCOS%‘anSinT)) (9)

where the a,, b, are defined by (6), (7), and (8), to indicate that the right
hand side of (9) is the Fourier series of the function f(t) defined on [—L, L].
Note that the symbol ~ indicates that the trigonometric series on the right
of (9) is associated with the function f(t); it does not imply that the series
converges to f(t) for any value of ¢. In fact, there are functions whose Fourier
series do not converge to the function. Of course, we will be interested in the
conditions under which the Fourier series of f(t) converges to f(t), in which
case ~ can be replaced by =; but for now we associate a specific series using
Equations (6), (7), and (8) with f(¢) and call it the Fourier series. The mild
conditions under which the Fourier series of f(t) converges to f(¢) will be
considered in the next section.

Remark 1. If an integrable function f(¢) is periodic with period p, then the
integral of f(t) over any interval of length p is the same; that is

c+p D
/C f(t)dt_/o f(t)dt (10)

for any choice of c. To see this, first observe that for any « and 8, if we use
the change of variables ¢t = = — p, then

/jf(t)dt—/jﬂ)f(I—p)das—/j+pf(z)dz_/j+pf(t)dt_

+p +p

Letting o = ¢ and 8 = 0 gives

0 P
[ swde= [ s
c c+p
so that

/:erf(t) dt = /Cof(t) dt + /Oc+pf(t) dt

:/cipf(t)dt—&-/(JCerf(t)dt:/Opf(t)dt,

which is (10). This formula means that when computing the Fourier coeffi-
cients, the integrals can be computed over any convenient interval of length
2L. For example,
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1 L 1 2
:z/_Lf(t)cosn%tdt:Z ; f(t)cosn%tdt.

We now consider some examples of the calculation of Fourier series.

ExXAMPLE 2. Compute the Fourier series of the odd square wave function
of period 2L and amplitude 1 given by

ft) = ;o fE+20) = f(1).

-1 —-L<t<0,
1 0<t<L,

See Figure 10.5 for the graph of f(¢).

—3L —2L —L L 2L 3L

Fig. 10.5 The odd square wave of period 2L

» SOLUTION. Use the Euler formulas for a,, (Equations (6) and (7)) to con-
clude

1 L
= E[Lf(t)cos%rtdt:()

for all n > 0. This is because the function f(t)cos “*t is the product of an
odd and even function, and hence is odd, which 1mp11es by Proposition 5
(Part 5) of Section 10.1 that the integral is 0. It remains to compute the
coefficients b,, from (8).

/f sm—tdt /f 51n—tdt+ /f sm—tdt

1
:—LL( 1)s1nftdt—|—L/O (—|—1)smftdt

L
—l £cosn—wtO — icosn—ﬂtL
L nmw L |_, nmw L |,

= %[(1 — cos(—nm)) + (1 — cos(nm))]
= %(1 —cosnm) = %(1 —(=1)").

Therefore,
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b 0 if n is even,
" 4L if nis odd,
nm
and the Fourier series is

O~ (sin T Lo 2™ 4 Lan 2 L Ty (11)
P A R - Sl R )

<

ExAMPLE 3. Compute the Fourier series of the even square wave function
of period 2L and amplitude 1 given by

-1 —-L<t<-L/2,
fB) =<1 —L/2<t<L/2,; ft+2L) = f(t).
-1 L/2<t<L,

See Figure 10.6 for the graph of f(t).

o
&
w
&
ol
.
Slisl
w
&
ot
&

Fig. 10.6 The even square wave of period 2L

» SOLUTION. Use the Euler formulas for b,, (Equation (8)) to conclude

1 L
an = ELLf(t)sin%tdtzﬂ

for all n > 1. As in the previous example, this is because the function
f(t)sin &t is the product of an odd and even function, and hence is odd,
which implies by Proposition 5 (Part 5) of Section 10.1 that the integral is
0. It remains to compute the coefficients a,, from (6) and (7).

For n = 0, ag is twice the average of f(t) over the period [—L, L], which
is easily seen to be 0 from the graph of f(¢). For n > 1,

1 L
ap = f/—L f(t)cos%tdt
1

—L/2 nmw 1 L2 nmw 1 [E nmw
=— f(t)cos—tdt+—/ f(t)cos—tdt+—/ f(t) cos —tdt
L /_L L LJ 1 L L Jr L
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1/_L/2 nmw 1 (B2 nmw 1 [ nmw
=— (—1)cos—tdt—|——/ (+1)cos—tdt+—/ (—1)cos —tdt
L/, L L) 1 L L/ L
1 Ls' mrt 7L/2+ Ls' nﬂ't L/2 Ls' nﬂ'tL
= =< —|—sin— — sin — — | —sin —
L nmw L |, nmw L —L)2 nmw L L2
= L[— sin (— —) =+ sin(—n) + sin (T) —sin (— —) — sinnm + sin (—)]
nmw 2 2
4 . nw
= —sin —
nmw 2
Therefore,
0 if n is even,
ap, =4 L ifn=4m+1

nm

-+ fn=4m+3

nm

and the Fourier series is

f@) 1 cos 1c0‘3ﬂ-t—|—1c085wt 1co*7ﬂ-t—l-
S A R A R T 7

4 o= (1)*
= — Z (=1 cos (2k + l)ﬂt.
7rk202k+1 L

<

ExXAMPLE 4. Compute the Fourier series of the even triangular wave func-
tion of period 27 given by

t 0<t<m,

f(t) = {‘t TS0 g am = ().

See Figure 10.7 for the graph of f(t).

—37 —27 — 0 s 2 3

Fig. 10.7 The even triangular wave of period 27.

» SOLUTION. The period is 2 = 2L so L = w. Again, since the function
f(t) is even, the coefficients b,, = 0. It remains to compute the coefficients a,,
from the Euler formulas (6) and (7).

For n = 0, using the fact that f(t) is even,
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P ﬂf(t)dt:z/oﬂf(t)dt

g — m

2 [T 2 ¢
~2 [a=25
T Jo T 2

For n > 1, using the fact that f(¢) is even, and taking advantage of the
integration by parts formula

™
= T.
0

/xcosxdm =xsinz + cosx + C,

/ f(t) cosntdt = /ﬂf(t)cosntdt

S
3
|
3=

2 d
:—/ tcosntdt (letm—nt sot——and dt = :v)
T Jo n n
2 / 2 [ n jp=nm
= — —cos:c—: rsinz + cosx
7 Jo n2m e=0
ey 1] = ——[(-1)" — 1]
= COSNT — —[(— -
T n2mw
Therefore,
0 if n is even,
ap =
—ﬁ if n is odd

and the Fourier series is

ft) ~

4 CObt CcoS 3t + cos bt + cos Tt +
™ 52 72

0l 3

vl 3

_éi cos(2k + 1
(et (2k 4+ 1)2
<

ExAMPLE 5. Compute the Fourier series of the sawtooth wave function of
period 2L given by

fty=t for —L<t< L ft+2L) = f(t).
See Figure 10.8 for the graph of f(¢).
» SOLUTION. As in Example 2, the function f(t) is odd, so the cosine terms

ay, are all 0. Now compute the coefficients b,, from (8). Using the integration
by parts formula
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/ i /

1 1 1 1 t

_3L/ZQL -L L/L 3L
Lt

Fig. 10.8 The sawtooth wave of period 2L

/xsinzdz =sinz —xcosz + C,

1 L
by, = Z/iLf(t)sinZ—Wtdt

L L nmw
2 M L . Ldx 2L nro
= — —rsiner — = —— rsinx dr
L J, nm nmw n?m? J,
2L [ . ]:E:nﬂ
= ——|sinx —zcosx
n2m? z=0
2L 2L n
= —W(TLT(COSTL’R') = —E(—l) .

Therefore, the Fourier series is

1 om 1
L 3 L 5 L 7 L

™

2L (. 0w 1 . 3w . 0
f)~—(sin—=t—-sin—t+ —sin—¢t — —sin —t+---

2L N (=)™
) D =
T n L

n=1

nm

2 (L L L
—/ t sin %tdt <let T = Et sot=—x and dt = —dz
0

739

)

<

All of the examples so far have been of functions that are either even or
odd. If a function f(¢) is even, the resulting Fourier series will only have
cosine terms, as in the case of Examples 3 and 4, while if f(¢) is odd, the
resulting Fourier series will only have sine terms, as in Examples 2 and 5.

Here are some examples where both sine an cosine terms appear.

ExXAMPLE 6. Compute the Fourier series of the function of period 4 given

by
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0 -2<t<0, _
f(t)={t bercs i JUFN=O.

See Figure 10.9 for the graph of f(t).

—6 —4 —2 2 4
Fig. 10.9 A half sawtooth wave of period 4

» SOLUTION. This function is neither even nor odd, so we expect both sine
and cosine terms to be present. The period is 4 = 2L so L = 2. Because
f(t) = 0 on the interval (—2, 0), each of the integrals in the Euler formulas,
which should be an integral from ¢ = —2 to ¢ = 2, can be replaced with an
integral from ¢ = 0 to ¢t = 2. Thus, the Euler formulas give

1 [? 11277
aoz—/ tdt——{—] =1;
2 Jo 212,
2dx

1 [? 2
an:—/ tcosﬂtdt letzzﬂtsot:—zanddt:—
2 Jo 2 2 nmw nmw

1 /"’T 2x 2dzx 2 /"’T
= - —COSL — = —— x cosx dx
2 )y nm nw  n2m2 J,

r=nm
z=0

2
n2m?

= —— [cosx + xsinz]
n2mw

(-1)" - 1).

2
= ——(cosnm —1) =
n2mw

Therefore,
1 if n =0,
a, =<0 if n is even and n > 2,
if n is odd.

n2m2

Now compute by,:

1 [? 2 2d
bn:_/ tsinﬁtdt 1etxzﬁtsot:—xanddt:—x
2 Jo 2 2 nm nmw
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1/mT 2¢ . 2dx 2 /M .
== —sine — = rsinx dr
0 0

2 nw nw  n?r?
=53 [sine —zcosz|,_y"
= #(—mrcosmr) = —%(—1)".
Thus,
bn=2(L)n+1 for all n > 1.
nmw

Therefore, the Fourier series is

J I 1 k+1Dr. 2K (=)™t ar
f(t)~§——z cos t+;;781n—t.

(2k +1)2 2 n 2
|

ExXAMPLE 7. Compute the Fourier series of the square pulse wave function
of period 27 given by

1 0<t<h, B
f(t)—{o hetean i fEF2M=FQ).

See Figure 10.10 for the graph of f(t).

—47 —27 0 h 2 47

Fig. 10.10 A square pulse wave of period 2.

» SOLUTION. For this function, it is more convenient to compute the a,, and
by, using integration over the interval [0, 27] rather than the interval [—7, 7).
Thus,

1 /% 1 [ h
ap = — f(t)dt:—/ 1dt = —,
0 i

™ 0 ™
h .
1 sinnh
ap = — cosntdt = , and
™ Jo ™

1 [h 1- h
bnz—/ sinm‘dt:ﬂ,
0

m ™
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and the Fourier series is

h 1 X (sinnh 1 —cosnh
t)~— + — t+ ————sinnt ).
f(@) +W;( ——cosn + - smn)

2

<

If the square pulse wave f(t) is divided by h, then one obtains a function
whose graph is a series of tall thin rectangles of height 1/h and base h, so
that each of the rectangles with the bases starting at 2nm has area 1, as
in Figure 10.11. Now consider the limiting case where h approaches 0. The

Sl

—4m —27 0h 2 A7

Fig. 10.11 A square unit pulse wave of period 2.

graph becomes a series of infinite height spikes of width 0 as in Figure 10.12.
This looks like an infinite sum of Dirac delta functions, which is the regular
delta function extended to be periodic of period 27. That is,

lim ) = 4(t).

h—0 h

Now compute the Fourier coefficients a,,/h and b, /h as h approaches 0.

sinnh 1
Ay = — — and
mnh T
b, = LSRR ek S0
mnh

Also, ag/h = 1/x. Thus, the periodic delta function has a Fourier series
50 ~ L 4 LS cosmt (12)
~— 14— cos nt.
2t w ot

It is worth pointing out that this is one series that definitely does not converge
for all t. In fact it does not converge for ¢ = 0. However, there is a sense of
convergence in which convergence makes sense. We will discuss this in the
next section.



10.2 Fourier Series 743

—A4r —27 0 2 A

Fig. 10.12 The limiting square unit pulse wave of period 27 as h — 0.

ExXAMPLE 8. Compute the Fourier series of the function f(t) = sin2t +
5 cos 3t.

» SOLUTION. Since f(¢) is periodic of period 27 and is already given as a
sum of sines and cosines, no further work is needed. The coeflicients can be
read off without any integration as a,, = 0 for n # 3 and a3 = 5 while b,, =0
for n # 2 and by, = 1. The same results would be obtained by integration
using Euler’s formulas.

EXAMPLE 9. Compute the Fourier series of the function f(t) = sin®t

» SOLUTION. This can be handled by trig identities to reduce it to a finite
sum of terms of the form sinnt.

1
sin®t = sintsin®t = 3 sint(1 — cos 2t)

L t L t 2t L t
= — — — C = — —
2 sin D) sin 0S D) sin

= 3 sint — T sin3t
—4sm 4sm

(sin 3t + sin(—t)))

N =

(

N =

The right hand side is the Fourier series of sin®¢.

Exercises

1-17. Find the Fourier series of the given periodic function.

0 if -5<t<0 3
1. f(t)_{3 fo<ies | JUF10 =10

2. (1) = {2 LTSI feram = )

=2 fo0<t<n
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10.

11.

12.

13.

14.

15.

16.

17.

10 Fourier Series

1) = {4 Homs i< b om) = 1),

-1 ifo<t<nm

f)=t,0<t<1; f(t+2) = f(t).
Hint: It may be useful to take advantage of Equation (10) in applying
the Euler formulas.

L f@) =t —m <t <m f(t+2m) = f(b).

0 0<t<1
L f) =K1 1<t<2, ft+3)=f(1).

0 2<t<3,
=12, —2<t <2 f(t+4) = f(b)

{0 LLETh e =0

? fo<t<1

. f@t)=sint, 0 <t <m; f(t+7) = f(t).

0 if —r<t<0
sint f0<t<m

;o f+2m) = f(t).

14+t if-1<t<0

1—¢t ifo<t<1 ; ft+2) = f(1).

Yt oif0<t<l ft+2) = f(t).

t(r—t) if—7<t<0

—t(r—t) f0<t<m ; J(t+2m) = 1),

f(t)_{ulut if—1<t<0
=3cos?t, —m <t <m f(t+2m) = f(t)

£(0) :sin%, _r<t<m f{t+2m) = f(1)

f(@) =sinpt, —m <t <m; f(t+ 2m) = f(t) (where p is not an integer)

flt)=e' —1<t<1; f(t+2) = f(t)
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10.3 Convergence of Fourier Series

If f(t) is a periodic function of period 2L, the Fourier series of f(¢) is

(4
24 Z (an €os — —I— by, sin %) ; (1)

where the coefficients a,, and b,, are given by the Euler formulas
1 L
—Z/_Lf(t)cos%tdt, n=01,23,... (2)

1 L
:E/Lf(t)sin%tdt, n=1,23, ... (3)

The questions that we wish to consider are (1) under what conditions on
the function f(¢) is it true that the series converges, and (2) when does it
converge to the original function f(¢)?

As with any infinite series, to say that ) - ¢, = C means that the
sequence of partial sums Y " | ¢, = Sy, converges to C, that is,

lim S, =C.

m— 00

The partial sums of the Fourier series (1) are

a o nmw nmt
Sm(t) = 70 + Z (an €08 —— —I— by, sin T) . 4)
n=1

The partial sum S,,(¢) is a finite linear combination of the trigonometric
functions cos 2t and sin 2T, each of which is periodic of period 2L. Thus,
Sm(t) is also periodic of period 2L, and if the partial sums converge to a
function g(t), then g(¢) must also be periodic of period 2L.

ExXAMPLE 1. Consider the odd square wave function of period 2 and am-
plitude 1 from Example 2 of Section 10.2

P JE+2) =) ()

f(t)_{—l —1<t<0,

1 0<t<l,

The Fourier series of this function was found to be (letting L = 1)

4 1 1 1
f(t) ~ = | sinmt + = sin3nt + — sin 5wt + = sin 77t + - - - (6)
T 3 ) 7

41~ 1
:_Z s1n2k—|—l)
T2
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Letting ¢t = 0 in this series gives

o0 o0

4 1 . 4

Since f(0) = 1, it follows that the Fourier series does not converge to f(¢)
for all t. Several partial sums S, are graphed along with the graph of f(¢) in

Y

Si5(t) = 2 1o 32 sin(2k + )mt

Fig. 10.13 Fourier series approximations Sy, to the odd square wave of period 2 for
m =1, 5, and 15.
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Figure 10.13. It can be seen that the graph of Si5(t) is very close to the graph
of f(t), except at the points of discontinuity, which are 0, &1, £2, .... This
suggests that the Fourier series of f(t) converges to f(t) at all points except
for where f(t) has a discontinuity, which occurs whenever ¢ is an integer n.
For each integer n,

4m
:;Z

Hence the Fourier series converges to f(t) whenever ¢ is not an integer and
it converges to 0, which is the midpoint of the jump of f(t) at each integer.

4
- sin(2k + 1)mn ==Y 0=0.
™

Similar results are true for a broad range of functions. We will describe the
types of functions to which the convergence theorem applies and then state
the convergence theorem.

Recall that a function f(t) defined on an interval I has a jump discon-
tinuity at a point ¢t = a if the left hand limit f(a™) = lim;_,,- f(¢) and the
right hand limit f(a*) = lim,_,,+ f(#) both exist (as real numbers, not +oo)
and

f@®) # fa).

The difference f(a™) — f(a™) is frequently referred to as the jump in f(¢)
at t = a. For example the odd square wave function of Example 10.2.2 has
jump discontinuities at the points +nL for n = 0, 1, 2, ... and the sawtooth
wave function of Example 10.2.5 has jump discontinuities at £n for n = 0,
1, 2, .... On the other hand, the function g(¢) = tant is a periodic function
of period 7 that is discontinuous at the points § + kn for all integers &, but
the discontinuity is not a jump discontinuity since, for example

lim tant = 400, and lim tant = —oo.
t—%~ t—3+

A function f(t) is piecewise continuous on a closed interval [a, b] if f(t)
is continuous except for possibly finitely many jump discontinuities in the in-
terval [a, b]. A function f(t) is piecewise continuous for all ¢ if it is piecewise
continuous on every bounded interval. In particular, this means that there
can be only finitely many discontinuities in any given bounded interval, and
each of those must be a jump discontinuity. For convenience it will not be
required that f(t) be defined at the jump discontinuities, or f(¢) can be de-
fined arbitrarily at the jump discontinuities. The square waves and sawtooth
waves from Section 10.2 are typical examples of piecewise continuous periodic
functions, while tant is not piecewise continuous since the discontinuities are
not jump discontinuities.

A function f(t) is piecewise smooth if it is piecewise continuous and the
derivative f’(t) is also piecewise continuous. All of the examples of periodic
functions from Section 10.2 are piecewise smooth. The property of f(¢) being
piecewise smooth and periodic is sufficient to guarantee that the Fourier series
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of f(t) converges, and the sum can be computed. This is the content of the
following theorem.

Theorem 2. Suppose that f(t) is a periodic piecewise smooth function of
period 2L. Then the Fourier series (1) converges

(a) to the value f(t) at each point t where f is continuous, and
(b) to the value 5 [f(t*) + f(t7)] at each point where f is not continuous.

Note that 3 [f(t7) + f(t7)] is the average of the left-hand and right-hand
limits of f at the point ¢. If f is continuous at ¢, then f(t%) = f(¢t) = f(¢t™),

so that o+ .
fiy = ) )

for any t where f is continuous. Hence Theorem 2 can be rephrased as follows:

The Fourier series of a piecewise smooth periodic function f converges for
every t to the average of the left-hand and right-hand limits of f.

ExAMPLE 3. Continuing with the odd square wave function of Example 1,
it is clear from Equation (5) or from Figure 10.13 that if n is an even integer,
then

lim f(t)=+1 and lim f(t) = -1,

t—nt t—n—

while if n is an odd integer, then

lim f(t)=-1 and tlimﬁ f(t) =+1.

t—nt
Therefore, whenever n is an integer,

fr") +f(n7)

=0.
2

This is consistent with Theorem 2 since the Fourier series (6) converges to 0
whenever ¢ is an integer n (because sin(2k + 1)mn = 0).

For any point ¢ other than an integer, the function f(¢) is continuous, so
Theorem 2 gives an equality

4 1 1 1
flit)y= = (sinm‘—i— gsin37rt+ gsin57rt+ ?sin77rt+-~-) .

By redefining f(t) at integers to be f(n) = 0 for integers n, then this equality
holds for all t. Figure 10.14 shows the graph of the redefined function. Putting
in the value of f(¢) for some values of ¢ leads to a trigonometric identity

4 1 1 1
- (sinm‘—i— gsin37rt+ gsin57rt+ ?sin77rt+-~-) =f)=1if0<t <1
T
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Y
o——o 1 o o o
o o N . . . ¢
-3 —2 —1 1 2
o——0 o + o o

Fig. 10.14 The odd square wave of period 2 redefined so that the Fourier series converges
to f(t) for all ¢t.

Letting ¢ = 1/2 then gives the series

1 1 n 1 1 - T
35 7 4
EXAMPLE 4. Let f be periodic of period 2 and defined on the interval 0 <
t < 2 by f(t) = t2. Without computing the Fourier coefficients, give an
explicit description of the sum of the Fourier series of f for all ¢.

» SOLUTION. The function is defined in only one period so the periodic
extension is defined by

fit)y=t> foro<t<2; ft+2) = f(0).

Both f(t) and f’(t) are continuous everywhere except at the even integers.
Thus, the Fourier series converges to f(t) everywhere except at the even
integers. At the even integer 2m the left and right limits are

fem™)= lim f(t)= [lim £(t) = lim (t+2)* =4, and

t—2m— t—0—
om*t) = i t) = li t)= lim t* =0.
f@mT) = lm f(t)= lim f(t)= lim
Therefore the sum of the Fourier series at ¢t = 2m is
f@2m™) + f(2m™) 440

2.
2 2

The graph of the sum is shown in Figure 10.15. |

EXAMPLE 5. The 2m-periodic delta function ¢)(¢) has a Fourier series



750 10 Fourier Series

Fig. 10.15 The graph of sum of the Fourier series of the period 2 function f(t) for Example
4.

that was computed in Section 10.2. See Figure 10.12 for the graph of 4(¢). The
delta function does not satisfy the conditions of the convergence theorem.
Moreover, it is clear that the series does not converge since the individual
terms do not approach 0. If ¢t = 0 the series becomes

1 1
—+—-[1+1+14---],
2T

while, if ¢ = 7 the series is

1 1

—+=[-1+1-1+--]

2 7

Neither of these series are convergent. However, there is a sense of conver-
gence in which the Fourier series of d(t) "converges" to §(t). To explore this
phenomenon, we will explicitly compute the n'" partial sum 6, (¢) of the series

(8):

1 1
on(t) = Py + — [cost + cos 2t + - - - + cosnt]
Toow

1
= 2—[1—|—2cost—|—2cos2t+~'—|—2cosnt]
7T

Now use the Euler identity 2cosf = e + e~ to get

1 . _ . . . .

5n(t) — 2_ [1 4 e’Lt 4 efzt 4 e’LQt 4 671215 NI eznt 4 eflnt} .
T

Letting z = €™, this is seen to be a geometric series of ratio z that begins

with the term 2z~ and ends with the term z™. Since the sum of a geometric

series is known: a +ar+ar?+---+ar™ = a(1 —r™*1) /(1 —r) it follows that

5n(t) — 2_ [1 4 e’Lt 4 efzt 4 e’LQt 4 671215 NI eznt 4 eflnt}
™
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1 1
:E[Z_n—i-z_n-i_l—l—"'—l—zn]2%2’_"[1—}—24—“-—%22"]
1 —nl _ Z2n+1 1 27" — Zn-i—l
= —2Z - —
27 1—2z 27 1—2z
1 e~int _ ei(n+l)t 1 ei(n+l)t _ eint e—it/2
T on 1—eit T om eit — 1 e~it/2
1 ei(n-i—%)t _ e—i(n-i—%)t
T on eit/2 _ o—it/2
_ i sin (n + %) t
2m sin %t '

For those values of ¢ where sin 3¢ = 0, the value of &, (t) is the limiting value.
The graphs of 6, (t) for n = 5 and n = 15 are shown in Figure 10.16. As n
increases the central hump increases in height and becomes narrower, while
away from 0 the graph is a rapid oscillation of small amplitude. Also, the
area enclosed by d,,(¢) in one period —7 < t < 7 is always 1. This is easily
seen from the expression of d,(¢) as a sum of cosine terms:

™

™ ™ 1
5n(t)dt:/ 2—[1+2cost—|—2cos2t+---+2cosnt] dt=1

—T —T

since flr cosmt dt = 0 for all integers m. Most of the area is concentrated in
the first hump since the rapid oscillation cancels out the contributions above
and below the ¢ axis away from this hump.

5
4
3 HH d15(t)
2|4+
TN
Ao N \% AR QI AYZ oo

d5(t)
\ N
LAV \/W UNTON

Fig. 10.16 The graphs of the partial sums 6, (t) for n = 5 and n = 15.
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To see the sense in which §,(t) converges to d(t), recall that d(¢) is
described via integration by the property that §(¢t) = 0 if ¢ # 0, and
[ F(@)é(t)dt = f(0) for all test functions f(¢). Since we are working with
periodic functions, consider the integrals over 1 period, in our case [—, 7).
Thus let f(t) be a smooth function and expand it in a cosine series f(t) =
> am cosmt. Multiply by d,(¢) and integrate, using the orthogonality condi-

tions to get
™

Su()f(t)dt = ag + -+ + an. 9)

As n — oo this sum converges to f(0). Thus

us us

lim [ S.(t)f(t)dt = F(0)= | &(t)f(t)dt.

n—oo —r —r

It is in this weak sense that d,,(¢) — d(¢). Namely, the effect under integration
is the same.

Exercises

1-9. In each exercise, (a) Sketch the graph of f(¢) over at least 3 periods.
(b) Determine the points ¢ at which the Fourier series of f(t) converges to
f(#). (c) At each point ¢ of discontinuity, give the value of f(¢) and the value
to which the Fourier series converges.

1. f(t)={3 MOSE<2 0 it ay=0).

—1 if2<t<4’
2. f(t)=t, -1<t<1, f(t+2) = f(1)
3. f(t)=1t0<t<2, f(t+2)=f(t)
4. f(t)=1t], -1 <t <1, f(t+2) = f(t)
5. f(t) =12, —2<t <2, f(t+4)=f(t)
6. f(t)=2t—1,-1<t<1, f(t+2) = f(t)

2 if-2<t<0 B
7 f(t)Z{t PRSI (SR R O]
8. f(t)=cost/2,0<t<m, f(t+m)=[f(1).
9. f(t) =|cosmt]|, 0 <t <1, f(t+1)= f(t).

10. Verify that the following function is not piecewise smooth.
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0 if-1<t<0.

f(t):{\/% fo<t<l

11. Verify that
int 1'2t+1'3t 1'4t+ d f <t<
sint — = sin —sin3t — = sin cee == or — .
2 3 1 2’ i :
Explain how this gives the summation
1 1 n 1 1 n oom
3 5 7 4

12. Use the Fourier series of the function f(t) = |t|, -7 < t < 7 (see Example
4 of Section 10.2) to compute the sum of the series

1 1 1
1+3—2+§+ﬁ+"'
13. Verify that
1 4 & (-0
§+Fn¥1(n2) cosmrt:t2, for -1 <t<1.

14. Using the Fourier series in problem 13, find the sum of the following

series
oo oo
1 (_1)n+1
Do oand Y5
n n
n=1 n=1

15. Compute the Fourier series for the function f(t) = t*, -7 < t < 7;
f(t+2m) = f(¢) for all ¢t. Using this result, verify the summations

=1 7 = (=0t gt
~ =T A N? AN
; ni 9o M ; ni 720

10.4 Fourier Sine Series and Fourier Cosine Series

In Section 10.2 we observed (see the discussion following Example 5) that the
Fourier series of an even function will only have cosine terms, while the Fourier
series of an odd function will only have sine terms. We will take advantage
of this feature to obtain new types of Fourier series representations that are
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valid for functions defined on some interval 0 < ¢ < L. In practice, we will
frequently want to represent f(t) by a Fourier series that involves only cosine
terms or only sine terms. To do this, we will first extend f(¢) to the interval
—L <t <0. We may then extend f(¢) to all of the real line by assuming that
f(¢) is 2L periodic. That is, assume f(t+2L) = f(t). We will extend f(t) in
such a way as to obtain either an even function or an odd function.
If f(t) is defined only for 0 < ¢t < L, then the even 2L-periodic exten-
sion of f(t) is the function f.(t) defined by
ft) ifo<t<L,
fult) = { RS A Pa R AT

The odd 2L-periodic extension of f(t) is the function f,(t) defined by

fe(t)—{f(t) Most<Lo o ivon=fe. @

—f(=t) if-L<t<o0,’
These two extensions are illustrated for a particular function f(¢) in Figure

10.17. Note that both f.(t) and f,(t) agree with f(¢) on the interval 0 < ¢ <
L.

L

The graph of f(t) on the interval 0 <¢ < L.

Y

Yy

3L —21 —L | L 2L 3L 7?VL % L/ZL 3L

The graph of fe(t), the even The graph of f,(t), the odd
2L-periodic extension of f(t). 2L-periodic extension of f(t).
Fig. 10.17

Since f,(t) is an even 2L-periodic function, then f.(t) has a Fourier series
expansion
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nmnt
n by, sin ——
—|— Z <a COS —I— sin i >

where the coefficients are given by Euler’s formulas (Equations (6)-(8) of

Section 10.2)
1 L
= — () dt
[ nw

1 L
:E/_Lfe(t)cos%tdt, n=1,23,...

1 L
—E/_Lfe(t)sm%tdt, n=1,23,....

Since f.(t) is an even function, then f.(¢)sin 5=t is odd, so the integral defin-
ing by, is 0 (see Proposition 5 of Section 10. 1) Thus, b, = 0 and we get the
Fourier series expansion

a > nmnt
0

— + Qp, COS —,
2 nz::l " L

where

I t
= Z/—L fe(t) cos%dt, for n > 0.

Since the integrand is even and f.(t) = f(t) for 0 < ¢ < L, it follows that

/ f(t) cos n_7rt dt, for n > 0. (3)

If we assume that f(t) is piecewise smooth on the interval 0 < ¢t < L, then
the even 2L-periodic extension f.(t) is also piecewise smooth, and the con-
vergence theorem (Theorem 2 of Section 10.3) shows that the Fourier series
of fe(t) converges to the average of the left-hand and right-hand limits of
fe at each t. By restricting to the interval 0 < ¢t < L, we obtain the series
expansion

- t
t)w%—l—Zancos%, for0<t< L, (4)
n=1

where the coefficients are given by (3) and this series converges to the average
of the left-hand and right-hand limits of f at each ¢ in the interval [0, L]. The
series in (4) is called the Fourier cosine series for f on the interval [0, L].

Similarly, by using the Fourier series expansion of the odd 2L-periodic
extension of f(t), and restricting to the interval 0 < t < L, we obtain the
series expansion
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= . nmt
f(t)N;bnsmT, for 0 <t <L, (5)
where the coefficients are given by

2 (L t
by = E/0 £(t) sin % dt,  forn >0, (6)

and this series converges to the average of the left-hand and right-hand limits
of f at each t in the interval [0, L]. The series in (5) is called the Fourier
sine series for f on the interval [0, L].

EXAMPLE 1. Let f(t) = 7 — ¢ for 0 < ¢t < 7. Compute both the Fourier
cosine series and the Fourier sine series for the function f(t). Sketch the graph
of the function to which the Fourier cosine series converges and the graph of
the function to which to Fourier sine series converges.

» SOLUTION. In this case, the length of the interval is L = 7 and from (4),
the Fourier cosine series of f(¢) is

ft) ~ % —i-;ancosnt,

with
and for n > 1,
v
0
T 9 T
——/ tcosntdt
o TJo

T 1 T
- = / sin nt dt]
o "Jo

2 (7 2

anz—/ f(t)cosntdt:—/ (m —t) cosntdt
™ Jo ™
2

—sinnt
n

[t .
= —— | —sinnt
T|n

T 2
= W(—cosnt) = W(—cosnﬁ—i— 1)
0
2 n
= 2

-4 if nis odd.
™

{O if n is even,

Thus, the Fourier cosine series of f(t) is

4 1 1
f(t)_w—t—g—i-;<cost+§0083t+---mcos(%—l)t+~->.
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This series converges to f(t) for 0 < ¢ < 7 and to the even 2z-periodic
extension f.(t) otherwise, since f.(t) is continuous, as can be seen from the
graph of f(t) is is given in Figure 10.18.

| |
I T 1 ‘ T T 1

—3m —2m — T 27 3T

Fig. 10.18 The even 2m-periodic extension fe(t) of the function f(¢t) = m — ¢ defined on
0<t<m.

Similarly, from (5), the Fourier sine series of f(¢) is
f(t) ~ Z by, sinnt
n=1
with (for n > 1)

2 (7 2
bn:—/ f(t)sinntdt:—/ (m —t)sinntdt
0 ™

T
T 0

2 T 92
= ——cosnt ——/ tsinnt dt
n 0 v 0
2 T 92 t T o1 [T
= ——cosnt| ——|——cosnt +—/ cosnt dt
n 0o T n o mnJo
2
“n

Thus, the Fourier sine series of f(t) is

sinnt

f(t)zw—tz?Z -
n=1

This series converges to f(t) for 0 < ¢ < 7 and to the odd 27-periodic
extension f,(t) otherwise, except for the jump discontinuities of f,(t), which
occur at the multiples of nr, as can be seen from the graph of f,(¢) which is
given in Figure 10.19. At ¢t = nx, the series converges to 0. |
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—T N

Fig. 10.19 The odd 27-periodic extension fe(t) of the function f(t) = m — ¢ defined on
0<t<m.

Exercises

1-11. A function f(¢) is defined on an interval 0 < ¢t < L. Find the Fourier
cosine and sine series of f and sketch the graphs of the two extensions of f
to which these two series converge.

1. ft))=1,0<t< L
2. ft)=t,0<t<1
3. fe)=t,0<t<2
4. f)=t>,0<t<1

5. f(1) = 1 if0<t<m/2
' o ifw/2<t<m

t if0o<t<1
6. t) = -
1) {0 fl<t<?2

7. f)=t—-t},0<t<1
8. f(t) =sint,0<t<m
9. f(t)=cost,0<t<m
10. f(t)=e,0<t <1

11. f(t)=1—-(2/L)t,0<t < L
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10.5 Operations on Fourier Series

In applications it is convenient to know how to compute the Fourier series of
function obtained from other functions by standard operations such addition,
scalar multiplication, differentiation, and integration. We will consider con-
ditions under which these operations can be used to facilitate Fourier series
calculations. First we consider linearity.

Theorem 1. If f and g are 2L-periodic functions with Fourier series

nmt
n b —F
+ Z (a cos + sin i7 )

and
nmt
E n dysin — |,
—i— (c cos —i— sin T )

then for any constants a and 8 the function defined by h(t) = af(t) + By(t)
18 2L-pertodic with Fourier series

aag + Beg

h(t) ~ — 5 T Z ((aan + Bep) cos nTmf + (aby + Bd,,) sin %Tt) . (1)
n=1

This result follows immediately from the Euler formulas for the Fourier
coefficients and from the linearity of the definite integral.

ExAMPLE 2. Compute the Fourier series of the following periodic functions.

Lha(t) =t+t], 7 <t<m, hi(t+ 2m) = h(t).
2 holt) =14 2t, —1 <t <1, ha(t +2) = h(t).

» SOLUTION. The following Fourier series were calculated in Examples 4 and
5 of Section 10.2:

T 4O°cos2k+
t=2=——
i 2 WZ (2k +1)2

and

sin —t¢.

2L = (=)™t | nrm
t="2) —2
WZ n L

n=1

Since hy is 2w-periodic, we take L = m in the Fourier series for ¢ over the
interval L <t < L. By the linearity theorem we then obtain

cos(2k + 1)t 1)n+t
+2
I Z

sinnt.

T4
M®:t+W—§—;z:
k=0

Since hq(t) is piecewise smooth, the equality is valid here, with the convention
that the function is redefined to be (hi(t*)+hao(t7))/2 at each point ¢ where
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the function is discontinuous. The graph of h(¢) is similar to that of the half
sawtooth wave from Figure 10.9, where the only difference is that the period
of hi(t) is 2w, rather than 4.

The function ho(t) = 1+ 2t is a sum of an even function 1 and an odd
function 2t. Since the constant function 1 is it’s own Fourier series (that is,
ap =2, ap, =0=">, for n > 1, then letting L = 1 in the Fourier series for ¢,

we get

4 > n+1
ha(t) =142t =14 — t.
2(t) + W; sinnm

Differentiation of Fourier Series

We next consider the term-by-term differentiation of a Fourier series. This
will be needed for the solution of some differential equations by substituting
the Fourier series of an unknown function into the differential equation. Some
care is needed since the term-by-term differentiation of a series of functions
is not always valid. The following result gives sufficient conditions for term-
by-term differentiation of Fourier series.

Theorem 3. Suppose that f is a 2L-periodic function that is continuous for
all t, and suppose that the derivative [’ is piecewise smooth for all t. Then
the Fourier series of [’ is the series

> t nmw nmt
'(t) ~ O sin b, 2
(@) 7;1( 7 Gnsi—— + —=by cos — (2)

obtained by term-by-term differentiation of the Fourier series

nmt
n by sin — | .
—i—Z(a cos —|— sin T )

The differentiated series (2) converges to f'(t) for allt for which f'(t) exists.

Proof. Since f’ is assumed to be 2L-periodic and piecewise smooth, the con-
vergence theorem (Theorem 2 of Section 10.3) shows that the Fourier series
of f'(t) converges to the average of the left-hand and right-hand limits of f’
at each t. That is,

7( Z (A cos - —I— By, sin %Tt) ) (3)

where the coefficients A,, and B,, are given by the Euler formulas
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1 [t nmt 1 [t nmt

A, =— (¢ —dt d B,=-— "(t) sin — dt.

L/_Lf()cosL an L/_Lf()smL

To prove the theorem, it is sufficient to show that the series in Equations (2)
and (3) are the same. From the Euler formulas for the Fourier coefficients of

f,
L
=1 [ Fwd=1 10, = )~ -1 =0

since f is continuous and 2L-periodic. For n > 1, the Euler formulas for both
f' and f, and integration by parts give

I t
A, = Z/_Lf’(t)cos%rdt

1 nat |* nr 1 [P nmt
= — t e i — t i dt
Lf()cos 7 _L—|- 7 L/,Lf()sm—L
nmw
= "Tb,
L

1 [F t
B, = E[L f’(t)sin%dt

L L
1 nmt nm 1 nmt
== f(t)sin—| ——.— t) cos —— dt
Lf()blnL_L T L/_Lf()cosL
__nm.
= =7 n
Therefore, the series in Equations (2) and (3) are the same. O

EXAMPLE 4. The even triangular wave function of period 27 given by

f(t) = {‘t TS0 petam = (),

t 0<t<m,

whose graph is shown in Figure 10.7, is continuous for all ¢, and

) = {‘1 TS0 g e = ),

1 0<t<m,

is piecewise smooth. In fact f’ is an odd square wave of period 27 as in Fig-
ure 10.5. Therefore, f satisfies the hypotheses of the differentiation theorem.
Thus, the Fourier series of f:

f(t)iﬂ' 4 cost+cos3t+cos5t+cos7t+
2w\ 12 32 52 72
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(computed in Example 4 of Section 10.2) can be differentiated term by term.
The result is

4 1 1 1
f'(t) == (sint + < sin3t + —sinbt + =sin7t +--- |,
m 3 5 7

which is the Fourier series of the odd square wave of period 27 computed in
Eq (11) of Section 10.2. <

EXAMPLE 5. The sawtooth wave function of period 2L given by
f@)=t for —L<t<L; ft+2L) = f(t).

(see Example 5 of Section 10.2) has Fourier series

£(1) 2L [ . 7Tt 1 . 37Tt+1 . 57Tt 1 . 77Tt+
~ — [ sin =t — = sin — —gin —t — = sin —
T L 3 L 5 L 7 L
2L <N (=)™t o
:—E -~ sin —t.
T = n L

Since the function ¢ is continuous, it might seem that this function satisfies the
hypotheses of Theorem 3. However, looking at the graph of the function (see
Figure 10.8) shows that the function is discontinuous at the points t = +L,
t =43L, .... Term-by-term differentiation of the Fourier series of f gives

2 ( co ﬂ-t cos37rt—|—co 57Tt Col 77Tt—|—
°T L T T

=2 Z(—l)’”rl cos n%t.
n=1

This series does not converge for any point ¢t. However, it is possible to make
some sense out of this series using the Dirac delta function. |

Integration of Fourier Series
We now consider the termwise integration of the Fourier series of a piecewise

continuous function. Start with a piecewise continuous 2L-periodic function
f and define an antiderivative of f by

olt) = / fa)de (4)

Then g is a continuous function and if
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L
L)= / f(z)dx =0, (5)
-L
it follows that

g(t+2L)—/t+2L d:c_/ f@ d:c+/t+2Lf(z)dz

—L

t+2L
= / flx —2L)dx since f is 2L-periodic
L

t
= / f(u)du using the change of variables u = x — 2L
—L

=g(t).
Therefore we have verified the following result.

Theorem 6. Suppose that f is a piecewise continuous 2L-periodic function.
Then the antiderivative g of f defined by (4) is a continuous piecewise smooth
2L-periodic function provided that (5) holds.

Now we can state the main result on termwise integration of Fourier series.

Theorem 7. Suppose that f is piecewise continuous and 2L-periodic with
Fourier series

(4
= Z (an cos — —I— by, sin %) . (6)

If g(t) f f(z)dx and ag = 0, then the Fourier series (6) can be integrated
to give the Fourzer series

oo

K nnt L nmt
[Lf( d,’EN— Z( ansmT—me COST) (7)

where L
Ao = _E/_ LE(E) dt. (8)

The integrated series (7) converges to g(t f f(z)dx for all t.

Proof. Since f is assumed to be 2L-periodic and piecewise continuous and
aop = 0, Theorem 6 and the convergence theorem shows that the Fourier series
of g(t) converges to g(t) at each t. That is,

AQ ad nmt
g(t) = > + Z (A COST + B, sin T) , 9)

where the coefficients A, and B,, are given by the Euler formulas
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1 [t t 1 [t t
A, = 7 /_L g(t) cos nTw dt and B, = I /_L g(t) sinnT7T dt.
For n > 1 integration by parts gives
1 [t t
A, = Z[Lg(t)cos%dt
1 nmt 1 [k , nmt
= —sin — - — t)sin — dt
mTSl L., nm _Lg()sm L
L 1 [r nmt
=—— | = t)sin — dt | .
n <L S ®sinT )
Hence, A, == —%bn where b, is the corresponding Fourier coefficient for
f. Similarly, B, = n—Lﬂan and
1 [* 1 Eooog ot 1 [k
Ag=— t)dt = —tg(t - = tf(t)dt = —— tf(t)dt.
o= [ owar=prm| 7 [ sswa=—7 [ s

ExXAMPLE 8. Let f(t) be the odd square wave of period 2L:

-1 —-L<t<0, -
f(t)—{l verer i TEF2L) =10

which has Fourier series

ft) ~ 4 <sinzt—|—lsin3—ﬂ-t+ lsin5—ﬂ-t—|— lsin7—ﬂ-t—|—--~)
™ L 3 L 5 L 7 L
that was computed in Eq (11) of Section 10.2. For —L < ¢ < 0, g(t) =
fiL flx)de = fiL(—l) de=—t—Landfor 0 <t < L, g(t) = fiLf(z) dx =
fEL(—l) dx + fot 1dx =t— L. Thus, g(t) is the even triangular wave function
of period 2L shifted down by L. That is, in the interval —L <t < L

g(t)zf_Lﬂ:c)dx:w—L

with 2L periodic extension to the rest of the real line. Theorem 7 then gives

A 4 L 5
g(t)=|t|—L=70+—(——COS—t——COS—t——cos—Wt_...)
s
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Ay 4L T 1 3T 1 5
= — — cosft—l——cos—t—l——cos—t—l-w-

2 72 9 L 25 L
C Ay AL & 1 COS(?k—l)wt
2 q2? = (2k - 1) L '

This can also be written as

Ay, AL & 1 (2k — 1)m
tl=(L+=) - = 5 t.
=L+ 2 L2k 12T L

The constant term L + Ag/2 can be determined from Eq. (8):

Ao 1 [ 1 [F L
L+2 =L — tF(t)dt =L — — tldt=L—-==

L
2 oL | 2"

The constant term L 4+ Ag/2 can also be determined as one-half of the zero

Fourier coefficient of |t|:

Ay 1 [F L
L+ —=— tl dt = —.
to T ,LH 2

Exercises

1. Let the 2m-periodic function f1(t) and fa(t) be defined on —w < ¢ < 7 by

filt) =0, —m<t<0; f1(t)=1, 0<t<m;
fot) =0, —w<t<0; folt)=¢t, 0<t<m.

Then the Fourier series of these functions are

1 2 sinnt
t) ~ =+ —
Att) 2T 7 Z n
n—=odd
T 2 cosnt > sinnt
t) ~— — — — -1)" .
R

Without further integration, find the Fourier series for the following func-
tions:
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(a‘) fS(t):la —m<t<0; fB(t):Oa 0<t<m;
(b) f4(t):ta —T<t<0; f4(t):0a 0<t<m;
(C) f5(t):13 —ﬂ'St<O; f5(t):t7 0St<ﬂ';
(d) fﬁ(t):2a —ﬂ'St<O; fﬁ(t):Oa 0St<ﬂ';
(e) f7(t):2a —m<t<0; f7(t):3a 0<t<m;
) fs@®) =1 —7<t<0;fs(t)=1+2¢0<t<m;
(g) fo(t) =a+bt, —m <t <0; fot) =c+dt, 0 <t <.

)
Let f1(t) =t and f1(t + 27) = f1(¢) so that the Fourier series expansion
for fi(t) is

X (_1\n+1
fit)y =2 Z % sinnt.
n=1

Using this expansion and Theorem 7 compute the Fourier series of each
of the following 27-periodic functions.

(a) fa(t) =12 for —m <t < 7.

(b) f3(t) =13 for —m < t < .
(c) fa(t) =t for -7 <t < m.

. Given that

T 4 1
t—_———E ————cos(2k — 1)t, for —m <t
| | 2 k=1 (2I€ — 1)2 COS( ) 7 o <

compute the Fourier series for the function

2 ifo<t<nw
—t2 if —pi <t < 0.

f(t) =t*sgnt = {

Compute the Fourier series for each of the following 2m-periodic functions.
You should take advantage of Theorem 1 and the Fourier series already
computed or given in Exercises 1 and 2.

(a) g1(t) =2t —|t|, - <t <.
(b) g2(t) = At* + Bt+C, —w <t < 7, where A, B, and C are constants.
(c) g3(t) =t(m —t)(m +t), —m < t < pi.

. Let f(¢) be the 4-periodic function given by

—1 if—2<t<0
t) =19 22
1) {% Loifo<t <.

The Fourier series of f(t) is
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1 4 & /(=D ar (-1)"—=1 _ nr
f(t)~—§+ﬁz< cos ot ——g—sin—-t ].

n? 2

n=1

(a) Verify that the hypotheses of Theorem 3 are satisfied for f(¢t).
(b) Compute the Fourier series of the derivative f'(t).
(c) Verify that the hypotheses of Theorem 3 are not satisfied for f'(t).

10.6 Applications of Fourier Series

The applications of Fourier series that will be considered will be applications
to differential equations. In this section we will consider finding periodic solu-
tions to constant coeflicient linear differential equations with periodic forcing
function. In the next chapter, Fourier series will be applied to solve certain
partial differential equations.

Periodically Forced Differential Equations

ExXAMPLE 1. Find all 27-periodic solutions of the differential equation
y' +2y = f(t) 1)
where f(t) is a given piecewise smooth 27-periodic function.

» SOLUTION. Since f(t) is piecewise smooth it can be expanded into a
Fourier series

_a N .
flit)y= 5 —l—;(ancosnt—&-bn sinnt). (2)

If y(¢) is a 27w-periodic solution of (1), then it can also be expanded into a
Fourier series

A o0
y(t) = 70 + ;(An cosnt + By, sinnt).

Since y(t) can be differentiated termwise,
oo
y'(t) = Z(—nAn sinnt + nB, cosnt).
n=1

Now substitute y(t) into the differential equation (1)to get

Y +2y= Z(—nAn sinnt + nB,, cosnt)

n=1
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Ay | .
+2 (7 + ;(An cosnt + By, sin nt))

= Ao+ > _ (24, +nB,) cosnt + (2B, — nA,) sinnt)
n=1

a .
= 70 + ;(an cosnt + by, sinnt).

Comparing coeflicients of cos nt and sin nt shows that the coefficients A,, and
B,, must satisfy the following equations:

and for n > 1,
24, +nB, = a,

—nA, + 2B, =b,,
which can be solved to give

2a,, — nby, na, + 2b,

n2+4 an n2+4

(4)

Hence, the only 27-periodic solution of (1) has the power series expansion

ag >, [ 2a, — nb, na, + 2b, .
y(t) = — +; <W cosnt + Wsmnt .

For a concrete example of this situation, let f(¢) be the odd square wave of
period 27:

ft) =

-1 —7<t<0, _
{1 soi it s = g0

which has Fourier series

4 1 1 1
f) = - (sint—i— gsin?)t—i— gsin5t—|— ?sin7t+-~-)

4 sin nt
D Dl

n=odd

Since all of the cosine terms and the even sine terms are 0, (4) gives A,, =
B,, =0 for n even, and for n odd

8

An = mn(n? + 4)

—4
—_— d B,=
w(n?+4) an
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so that the periodic solution is
4 -1 2
t)=— —— cosnt+ ———sinnt | .
y(t) Wanid <n2+4005n +n(n2+4) smn>
Rewriting this in phase amplitude form gives
(=2 3 Cucos(nt ~5,)
= — 'n cos(nt — o,
g i n=odd

where

4 4
Co = VE B = ———\[1+ .

(n2 + 4)

Thus, computing numerical values gives

C1 = 0.5985
C5 = 0.1227
Cs = 0.0493
C7 = 0.0260
Cy = 0.0160

The amplitudes are decreasing, but they are decreasing at a slow rate. This
is typical of first order equations. <

Now consider a second order linear constant coefficient differential equation
with 2L-periodic forcing function

ay” +by' + cy = f(t), (5)

where f(t) is a piecewise continuous 2L-periodic with Fourier series
a > nmt nmt
0 Z . .
f(t) ~ 7—}-”:1 (anCObT+bnslnT) . (6)

To simplify notation, let w = 7/L denote the frequency. Then the Fourier
series is written as

M8

f(t) ~ % + (an cosnwt + by, sinnwt) . (7)

Il
-

n

Assume that there is a 2L-periodic solution to (5) that can be expressed in
Fourier series form

A o0
— 70 + » (A, cosnwt + B, sinnwt). (8)

n=1

y(t)



770 10 Fourier Series

Since
o0
y'(t) = Z (—nwA,, sin nwt + nw By, cos nwt)
n=1
o0
y'(t) = Z (—n*w®A,, cosnwt — n*w®B,, sin nwt)

n=1

)

substituting into the differential equation (5) gives

ay” (t) + by’ (t) + cy(t) =

oo

c% + ,;1 [((c - an2w2) A, + bann) cos nwt
+ ((c - an2w2) B, — bnwAn) sin nwt]

= % + Z (an cosnwt + by, sinnwt) . (9)

n=1

Equating coefficients of cosnwt and sinnwt leads to equations for A, and
B,:
Ao ao
20
2 2
and for n > 1,
(c - anzwz) A, +bhwB,, = a,

10
—bnwA,, + (c — an2w2) B, = b,. (10)

This system can be solved for A, and B,, as long as the determinant of the
coefficient matrix is not zero. That is, if

c — an’w? bnw ( 9

2
e e —an2w?| = (e—an w?)” + (bnw)® # 0.

If b # 0 this expression is always nonzero, while if b = 0 it is nonzero as
long as nw # 1/c/a. These two conditions can be combined compactly into
one using the characteristic polynomial ¢(s) = as? + bs + ¢ of the differential
equation (5). Note that if s = inw then

q(inw) = a(inw)? + binw + ¢ = —an’w? + ibnw + c.

Thus, ¢(inw) # 0 if and only if b # 0 or b = 0 and nw # +/c/a. In this case,
solving (10) for A,, and B,, (using Cramer’s rule) gives
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an (c — anzwz) — bnwb,,
(¢ — an2w?)? + (bnw)?
by (c — anzwz) + bnway,

(¢ — an2w?)? + (bnw)?

A, =
(11)
B, =

Thus we have arrived at the following result.

Theorem 2. If f(t) is a 2L-periodic piecewise continuous function, the dif-
ferential equation (5) with characteristic polynomial q(s) has a unique 2L-
periodic solution whose Fourier series (8) has coefficients computed from
those of f(t) by (11), provided that q(inw) # 0 for alln > 1.

ExAMPLE 3. Find all 2-periodic solutions of
y" +10y = f(t) (12)

where f(t) is the 2-periodic odd square wave function

-1 -1<t<0, -
f(t)—{l 0cier P JEED=10)

» SOLUTION. The Fourier series for f(¢) is

f(t)’\‘é Z sinnﬂ't.

™ n
n=odd

Since nm # 10 for any n > 1, there is a unique 2-periodic solution y,(¢) of
(12) with Fourier series (whose coefficients are computed from (11))

1 .
yp(t) = ; Z m sinnmnt.
n=odd

If we calculate the first few terms of this Fourier series we see

40 1 1 1
)= (——sinmt+ - sin3mt+ ——————sin St + -
wlt) =2 (10—772 ST 300 —or2) MO Y 50 — 22y O T )
> 976443 sint — 0.00538 sin 3t — 0.00108 sin 57t — 0.00038 sin 77t + - - -

= 9.76443 sin 7t + (small terms).

Since all the terms in the Fourier series except for the first sine term are
extremely small, the effect of the square wave input (forcing function) is an
output that is essentially a single sinusoidal term

yp(t) = 9.76443 sin t.
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It is typical of second order differential equations to very rapidly reduce the
effect of the higher order frequencies of the periodic input (forcing) function.
<

EXAMPLE 4. Suppose a mass-spring-dashpot system has mass m = 1 kg,
spring constant k = 25 kg/sec?, damping constant p = 0.02 kg/sec, and
2m-periodic forcing function f(t) defined by

f(t):g—|t|7 —r<t<m.
Thus, the equation of motion is
y" +0.02y" + 25y = f(t). (13)
Find the unique 27-periodic solution y(t) for this problem.

» SOLUTION. Start by expanding f(t) into a Fourier series (see Example 4
of Section (10.2)):

() = 4 (cost n cos 3t n cos 5t n cos 7t n >
s 12 32 52 72
4 cosnt (14)
T n:zodd n?

The unique 2m-periodic solution is
y(t) = Z A, cosnt + By sinnt
n=odd

where where coefficients A,, and B,, are computed from (11):

4(25 — n?) A 0.08
n2r((25 — n2)2 1 (0.02n)2) P T ar((25 — n?)2 + (0.02n)2)

A, =

Using the phase amplitude formula, each term y,(t) = A,, cosnt + By, sinnt
can be represented in the form C, sin(nt + 6,,) where

Cu= VAL BE = -

n2my/(25 — n2)2 + (0.02n)2

and the solution y(t) can be expressed as

y(t)= > Cusin(nt —0,).

n=odd

The first few numerical values of C,, are
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C1 =0.0530
Cs = 0.0088
Cs = 0.5100
C7 =0.0011
Cy = 0.0003

Thus

y(t) = (0.0530) sin(t + 671) + (0.0088) sin(3t + 03) + (0.5100) sin(5¢ + 05)
+ (0.0011) sin(7t + 07) + (0.0003) sin(9¢ + Og) + - - - .

The relatively large magnitude of C5 is due to the fact that the quantity
(25 — n?)? + (0.02n)? in the denominator is very small for n = 5, making
(0.5100) sin(5¢t + 65) the dominate term in the Fourier series expansion of
y(t). Thus, the dominant motion of a spring represented by the differential
equation (13) almost a sinusoidal oscillation whose frequency is five times
that of the periodic forcing function. <

Exercises

1. Let f(t) be the 2-periodic function defined on —1 < ¢ < 1 by

()_ 0 if-1<t<0
)1 ifo<t<1

(a) Find all 2-periodic solutions to y” + 4y = f(¢).
(b) Find all 2-periodic solutions to y” — 4y = f(¢).

2. Find all periodic solutions of
= 1
" / o
Yy +y +y= Zﬁcosnt.
n=1
3. Find the general solution of

1
1
== t
Yy + Yy ng_l —n2 cosn

Hint: First solve y” + y = cost by undetermined coefficients. Then let
f(t) =377 n"%cosnt and solve y” +y = f(t).
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4-7. Find the unique periodic solution of the given differential equation.

4. y" + 3y = f(t) where f(t) is the 2m-periodic function defined by f(t) =5
if0<t<mand f(t)=-Hif 7 <t<0.

5. y” + 10y = f(t) where f(t) is the 4-periodic even function defined by
f@)=>5if0<t<land f(t)=—-tif 1<t <2

6. v + 5y = f(t) where f(t) is the 2-periodic odd function defined by
Ft)=3tif0<t<l.

7. y" + 5y = f(t) where f(t) is the 2-periodic even function defined by
f)=3tif0<t<1.

8-10. The values of m, u, and k for a mass-spring-dashpot system are given.
Find the periodic motion expressed in phase amplitude form

yp(t) = % + Z Cysin(nt — 6,,)
n=1

of the mass under the periodic forcing function f(¢). Compute the first three
nonzero terms C,,.

8. m=1,u=0.1,k=4; f(t) is the force in Problem 4.

9. m =2, p=0.1, k=18; f(¢) is the 2r-periodic odd function defined by
fy=2tifo<t <m.

10. m =1, u =1, k= 10; f(¢) is the force in Problem 5.



