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Abstract

Let f(x) = aox'® + a;x't + + agx'x, whereeadh a; 2 R, ead ry 2
N:= f0;1;:::g, and ro < rg < rg. Supposeu < v. Let z(f;u;v) =
the number of roots of f in (u;v], counted with multiplicit y. For any
w 2 Rand n 2 N, let s(f;w;n) = the number of sign-changesin the

Fourier-Budan Theorem says that z(f;u;v) s(f;u;rk) s(f;v;rx) and
z(f;u;v)  s(fiu;rk)  s(f;v;rk) (mod 2). In this paper we weaken the
hypothesis of this theorem by allowing the exponents of f to be arbitrary
real numbers; but we must then restrict u and v to be positive, to avoid
non-real valuesof f (x). Our conclusionis then that there existsan N 2 N
such that for all n N, z(f;u;v) s(f;u;n) s(f;v;n) and z(f;u;v)
s(f;u;n)  s(f;v;n) (mod 2).

1 Intro duction

Let f bea ‘signomial” in onevariable x; i.e., let f beafunction f : (0;1)! R
of the form

f(x)= apx" + ayx"t +  + ax'%; (1.0.2)

wherek 2 N := f0;1;2;:::9,a;r 2R, 8 6 0,rp<r; < < rg,andx is a
real variable with x > 0. Thenf 6 0, and f is real analytic on (0;1 ).

lIn general, a signomial in n variables x1;:::;Xm is a nite sum of terms of the form
axj’  xi", where a;e1;:::;en 2 R. See[Delzell, 2004] for background on signomials.



Suppose0< w2 R and n 2 N, and write

3
# of sign-cdhangesin the sequence
s(f;w;n) = 4 £ (w): fow);:::;f(M(w) 5 (1.0.2)
(skipping over zeros)

Supposealsothat u2 R and 0< u < v, and write

# of zerosof f in (u;Vv];

courted with multiplicit y (1.0.3)

z(f;u;v) =
(For ade nition of multiplicit y, seex2 below.) Sincef 6 0,z(f;u;v) < 1 |sa v,
by the fact that a nonzero(real) analytic function can have only nitely many
zerosin the compact set [u; v]. (Alternativ ely, the niteness of z(f ; u; v) will be
contained in the following theorem.)

Theorem 1.1 (Generalization of the Fourier-Budan Theorem to one-variable
signomials). If 0 < u < v, then there existsN 2 N suchthat for alln N,

z(f;u;v)  s(f;u;n)  s(f;v;n), and (1.1.1)
z(f;u;v)  s(f;u;n)  s(f;v;n) (mod 2): (1.1.2)

The usual Fourier-Budan theorem makes the additional hypothesisthat f
in (1.0.1) is a polynomial, i.e., that ead r; 2 N; and it makesthe additional
conclusionthat the N in (1.1) may be takento ber.

In Theorem 7.5 below, we shall seethat in the casewherer; 2 R for only
onei, we may still take N in (1.1) to be maxf 0; dreg (where drye denotesthe
\ceiling"of ry, i.e., the leastinteger ry). But if there exist two or morei for
which r; 2 N, then the upper bound that Theorem 7.5 giveson the N in (1.1)
is complicated.

Theorem 1.1 above does not generalizeto arbitrary real analytic functions
f on(0;1):

Example 1.2. Let f (x) = sinx, which is real analytic on (0;1 ) (or even on
(1 ;1)). Sincef and all its derivativeshave period 2 , for every n 0,

O:Sf;z;n sf;z;n
=sf,§;n sf;§+2;n
:sf;z;n sf;§+4;n:
=sf;§;n sf;§+2m;n= ;
foreverym 0. But z(f; 5; 5+ 2m ) = 2m. Thus(1.1.1)fails foreach m 1,

regardlessof the choiceof n or N 2 N.

[::: referencesto Descartes,Fourier, Budan, Laguerre, Xiaoshen Wang.. .,
and Basu, Pollock, and Roy....]

We shall prove Theorem 1.1 in section 6, after preserting somepreliminary
results in sections2{5.



2 The parity of z(g;u;v) for real analytic ¢

Suppose g is a real analytic function on a neighborhood (in R) of [u;v]; for
brevity, we shall say, simply, that g is analytic on [u;v]. Suppose also that
g6 0. For w 2 [u; V], we de ne the multiplicity (or order) of g at w to be the
leastd 2 N such that g(®(w) 6 0 (d exists, sinceg 6 0). This number equals
the leastd 2 N sud that the function

g(x)

hg(x) = x W)

(2.0.2)
(which is obviously analytic on [u; v] nfwg) extends analytically to all of [u;v].
For this d, we denotethis extensionalsoby hy; moreover, hq(w) 6 0 (speci cally,
ha(w) = g9 (w)=d!).

With theseexplicit de nitions, wenow generalize(1.0.3) by de ning z(g; u; v)
to be the sum of the multiplicities of g at w, for all w 2 (u;v]. (This sum is
nite, sinceg hasonly nitely many zerosin [u;V].)

For a2 R, we write

8
2+1 ifa> 0
sgna= 0 ifa=0,and

1 ifa<O:

From (2.0.1) we concludethat if the multiplicit y of g at w is d, then there
exist 1; » > 0 sud that
g hasconstart signon (w  1;w)
(namely, ( 1)4sgnh(w) = ( 1)¢ sgng‘® (w)), and 20.2)
g has constart signon (w;w + ) A
(namely, sgnh(w) = sgng‘® (w)):
We write sgng(w*) = sgnh(w) and sgng(w ) = (1) sgnh(w).
Lemma 2.1. Supmseu;v 2 R, u < v, and g is real analytic on [u;Vv] (but
g6 0). Letl;m 2 N be the multiplicities of g at u and v, respectively. Then

g (u)g™(v)> 0, ( 1)™sgng(u*)sgng(v )> 0 , z(g;u;v) is even

Proof. The rst equivalenceis immediate from (2.0.2).

One may corvince oneselfof the secondequivalenceby examining the sample
graph below, which illustrates the essetial possibilities. For a formal proof of
the secondequivalence,however, we useinduction on z(g; u;v), as follows.



(z(g;u;v) = 11,1 = 0, m = 3)

If z(g;u;Vv) = 0,then () ) istrivial, sinceOiseven. For (( ), notethat m= 0
in this case,and hence( 1)™ sgng(u*)sgng(v ) > 0, by the Intermediate-
Value Theorem.

Sosupposez(g; u; v) > 0, and supposethat the lemma holds with g replaced
by any function h analytic on [u;Vv] for which z(h;u;v) < z(g;u;V); we shall
prove the lemma for g.

Since z(g; u;v) > 0, there is somew 2 (u;v] at which g has multiplicit y

1. De ne hy(x) = g(x)=(x w)?, which extendsto an analytic function (still
denoted by h;) on a neighborhood of [u;Vv]. Then z(hy;u;Vv) = z(g;u;v) 1.

Casel: w 2 (u;v). Then the multiplicit y of hy at v is still m. Also,

sgnhy(u*) = sgng(u®) and sgnhy(v ) = sgng(v ). Therefore

( 1)™sgng (u")sgng (v ) >0

( )™ sgnhy(u*)sgnhy(v )< 0
, z(hg;u;v) is odd (by the inductive hypothesis)
. z(g;u;v) is even.

Case2: w = v. Then m > 0, and the multiplicit y of h; at vism 1. Also,
sgnhy(u*) = sgng(u*) and sgnhi(v )= sgng(v ). Therefore

( D™ sgng (u*)sgng (v )> 0
., ()™ *sgnhy(u)sgnhi(v )< 0
. 2Z(hg;u;v) is odd (by the inductiv e hypothesis)
z(g; u; V) is even. O

3 Variants of Rolle's Theorem for real analytic
functions

Throughout this section, we adopt the following hypothesesand notation. We
let u;v 2 R, u < v, and g be real analytic on [u;v] (but g 6 0). Welet | and
1° be the multiplicities of g and g° respectively, at u, and we let m and m° be
those at v. We write the distinct roots of g in (u;v] asz;;:::;ze (e 0), in
such away that u< z; < z, < < Zg V.



Lemma 3.1. Supmsee 1. The number of roots (counting multiplicities) of
g in [z1;ze] (or in (u;V]), is at most 1 plus the numkber of roots of g% in [z1; Ze].
(Consayuently, z(g;u;v)  z(g%u;Vv) + 1, whethere 1 or not.)

Proof. Sincee 1, the notation [z;;zc] is meaningful (and in casee = 1, it
meansfz;g). Write d; for the multiplicit y of g at z;. Rolle's theoren? asserts
that g° hasat leastoneroot in ead openinterval (z;;zi+1), fori = 1;2;:::;e 1.
Then the number of roots of g%in [z1; ze] is at least

(e D+(d 1+ +(de 1)=di+ +de I
which is one lessthan the number of roots of g in [z1; z¢]. O

Lemma 3.2. Supmsee 1. If gM(u) (g9""(u) > 0, then g° has at least one
root in (u;zy).

Proof. To seethis, note rst that

sgngqu*) = sgng(u*) by hypothesis(recall (2.0.2))

sgng(z, ) by applying the Intermediate-Value Theorem to
gonfu+ ; zz ]forsuciently small >0
= sgng¥z, ) sinceg(z;) = O (recall (2.0.2)).

Therefore, applying the Intermediate-Value Theoremto g°on[u+ ; z; ] for
sucien tly small > 0, we concludethat g°hasat leastoneroot in (u;z;). O

Lemma 3.3. Supmsee 1. If gM(v) (g9 (v) < O, then g(v) 6 O (i.e.,
Ze 6 V), and g° has at least one root in (ze;Vv].

Proof. First, g(v) 6 0, for otherwise m®= m 1 and g™ (v) = (g9 (v),
cortrary to hypothesis. Thus, m = 0 and g{™)(v) = g(v). Second,if g° has no
root in (ze; V], then, in particular, g%v) 6 0, whencem®= 0 and (g9(™" (v) =
g%v). Thus

sgngv) = sgng(v) by hypothesis

sgng(zg ) by applying the Intermediate-Value Theorem to
gon[ze+ ; v]forsuciently small >0

= sgng(zZ ) sinceg(ze) = 0 (recall (2.0.2)).

Therefore, applying the Intermediate-Value Theorem to g° on [z + ; v] for
suciently small > 0, we conclude that g° has at least one root in (ze;V),
contradiction. O

2[Wang, 2004] seemed to use to name \Rolle's Theorem" to refer to the inequality in
Lemma 3.1.



Lemma 3.4.

gV (u) (O () >0_g™v) (@MI(v)<0]) z(guv) z(g%u;v);
(3.4.1)

[0V (@A) > 0r g™ v) (PA™(v)<0]) zguv) z(g®uv) 1L
(3.4.2)

Proof. In casee 1, both (3.4.1) and (3.4.2) follow from (3.1), (3.2), and (3.3).
In casee = 0 (i.e., z(g;u;v) = 0), (3.4.1) is trivial. Soit remains to prove
(3.4.2) in casee = 0. In this case,g(v) 6 0 (i.e., m = 0), and sgng(u*) =
sgng(v), by the Intermediate Value Theorem applied to g on [u + ; v] for
suciently small > 0. Sincesgng(u*) = sgng" (u) (recall (2.0.2)), we have
sgn@ () = sgng)™(v), by the hypothesis of (3.4.2). Equivalertly,

sgngqu*) = sgngqv*). Thus for every su cien tly small > 0, g° has a root
in (u+ ; v+ ), by the Intermediate-Value Theorem. Thus g®hasaroot in (u; V],
i.e., z(g%u;v) 1, which implies the conclusionof (3.4.2) in casee = 0. O

4 s(g;w:;n) versus s(g%w;n 1) for real analytic g

Supposen 2 N, w 2 R, and in a neighborhood of w, the function g is (real)
analytic and 6 0. Then we de ne the notation s(g;w;n) and s(g%w;n) asin
(1.0.2), but with f replacedby g and g° respectively.

Lemma 4.1. If d and d° are the multiplicities at w of g and g° respectively,
then for all n > d°,

sgng®(w) = sgn@) @ (w) )  s(gw;n) = s(@>w;n 1); and (4.1.1)
sgng@(w) 6 sgn@) @ (w) )  s(giw;n) = s(®w;n 1)+ 1 (4.1.2)

Proof. Recall that s(g;w;n) and s(g%w;n 1) court the changesin the subse-
guenceof nonzeio signsin

sgng(w); sgngdw); sgng®w);:::;sgng™(w) andin
gng(w); sgng’(w); sgng®{w) gng™ (w) 4.13)

respectively.

Casel: g(w) 6 0. Then d = 0, and the secondof the two above-mertioned
subsequencesrisesfrom the rst by dropping the rst term, sgng(w). So if
sgng @ (w) & sgn@)(@) (w), then s(g;w;n) = s(g®w;n 1)+ 1 (using n > do),
proving (4.1.2)in this case.(If 1 n d° then the two sequenceg4.1.3) would
be sgng(w);0;:::;0and 0;:::;0, respectively, implying s(g;w;n) = s(g%w;n
1) = 0.) If, on the other hand, sgng® (w) = sgn@)(®) (w), then s(g;w;n) =
s(@%w;n 1), evenwithout usingn > d° proving (4.1.1) in this case.



Case?2: g(w) = 0. Thend > 0Oand d® = d 1, whenceg@(w) =
(@@ D(w) = (gY@ (w), implying that the hypothesis of (4.1.1) (and not
(4.1.2)) holds. The conclusion of (4.1.1) holds, too, sincein this casethe two
above-mertioned subsequeceare exactly the same(again, even without assum-
ing n > d. O

5 Eventual alternation of sgnf® (w)

For any r 2 R, we write dre (the \ceiling” of r) for the leastinteger r, and
brc (the \o or" of r) for the greatestinteger r.

Lemma 5.1. Forn2 N,r2 RnN,a2 Rnf0g, and0< w2 R,
n

dxn

sgn (aXr) - ( 1)maxf0;n max f 0;dr egg sgna: (5.1.1)
X=W

Proof. We useinduction onn 0. For n = 0, maxfO; n maxf0;dregg= O,
and so (5.1.1) is obvious (using w" > 0). For n > 0, we distinguish two cases.
Casel: r < 0. Then maxf0;dreg= 0, and so the righthand side of (5.1.1)
beginsalternating with n = 1;2;::: (as doesthe lefthand side).
Case2: r > 0. Then maxf0; dreg= dre, and sothe righthand side of (5.1.1)
beginsalternating with n = 1+ dre;2+ dre;:::, again in agreemem with the
lefthand side. O

Prop osition 5.2. Supmsef is asin (1.0.1), but f is not a polynomialli.e.,
ri 2N for somei 2 f0;1;:::;kg. Letig be the least suchi. Suppse also that
0< v2 R. Then there existsan M 2 N suchthat 8n M and 8w 2 (0; V],

n

d | _
sgnf (™ (w) = sgn d?(aiox’w) e (5.2.1)

Proof. Fori = 0;1;:::;k and x > 0, let gi(x) = ajx"'.

0 ig<ii< <i k and
o= ' (5.2.2)

Thusri, < rj, < < rj, is the subsequencef ro < rq < < rg in (1.0.1)
consisting of those elemerts r; not in N. Then

8n maxfO; 1+ drgeg 8i 2 f0;1;:::;kgnfig;iz;:::;it0; gi(”)(x) 0: (5.2.3)

Note that t 0O, by the hypothesisthat somer; 2 N. We may even assume
thatt 1, sinceif t = 0, then (5.2) istrivially true upontaking M = maxf0; 1+
dreg by (5.2.3).



We shall rst provethat for s= 1;2;:::;t,

(n)
gi(:‘l (W) >t:3

9Ms2 N 8n Myg; 8w 2 (0;v]; (5.2.4)s

% g (w) > g™(w); adding thesefor s= 1;2;:::;t:

Xt
g”w) > gMw):
s=1

Then we shall be able to take
M = maxfl+ drge My;:::; Mg (5.2.5)
in (5.2). Forthen8n M and 8w 2 (0; V],

(n) X (n) X (n) X (n)
g, (w) > g, (w) 5 g ' (w) g (w) ;
s=1 200 k 0 k
i@io |§|0
(5.2.3)
which implies (5.2.1).
Sox s2f1;2;:::;tg. To nd Mg asin (5.2.4)s, obsene that forn 1,

g wW) _ ri(, D, 2 (ri, N+ Da,wo
) i, DL 2 (n, n+ Daw

(The numerator and denominator are nonzero, sinceri,;ri. 2 N.) Let ls =
maxfO;dri_eg ( maxf0; 1+ dryeg), and let
8
<1 ifls=0
Ls= . ri(ri, (i, 2) (ri, ls+1) il 1
fig(rip iy 2)  (riy, s+ 1) s

8 (5.2.6)
<1 ifls=0
= : jrio(rio 1)(rio 2) (rio Is + 1)] if | 1:
rig(rip. i, 2 (riy Is+1) o
Then for n > I,
Qi(:)(W) (s ri)Us*+1 1) (n1ori)ja,jwrio

¢Pw O r)(s+1 n) (0 1on)jaws

3From the proof below, more will be evident: lim 1 gi(g)(W):gi(_f)(W) = 1, uniformly
for all w2 (0;v] and for all s= 1;2;:::;t; i.e.,, (5.2.4)s would remain true with t replaced by
any real number, no matter how large. But we do not need this.



sinceri, < ri, < ls. Consequetly, for n > g,

(n) N
g, (w) _ jay jw'io _ |
gi(?])(w) =In Lo e T nlsrio) inds o)
(n(ls+1 ri,) In(ls+1 1)+ +

(In(n 1 riy) In(n 1 ri)):

In

Applying the Mean-Value Theorem to Inx, there exist ¢; 2 (j  ri;;j  Ti,)
(j =ls;ls+ 1;:::;n 1) such that for n > g,

(n) L
n % MW _ LSJ_aioJ_W'fO 2 s Mo Tie Mo, Tis Tio,
o™ (w) jai jwris Ci, Ci.+1 Ch 1
Write m = brj,c (< Is). ThensinceO< ¢ <j rj, <j m, we have, for all
n>ls,
(n)
L (W
In g'(sn)( ) (5.2.7)
9, (W)
jai, jw' 1 1 1
S I
S

— 2 + + + —
jai jwris m Is+1 m n 1 m
Thus to complete the proof of (5.2.4)s, we need an Mg > |5 such that
8n Mg and 8w 2 (0;v], the righthand side of (5.2.7) exceeddn t. For this, in
turn, it suces to have M5 > |5 such that 8n Mg,
jai jviio 1 1
SJ'a;:jvfis * e To) g

In + 1 > Int;
1 m ’

+ +
s M Is+1 m n
(5.2.8)

sincew vandr;, ri, < 0.But (5.2.8)holdsfor all n su cien tly large, since
(every tail of) the harmonic seriesdiverges;thus we have proved the existence
of an M asin (5.2.4)s. |

In Section 7 below, we shall give an upper bound on the Mg in (5.2.4)s (and
henceon M in (5.2.5) and (5.2)).

De nition 5.3. Forf asin (1.0.1)and 0< v 2 R, we de ne M., asfollows:
8
2 . dedf 4 if f is a polynomial, and

M.y = S the leastM 2 N satisfying

) if f is not a polynomial:
the conclusionof (5.2)

Corollary 5.4. Letf, v, and M¢., beasin (5.3).
(a) For each xed k 2 N, the integer

s(f;w; Mgy + K)  s(f;w;M¢y) (5.4.2)



is constant for all w 2 (0;v].
(b) For u2 (0;v] and for all n;m Mgy,

s(f;u;n)  s(f;v;n)=s(f;u;m) s(f;v;m): (5.4.2)

Proof. Part (a) is trivial if f is a polynomial, since then (5.4.1) is O for all
w 2 (0;v], by (5.3). And if f is not a polynomial, then (5.4.1) equalsmaxf 0; n
maxf 0; dri,egg (by (5.2) and (5.1)), which is, again, obviously independert of
w.

As for (b), note that

s(fruin)  s(f;u;Myy) = s(f;vin)  s(f;v;Mgy), and
s(frum)  s(fiuiMyey) = s(fsvim) - s(f;viMyy);

by (a). Therefore

s(f;u;n)  s(f;vin) = s(f;u;M¢y)  s(f;v;M¢y)
= s(f;u;m) s(f;v;m): O

Corollary 5.5. Letf, v, and M., beasin (5.3). If M¢., > 0, then M¢o,, =
M¢y L

Proof. For each xed w 2 (0;v], the sequencegof signs of)
fOw); fOQw); o (FOYMrew D(w);::: is the sameas (those of)  (5.5.1)
f(w)if qw); fRw);ooe; FMewd(w);::s; (5.5.2)

except for dropping the rst term. And the sequenceof signs of)

de;v 1
Fig@i,X o 1 x:w;:::;W(rioaioxr“’ 1y Tl (5.5.3)
X=w
is the sameas (those of)
axto o Lame AU ey o (5.5.4)
io x=w’ gx io sz,'“’dXMf?V aj, X:W,..., 5.

except for dropping the rst term. Thus the stageat which, for all w 2 (0O;v],
the signs of the elemens of (5.5.1) begin to agreewith those of (5.5.3), is one
lessthan the stageat which, for all w 2 (0; v], the signsof the elemeris of (5.5.2)
begin to agreewith those of (5.5.4). O

6 Pro of of the main theorem

We are now ready to prove Theorem 1.1.

10



Let M¢., beasin (5.3).

We claim that we may take N in (1.1) to be M¢ ..

We use induction on M¢.,. Suppose rst that M;.,, = 0. Then in case
f is a polynomial, f is actually a nonzero constart, whencez(f;u;v) = 0 =
s(f;u;n) s(f;v;n)foralln 0, sothat wemaytakeN = 0in (1.1), asclaimed.
And if f is not a polynomial, then for all n 0, sgnf (") (w) is independert of
w 2 [u; V] (being equalto ( 1)maxf0in maxf0idrioedo ggng;  for ig asin (5.2), by
(5.2) and (5.1)), which againimplies that s(f;u;n) s(f;v;n) = Oforalln O,
and (using the Intermediate-Value theorem) that z(f;u;v) = 0, again proving
our claim.

Next supposethat M; > 0. Then %6 0, and Mfo = M; 1 by (5.5). We
may assume,by the inductiv e hypothesis, that for all n My, (1.1.1) and
(1.1.2) hold with f replacedby f %

z(f%u;v) s(f%u;n) s(f%v;n), and (6.0.1)
z(F%u;v)  s(f%u;n) s(f%v;n) (mod 2): (6.0.2)

Write | and 19 for the multiplicities of f and f ©, respectively, at u, and let m
and m° be those at v.
Casel: Either

[sgnf M (u) = sgn@ 9 (u) and sgnf M (v) = sgnf Y™ (v)] or

(6.0.3)
[sgnf O(u) 6 sgn 9" (u) and sgnf ™ (v) & sgnf ™) (v)]:
Then, either way, for all n > maxf1%mY%,
s(fiu;n) s(f;v;n)=s(f%u;n 1) sf%v;n 1) (6.0.4)

by (4.1). (6.0.4) then actually holds for all n My .,, sincethe lefthand sideis
constart foralln My, by (5.4.2), and the righthand sideis similarly constart
whenevern 1 Myoy (= Mty 1). Then, mod 2, we have, for all n Mgy,

z(f;u;v)  z(f%u;v) by (2.1) and (6.0.3)
sf%u;n 1) s(f%v:n 1) by (6.0.2) and (5.5)
= s(f;u;n) s(f;v;n) by (6.0.4),

proving (1.1.2) in this case.Next, for alln Mg,

z(f;uv)  z(f%u;v) by (6.0.3) and (3.4.1)
s%u;n 1) s(f%v;n 1) by (6.0.1) and (5.5)
= s(f;u;n) s(f;v;n) by (6.0.4),

proving (1.1.1) in this case.This provesthat in this casewe may takeN = My,
in (1.2).
Case?2:

sgnf O (u) = sgn 9" (u) and sgnf ™ (v) 6 sgnf 9™ (v):  (6.0.5)
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Then, for all n > maxf|%m%,
s(f;u;n) s(f;v;n)=sf%u;n 1) sF%v;n 1) 1 (6.0.6)

by (4.1). (6.0.6) then actually holds for all n My, for the samereasonthat
(6.0.4) did in Casel. Then, mod 2, we have,for alln~ Mgy,

z(fru;v)  z(F%uv) 1 by (2.1) and (6.0.5)
s(f%u;n 1) s(f%v;n 1) 1by (6.0.2)and (5.5)
=s(f;u;n) s(f;v;n) by (6.0.6),

proving (1.1.2) in this case.Next, for alln Mgy,

z(frupv)  z(F%uv) 1 by (6.0.5) and (3.4.2)
sf%u;n 1) s(f%v;n 1) 1by (6.0.1)and (5.5)
= s(f;u;n) s(f;v;n) by (6.0.6),

proving (1.1.1) in this case. This provesthat also in this case,we may take
N = M¢., in (1.1).
Case3:

sgnf O(u) 6 sgnf 9" (u) and sgnf ™ (v) = sgnf )™ (v):  (6.0.7)
Then, for all n > maxf|%m%,
s(f;u;n) s(f;v;n)=1+s(f%u;n 1) s(f%v;n 1) (6.0.8)

by (4.1). (6.0.8) then actually holds for all n M., for the samereasonthat
(6.0.4) did in casel. Then, mod 2, we have, for all n Mg .y,

z(fru;v) 1+ z(F%u;v) by (2.1) and (6.0.7)
1+ s(f%u;n 1) s(f%v;n 1) by (6.0.2) and (5.5)
=s(f;u;n) s(f;v;n) by (6.0.8),

proving (1.1.2) in this case.Next, for alln Mgy,

z(fruv) 1+ z(f%u;v) by (3.1)
1+s(f%u;n 1) s(f%vin 1) by (6.0.1) and (5.3)
= s(f;u;n) s(f;v;n) by (6.0.8),

proving (1.1.1) in this case. This provesthat also in this case,we may take
N = M;¢. in (1.1), asclaimed. O

7 Estimating My.,

Supposethat f in (1.0.1) is not a polynomial. As in (5.3), write M¢., for the
smallestM satisfying the conclusionof Lemma5.2. In this sectionwe give (7.4)
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lower boundsfor Ls (for eah xed s= 1;2;:::;t) in terms of Ig; t; ri,, and r;_.

Lower bounds for Ls:

Forl2 Nandr 2 R, we write
(ry:=r(r D 2 (r I+1)
for the \falling factorial." Recall that, aslongasr |2f 1, 2;:::g,

(r+1

(M = R 1): (7.0.1)
Lemma 7.1. For a;b2 R with a;b> 0,
2
(a) (b> izb : (7.1.1)

Proof. We may assumethat a < b. Recall that for all x > 0, the second
derivative of In ( x) is positive; i.e., In ( xX) is corvex [Andrews, et al, 1999,
Corollary 1.2.6]. Writing ¢ = (a+ b)=2, the Mean-Value Theorem therefore
gives
In ( b In(c)> In(c) In(a)
b ¢ c a '

Sinceb c=c¢ a4,

In(b) In(c>In(c) In(a),so
In (a)+In (b>2In (0, whence(7.1.1). O

Lemma 7.2. Supmsel |2 N. Thenfor allr 2 RnN suchthatO< r < | 1,

l+1 %
2 1

(M dist(r;2) (72,1

wher, for any r 2 R, we write dist for distance:

dist(r;Z) = minfdre r;r brcg
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Proof. Recall that
8x2(1;2); 0< (xX)< 1 (7.2.2)
And note that r brcis either equalto dist(r;Z) or a member of [%; 1); and the
opposite alternativ e holds for dre r. Then
(ryy =r(r 1)(r 2) (r brc+ 1)(r brc)
(dre r)(de+1 r) (I 1 ) (usingO<r<1 1)
(r+1

= (rn .
= m(l’ brc) (dre r)m (using (7.0.1))

> %dist(r;Z) (r+1) (I rn7.22:r brc+t1&det+1 r2(1;2)

1. l+1 2
—dist(r; Z —_— 7.1). O
5 dist(r; 2) 5 , by (7.1)
Lemma 7.3 (Stirling's formula). For all real x > 0:
r__ r
X x 2 X X 1 .
= — < (x)< = — enx; or, equivalently,
e X €. X (7.3.2)
X* ZP — X 2P

> < (x)< 2 2 enx;

where e is the base of the natural logarithm.

Proof. [Feller, 1950, pp. 43{4] stated and proved (7.3.1) only for integer x > 0;
more precisely he proved that for integral x > O,

Po— P ..
(x=e)* 2 x < x!< (x=g)* 2 x et=12x);

Upon replacing x! by x ( x), his proof works for all real x > 0 just aswell as

for all integral x > 0. O
Recall the de nition of L in (5.2.6):
8
<1 ifls=0
Ls=_ ri(ri, L)(ri, 2 (ri, Is+1) (5.2.6)

r.(ri., (i, 2) (r, Is+1) ifls 1

whereri,;ri; 2 RnN, rj, < ri,, andls = maxf0; dr; eg
Lemma 7.4. For Lg asin (5.2.6),

Ls=1 if (ri, <) ri, <0; (7.4.2)
1
. . ls i L F
. 0:85(1s r|o)1 0o 2 e 1o i f, <0< 1 (7.4.2)
( rip) Mo z(rig + )Tz
Le> —p Jistrie:2) if 0<r,<ls 1 (7.4.3)
2% (ri,  Is+ 1)(Is + 1)
- +
L, fo Is*1 if 0 I 1<r,: (7.4.4)

ri

s
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Proof. (7.4.1)is obvious from (5.2.6), sincethe hypothesisr;, < Oimpliesls = 0.
To prove (7.4.2), rst obsene that, accordingto Mathematica,

min x* z = :930174 (7.4.5)
O<x 1
this minimum is achieved at x = 0:729845 . Next, supposer;, < 0 < rj,.
Then
Ls: (0 rio)(l rio) ((ls 1) I'io)
(rig, O)ri, 1) (ri, (s 1))
( Is rio) ( Fi |s+ 1)
= s by (7.0.1),
( ) (roep  YEOD
(Is i) "o b P, let 1) tEP
> es o AR by (7.3.1)
(rig) "o & P i (i +A)etEPp - ol yALS2
Mol " T @ 2y Ml W " T o al2(rig+l)
e lio @is+
1 ) + 1
= (Is rig)'s Moz (ri, s+ 1)fis Is*2 elZ%io e 12(ri15+1)
((Tig) Mo B (ri g+ 1)etE
S )ls T % . _1 1
S (Is rip) 0 (0:93) elZi, e 12 py (7.4.5),

(rig) Mo F(ri, + 1)stz
1
_ (093)(92)(1s 1i,) "o e
(Tig) Mo E(ri, + 1)t i
1
S 0:85(l¢ rio)'s Mo 7 el2ri )
(1) Mo z(ri, + 1)ist:

; sincee iz = 0:920044 ;

To prove (7.4.3), rst obsene that

minx*= e ¢ = 0:692201 (7.4.6)

x>0

by calculus, and that for s 1,
pfs o1 _
ls+1 " 205+ 1)

(7.4.7)
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Next, assumethat 0< ri, < ls 1. Then

Le=ijrig(ri, 1(ri, 2 (riy, ls+ 1 (i, (i, 1) (ri, ls+1) 1!
ls+1 % (i, Is+1)
2 (I’is+1)

fy dert Ms 151 4 —5—
ls+1 " 4 = TR
2e ls+ 1 gt e T T oty

e ri5+1
[
4 (Is+ D's*T (rj, g+ 1)is 1s*1 ri, + 1
2s*le (i, + 1)ris*l (Is + 1)em rip ls+1
069 i, 1
e Is+1 " i+1
dist(r;,; Z) 69 1 .
e —— p———; using (7.4.7
ri. ls+1 2se 109 = 2(ls + 1) 9(74.7)
S dist(riy; Z) 73 . dist(ri,; Z)

—_— — > .
T Do+ 1 25T Ig+ 17 2t (1 o+ 1)(ls + 1)

%dist(riO;Z) by (7.2) and (7.0.1),

1.
éd|st(ri0;Z)

1.
= Edlst(riO;Z)

\%

dist(riO;Z)ﬁ 1 usingls > r;, and (7.4.6)

Finally, to prove (7.4.4), assume0 |s 1< rj,. Then
rio(rio 1) (rio s + 1)

Ls = using ri s+ 1> 0;
T, D (n, ler1) 9Tl s

1 lio lio 1 lio s+ 2

= — r, ls+1
lis Tig 1 lig 2 Fig |s+ 1 ( o S )
1 .
r— 11 1 (ri, Is+1); sinceri;, 1<lIs 1<ri,;
is

_ riO IS+ 1 I:‘

= - .

s

Theorem 7.5. Supmsethat f in (1.0.1) is not a polynomial. For M¢., asin
(5.3) andt asin (5.2.2), My, 1+ drxeift= 0, and

( ( 1))
t aj Fis Tig

Mty max 1+ drge max brj,c+ (Is brj,c)v — =
1 st Ls &

i0
if t 1

Proof. Recall that My, maxfl+ dryeMy;:::; Mg, by (5.2.5) and (5.3),
wheret is asin (5.2.2), and where eadh M is asin (5.2.4)s. And recall (5.2.8)
that for any xed s = 1;2;:::;t, we took Mg to be any integer larger than I
and large enoughsothat 8n Mg,

| v 1 1

1
-0~ + (r; ri + + + —— > Int;
*jai jvris (i Tio) ls m Is+1 m n 1 m
(5.2.8)

In
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whereig < i1 < < iy areasin (5.2.2), m = brj,c, and the ap;:::;ax areas
in (1.0.1). (5.2.8) is equivalent to

i
! + 1 + o+ 1 > 1 In tJ.a'SJ.V_ : (7.5.1)
s m Is+1 m n 1 m ri, Tri Lsjaj,jviio
The left hand side of (7.5.1) exceeds
Zn m
1
—dz;
ls m z
thus (7.5.1) will hold if
2. ivliis
In m > ! In t!a.s!v
ls m ri, rg Lsjaj,jviio
which is equivalert to
. 1 1
n .m_ t!ais!vris lis Tig . g, i rio:
ls m Lsjaj,jv'io Ls a,
And this is equivalert to
1
t g lis Tig
n>m+ (| myv — —°
(s my [ 2
1
t a.'S Fig Ti
= bri,c+ (Is bri,0v I—_s a:o 0 O
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