LA GUERRE FUNCTIONS ON SYMMETRIC CONES AND RECURSION
RELA TIONS IN THE REAL CASE
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Abstra ct. In this article we derive dieren tial recursion relations for the Laguerre functions on the
cone of positive de nite real matrices. The highest weight representations of the group Sp(n; R) play
a fundamental role. Each such representation acts on a Hilb ert space of holomorphic functions on the
tub e domain  + iSym(n; R). We then usethe Laplace transform to carry the Lie algebra action over to
L2( ;d ). The dieren tial recursion relations result by restricting to a distinguished three dimensional
subalgebra, which is isomorphic to sl(2; R):

Intr oduction

The theory of special functions has its origins in the late eighteerth and early nineteerth certuries
when it was seenthat the algebraic, exponertial, and trigonometric functions (and their inverses)were
not adequateto expressresults to di erential equations that arosein the context of someimportant
physical problems. New functions aroseto which we have assaiated nameslik e Bessel,Hermite, Jacobi,
Laguerre, and Legendre. Then there are the Gamma, Beta, Hypergeometricand many other families of
special functions. By the latter half of the 19" certury these samefunctions arosein dierent contexts
and their name “special' beganto take on greater meaning. Their functional properties were explored
and included functional relations, di erential and di erence recursion relations, orthogonality relations,
integral relations, and others.

The prefaceof Vilenkin's book [17] notes that the connection between special functions and group
represenations was rst discovered by E. Cartan in the early part of the 20" certury. By the time
Vilenkin's book appearedin the 1960'sthat interplay had beenwell established. The texts by Miller,
Vilenkin, and Vilenkin and Klimyk [10, 17, 18], for example, well documert the general philosophy. In
short, group represenation theory made it possibleto expressthe classicalspecial functions as matrix
ertries of a represenation and to unify many of the disparate relationships mentioned above. The
represenation can then be usedto derive di erential equations and di erential recursion relations for
those functions.

In 1964 Simon Gindikin published his paper: “Analysis on HomogeneousDomains', cf. [6]. This
important paper dewveloped special functions as part of analysison homogeneousornvex conesand built
upon the earlier work of C. L. Siegel[16] on the coneof positive de nite matrices. The Siegelintegral of
the rst and secondkind generalizeto becomethe Beta and Gamma functions for the cone,respectively.
Generalizedhypergeometric functions are extendedto homogeneousones. Many important di eren tial
properties also extend.

Around the sametime M. Koedher [7, 8] beganto dewelop his analysis on symmetric conesand the
complex tube domains assaiated with them. Jordan algebrasproved to be a decisive tool for framing
and obtaining many important fundamertal results. The outstanding text by Faraut and Koranyi [5]
documerts this interaction (seealsoits extensive bibliography). Nevertheless,the represeration theory
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of Hermitian groups, which are naturally assciated with tube domains, is not usedin any outstanding
way.

In a seriesof papers [1, 2, 3, 4] the secondand third authors (with Genkai Zhang in the rst
two referencedarticles) use the represenation theory of Hermitian groupsin a decisive way to obtain
di erential and di erence recursion relations on seriesof special functions. In the context of bounded
symmetric domainsthe relevant special functions are generalizedMeixner polynomials and in the context
of tub e domainsover a symmetric conethe relevant special functions are Laguerrefunctions. Thesespecial
functions exist in distinguished L 2-spaceswhich are unitarily isomorphicto Hilb ert spacesof holomorphic
functions on either a boundedsymmetric domain or a tub e domain. The well-known represenation theory
that exists there then transfers to the corresponding L2-spaceto produce dierential and dierence
relations that exist among the special functions. One cannot downplay the essetial role that Jordan
algebrasplay in establishing and expressingmany of the fundamental results obtained about orthogonal
families of special functions de ned on symmetric cones. Nevertheless, the theory of highest weight
represenations add fundamertal new results not otherwise easily obtained.

In this presert paper we will continue the themesoutlined in the above mentioned papers for the
Laguerrefunctions de ned of the coneof positive de nite real symmetric matrices. The underlying group
is Sp(n; R) and its represertation theory establishesnew di erential recursion relations that Laguerre
functions satisfy. The casen = 1 reducesto the classicalLaguerre functions de ned on R*. Briey, the
classicalLaguerre polynomials are de ned by the formula

X
Lo = e 0"

k=0
and the Laguerre functions are de ned by

"m(X) = e Ly (2x):
The classicaldi erential recursion relations are then expressedby the following three formulas:

(1) xD2+ D X)) p(x) = (@m+ ) (x)
(2) xD2+ (2x+ D+ (t+ )N'u(x)= 2m( +m 1)y 4(X)
(3) xD? (2x D+ (t )N p(x)= 2 ()

It isthesethree formulasthat we generalizevia the represertation theory of Sp(n; R) to Laguerrefunctions
de ned on the coneof positive de nite real symmetric matrices. (Somede nitions of L ,, include a factor
of 1=n!. This is the casein [1] but not [2]. The inclusion of this factor changesthe di erential recursion
relations slightly .)

This article is organized as follows: In the rst section we intro duce somestandard Jordan algebra
notation. In particular, we introducethe Laguerre functions and polynomials. Even though this material
and most of the material in Sections2 and 3 hold in generalfor simple Euclidean Jordan algebras, we
specialize to the caseJ = Sym(n; R), the Jordan algebra of symmetric real n  n-matrices. In Section
2 we introducethe tube domain T() = + iSym(n;R), where is the open self dual cone of positive
de nite matrices. We also discussthe structure of the group Sp(n; R) and its Lie algebrasp(n; R). Some
important subalgebrasof sp(n; C) areintroduced. This structure is later usedto construct the di eren tial
operators that give rise to the di erential equationssatis ed by the Laguerre functions.

Section 3 is dewoted to the discussionof the highest weight represenations ( ;H (T())). Wealso
intro ducethe Laplacetransform asa special caseof the restriction principle introducedin [13]. In Section
4 we describe how the Lie algebra, sp(n; C) actson H (T()). In particular, Proposition 4.2 givesan
explicit formula for the action of the derived represeration for ead of the three subalgebraskc, p*, and
p , whosedirect sumis sp(n; C). It should be noted, however, that not all of this information is needed
to establishthe di erential recursionrelations for the Laguerrefunctions. In fact, only the action of three
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elemeris are needed. The action of sp(n; C) on L?( ;d ) is described in Section5. The result is the
following theorem:

Theorem 5.2. Forf 2 L?() a smath vector we have:

1) X)f(x)=tr[(bx+ (ax xa br xrbrlf(x), X = ‘; g 2 ke
@) (X)f(x) = tr[( a+ ax+ (ax+ xa+ ay +xr ar f (x), X = 2 z; 2 p*
B X)f(x)=tr[(a ax+ (ax+xa ar xrar]f(x), X = : Z 2p

Hereweuser to denotethe gradient, kc is the complexi cation of the Lie subalgebrau(n)  sp(n; R),
and p are certain Abelian subalgebrasof sp(n; C) on which ke acts. We explain the main ideasfor the
special caseof Sp(L;R) ' SL(2; R) and presert the lengthy proof of the theorem in the Appendix.

Specializing the above results to the elemerns
1 1 + . _ 1 1 . _ 01 .

112p,y—112p,and2—102kc,

where 1 stands for the n n identity matrix, using properties of highest weight represenations, and
employing Lemma 5.5 of [2] we get our main result:

X =

Theorem 6.3. The Laguerre functions are related by the following di er ential recursion relations:
@) tr( xrr r+x),x=(0m +2mj),x):
r m
Il m g
. P, R
@ tr( xrr + (T +2gr + (1 X)) m(X) =2 o () maee (X):

@) tr(xrr + (1+29r + (1 +X)) 5(X) = 2" (m 1+ ( )m ¢X)

1. The Jord an Algebra of Real Symmetric Matrices

In this sectionwe introducethe Jordan algebraJ of real symmetric matrices. We then discussthe space
of L-invariant polynomial functions on J and the -function assaiated to the coneof symmetric positive
matrices. Finally we introduce the generalizedLaguerre functions and polynomials.

1.1. The Jordan Algebra J = Sym(n;R). We denote by J the vector spaceof all real symmetric
n n matrices. The multiplication x y = %(xy + yx) and the inner product (xjy) = tr(xy) turn J
into a real Euclidean simple Jordan algebra. The determinant and trace functions for J are the usual
determinant and trace of an n  n matrix and will be denoted det and tr, respectively. Observe that
dmJ:=d= %: Let denotethe interior of the coneof squares: x?>jx 2 J . Then isthe setof
all positive de nite matricesin J. Let

H() =fg2GLJ)jg = g

and let H bethe connectedcomponert of the identity of H(). Then H canbeidentied with GL(n; R).
(where + indicates positive determinant) acting on by the formula

g x=gxg'; g2H;x2

This action is transitiv e and, since is self-dual, it follows that is a symmetric cone. Let L be the
stability subgroup of the identity e2 . Then L = SO(n; R) and

(1.1) ' H=L:
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Let Ei; be the diagonal n  n matrix with 1 in the (i; i)-position and zeros elsewhere. Then
(E11;:::;Enn ) isaJordan framefor J. Let J(X) bethe +1-eigenspaceof the idempotent Eq.1+  + Ey
acting on J by multiplication. Each J) is a Jordan subalgebraand we have

g 3@ g = 3

If det, is the determinant function for Ji and Py is orthogonal projection of J onto J(K) then the function
k(x) = dety Pi(x) is the usual k™ principal minor for ann n symmetric matrix; it is homogeneousf

degreek. In particular ( x) := ,(x) = det(x). Note also that
1.2) ( h x)=det(h)?( x); 8h2H:
Form = (mg;:::;my) 2 C" wewrite m 0O if eadh m; is a nonnegative integerand m; my
m, O0.Welet =fmjm O0g. Foreacim 2 dene
—_ mi m» mz ms Mp 1 Mp mp .
m - 1 2 n 1 n -

These are the generlized power functions. It is not hard to seethat the degreeof . is jmj :=
mj + + m,. Obsere that ead generalizedpower function extendsto a holomorphic polynomial on
Jc = Sym(n; C) in a unique way.

1.2. The L-invariant Polynomials. For eadym 2 we de ne an L-invariant polynomial, ., onJc
by Z
n@=  w(2d; z2Jc
L
where dl is normalized Haar measureon L. A well known theorem of Schmid (c.f. [15]) gives

Lemma 1.1. If P(J¢) is the space of all polynomial functions on Jc and P(Jc)t denotesthe space of
L-invariant polynomialsthenf ., jm 0g is a basis of P(Jc)-. Furthermore, if P(Jc)t denotesthe
space of L-invariant polynomials of degree lessthan or equalk thenf ., jjmj kg is a basisof Px(Jc)t.

This lemma implies among other things that ,(e+ x) is a linear combination of ,, jnj jmj:

The genealized binomial coe cients r: , are de ned by the equation:

X
m
m(e+ x) = A COF
jnjj mj

1.3. The Generalized Gamma Function. Form 2 C" wedene ,(X), x2 , by the sameformula
givenabove for m 2 . The generlized Gamma function is de ned by
z

(n

Mm)= e "% (x)( x)"T dx:

Conditions for convergenceof this integral are given in the proposition below. If is a real number we
will assaiate the multi-index ( ; ; ) and denoteit by aswell. The context of use should not cause
confusion. Thus we de ne

(+m)

(Im =
" ()
For later referencewe note the following facts about the generalizedGamma function:

Prop osition 1.2. Let the notation be as atove. Then the following holds:
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Q) If m = (mg;mg;:::;myp) 2 C" then the integral de ning the genermlized Gamma function con-
vergesif Re(m;) > (j 1)%, for j = 1;:::;n, and in this case
n(n 1) Y] . 1
my=@)"  (m (D)

i=1
where is the usual Gamma function. In particular it follows, that the -function hasa mero-

morphic continuation to all of C".
(2) If e is an n-vector with 1 in the k™ position and O's elsewhee then the following holds for all

m 2 C": m L
m — .
(@) e me 1 (K 1)5,
(m+ex) 1
(b) —m mg (K 1)5-

Proof. Part (2) follows immediately from (1) and part (1) is Theorem 7.1.1 of [5].
1.4. The Generalized Laguerre Functions and Polynomials. Let > O0Oandm 2 . The geneal-
ized Laguerre polynomial is de ned (cf. [5] p. 242) by the formula

X m 1

Ln(¥) = ()m n m

jnjj mj

n( x); x213J

and the genearlized Laguerre function is de ned by
m(x)=e "Ly (2x):

Remark 1.3. In the casen = 1, i.e. in the caseG ' Sp(1;R) = SL(2;R), the generalizedLaguerre
polynomials and functions de ned above are precisely the classical Laguerre polynomials and functions
de ned on R*. We refer to [1] for the discussionof that case.

The determinant Det(h) of h 2 H acting on J is
Det(h) = det(h)"** :
It follows from (1.2) that the measure

do(x)= ( x) T dx

n+1

is H-invariant. Here dx is the Lebesguemeasureon J. More generally, wesetd (x) = ( x) =z dx
and de ne

L2() =L?( ;d ):
We obsene that by (1.2) it follows that H acts unitarily on L?() be the formula
(h)f (x) = det(h) f(h' x):

Theorem 1.4 ([2, 5]). The setf', jm 0g forms a complete orthogonal systemin L?() ‘, the Hilbert
space of L-invariant functions in L2() :

In [1] it was shown, that the classicaldi erential recursion relations and di erential equations for
the Laguerre functions on R* follows from the represenation theory of Sp(13; R) = SL(2;R). In [3] this
was generalizedto the spaceof complex Hermitian matrices. It is a goal of this article to extend this
result to the generalizedLaguerre functions de ned of the cone of symmetric matrices. This indicates
nicely what the more generalresults should be. Here we useheavily the structure of Sp(n; R) and its Lie
algebra, but the proof of the generalresults should be more in the line of Jordan algebras.
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2. The Tube Domain T() , the Group Sp(n;R) and its Lie Algebra

In this sectionwe introducethe tubedomain T() = + iSym(n; R) and discussthe action of the group
Sp(n; R) onthis domain. Wethen discusssomeimportant Lie subalgebrasof sp(n; C), the complexi cation
of the Lie algebraof g = sp(n; R). These subalgebraswill shav up againin Section4 where we compute
their action on Hilb ert spacesof holomorphic functions on T() introducedin the next section. We then
usethat information to construct the Laguerre di erential operators.

2.1. The Group Sp(n;R). Let T() = +iJ bethe tube over in J¢c, which we identify with the
spaceof complexn n symmetric matrices. Let G be the group of biholomorphic di eomorphisms on
T() : Then G is a Lie group with Lie algebraisomorphicto sp(n; R) and acts homogeneouslyon T ().
The group Sp(n; R) is isomorphicto a nite covering group of G in the following preciseway. The usual
de nition of Sp(n; R) is

Sp(n;R) = g2 SL@mR)jgid =] ;

wherej = 01 é 2 SL(2n; R): Each elemert g 2 Sp(n; R) can be written in block form as
_ A B |
9= ¢ b

where A; B; C; and D are real matrices. De ned in this way Sp(n; R) acts by linear fractional transfor-
mation on the upper half plane J + i . Let G be the group de ned by

_ A B . A iB .
G= ¢ p lic p 2SAmR)
This meansthen that the (1;2) and (2;1) entries of an elemen of G are purely imaginary matrices.
Clearly G is isomorphic to Sp(n; R). It acts on the right half plane T() = + iJ by linear fractional

A B 2Gandz2T() then

transformations: if g = C D

g z= (Az+ B)(Cz+ D) %

It is alsoa nite covering group of G . For g = é g 2 G we have the following relations among
A;B;C, and D:

A'C C'A=0 AB' BA'=0

A'D C'B =1 AD'! BC!=1

B'D D'B=0 CD! DC'=0

B!C D'A= | AD! BC'= |

2.2. Some Subgroups of G. Let e bethe n n-identity matrix. Then e 2 T(). Let K bethe
stability subgroup of e in G. Then

_ A B . . )
K = B A 2GjA B2U(n) u(n):
Here the isomorphism is given by
A B
' .
B A 7" A+ B:

The subgroup K is a maximal compact subgroup of G and G=K is naturally isomorphicto T() by the
map gk | g e The connectedcomponert of the identit y of the subgroup of G that leaves invariant
is isomorphic to H via the map

h 0

o o



LA GUERRE FUNCTIONS ON SYMMETRIC CONES 7

This map realizesL asa subgroup of G aswell. In fact, we have

L=H\ K;
via the above isomorphism.
2.3. Lie Algebras. If P = é ? then G = P 1Sp(n; R)P. From this it follows that the Lie algebra,
g, of G is givenby g= P !sp(n;R)P, and hence
a ib

(2.1) g= o 2sl@n;C)jabicrealb= b;c=¢

ic
We de ne a Cartan involution on g by

(X)= X
It inducesa decomposition of gand gc into  1-eigenspacesy = k+ pand gc = kc+ pc. The +1-eigenspace
kis the Lie algebraof K. Thesespacesare given by

k=fX 2gj (X)= Xg= i‘; D si2n:C)jabreata= a':b= b:tr(a)= 0
and _
p=fX2gj (X)= Xg= eilb ib 2 sl(2n;C)ja;breal;a= a';b= 1
Their complexi cations are given by
ke = E g 2 sl(2n;C) ja;bcomplexa= a';b= b;tr(a) = 0
and
_ a b DAY oA — at-p=
pc = b a 2 sl(2n;C) ja;bcomplexa= a';b= bt

It is clear that K¢ acts on pc. This represenation decomposesinto two parts. For that let z =

0 1
1 0°
+2-eigenspaceis denotedby p and is given by

Then z 2 Z(kc) and ad(z) : gc ! gc haseigervalues0;2; 2. The 0-eigenspaces k¢, the

a a .
p= _, 4 20ija=a  pc

and the 2-eigenspaces denoted by p* and is given by

b a a L i
p = a g 20cla=a Pc:

Each of the spacesp are invariant under K¢ and irreducible as K¢ represenation. Note that this

is not necessarilythe standard notation. In our notation the eigervectors (in p*) with  2-eigervalue

correspond to annihilation operators while the eigernvectors (in p ) with +2-eigenvalue correspond to

creation operators. These operators will be described is Section 4 below.

3. The Highest Weight Represent ations ( ;H (T()))

In this sectionwe intro ducethe highestweight represenations ( ;H (T())) and state the main results
needed. We also intro duce the Laplace transform as a special caseof the restriction principle introduced

in [13).
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3.1. Unitary Represen tations of G in O(T()) . In this subsectionwe de ne a seriesof unitary
represenations of G on a Hilb ert spaceof holomorphic functions on T(). Theserepresenations are well
known. Let G be the universal covering group of G. Then G actson T() by (g;z) 7! (g) z where

: G ! G isthe canonical projection. For > nlet H (T()) be the spaceof holomorphic functions

F:T() ! Csudc that .

(3.1) kFk? := F(x+iy)j2 ( x) ™D dxdy < 1
TO
where
2n
S@)y oy
Then H (T()) is anon-trivial Hilbgrt spacewith inner product

(3.2) (FiG) = F(x+iy)G(x+1iy) ( x) ™D dxdy:

TO
For n this spacereducesto f0g. If = n+ 1 this is the Bergman space. The spaceH (T()) isa
reproducing kernel Hilbert space. This meansthat point evaluation

E,:H (T() ! C
givenby E,F = F(z) is cortinuous, for every z 2 T(). This implies the existenceof a kernel function
K;2H (T()), sudthat F(z)= (FjK,) forall F2H (T()) andz2 T(). SetK(z;w) = Ky(2).
Then K (z;w) is holomorphic in the rst variable and antiholomorphic in the secondvariable. The

function K (z;w) is called the reproducing kernel for H (T()). We note that the Hilbert spaceis
completely determined by the function K (z;w). In particular, W%have:

(1) The spaceof nite linear combinations H (T()) ° := GKw, jg 2Ciw; 2T() isdense
inH (T():
(2) The inner product inOH (T()) °isgiven by1
X X X _
@ K dKziA= G kK (z;w;):

j k ik
We refer to [2, 9] for more details.

3.2. The Unitary Representations ( ;H (T()) . Forg2 Gandz 2 T(), let J(g;z) be the
complex Jacobian determinant of the action of g 2 G on T() at the point z. We will usethe same
notation for elemeris g 2 G. A straightforward calculation gives

A B

J(gz)=det(Cz+D) " Y g= - [

2Gandz2T() :

We also have the cocycle relation:
J(ab;z) = J(a;b 2)J(b;2)
forall a;b2 Gandz2 T(). It iswell known that for > n the formula
(3-3) (@f(2)=3(g 7)™ f(g ' z)=det(A zC) f(g ' 2)

de nes a unitary irreducible represenation of G. In [5], [14], and [19] it was shown that this unitary
represeniation ( ;H (T())) hasan analytic continuation to the half-interval > (n 1)%. Here the
represenation is given by the sameformula (3.3) but the formula for the norm in (3.1) is no longer
valid. There are also nitely many equidistant valuesof that give rise to unitary represerations, but
they will not be of concernto us here.
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In the following theorem we summarize what we have discussedand collect additional information
from [2] and [5] (cf. p. 260, in particular, Theorem XlI11.1.1 and Proposition XI11.1.2).

Theorem 3.1. Let the notation be as alove. Assumethat for > n then the following hold:
(1) The sppae H (T()) is a reproducing Hilbert space.
(2) The reproducing kernelof H (T()) is given by
Kzws= () (z+w)
3 If > %(n 1) then there existsa Hilbert sppce H (T()) of holomorphicfunctionson T() such
that K (z;w) de ned in (2) is the reproducing kernel of that Hilbert space. The representation
de nes a unitary representationof G on H :
(4) If > (n 1) then the functions
z e

W)= (2+9 o 0 i m2

form an orthogonal basis of H (T()) *, the space of L-invariant functions in H (T()) .

3.3. The Restriction Principle and the Laplace Transform. The restriction principle [12, 11] is
a generalrecipe to construct unitary maps between a reproducing kernel Hilb ert spaceof holomorphic
functions and L -spaceson a totally real submanifold. SupposeM is a complex manifold and H(M ) is a
reproducing kernel Hilb ert spaceof holomorphic functions on M with kernel K. SupposeX is a totally
real submanifold of M and a measurespacefor somemeasure .

Assumewe have a holomorphic function D on M, such that D is positive on X, and suc that the
map

R:HMM)! L%X:; );

givenby Rf (x) = D (x)f (x), is denselyde ned. As ead f is holomorphic, its restriction to X isinjective.
It follows that R is an injective map. We call R a restriction map. AssumeR is closedand has dense
range. If K (z;w) = K(2) is the reproducing kernelfor H(M), and f 2 L?(X;d ), then

R f(2) (R fjKy)
( IRK2)

f(X)D(X)K (z;x)d (x):
X

In particular, if weset ( x;y) = D(y)D(x)K (y;Zx), then RR is given by

RR f(y) = Xf(X)( x;y)d (x)
and thus is an integral operator. Consider the polar decomposition of the operator R . We can write
P

R =U RR;

where U is a unitary operator
U:L%(X; )! HM):

The unitary map U is sometimescalled the genealized Segal-Bargmann transform. In many applications
of the restriction principle, M and X will be homogeneousspaceswith a group H acting on both. When

the restriction map R is H -intertwining sowill the unitary operator U. This is exactly what happensin
the situation at hand. Herewe cantakeD = 1anddene R:H (T()) ! L?() by

Rf (x) = f(x):

Then we obtain the following:
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Theorem 3.2. The mapR is injectiv% denselyde ned and has denserange. The unitary part, U, of
the polar decomposition of R : R = U RR ,is tr%e Laplae transform given by

Uf(2)=L f(2)= e @fx)d (x):

Furthermore,
L (Wf)= (hL (f)

for all h 2 H. In particular, L inducesan isomorphismL :L?() - ! H (T()) -. Moreover
LCm)= (Mm+ )oy:

Proof. The rst proof of this theorem was done for SL(2; R) in [1]. The general caseis on pages187-190
of [2].

Remark 3.3. Rossiand Vergne[14] obtained the unitarit y of the Laplace transform using a result of
Nussbaum.

The unitarit y of the Laplacetransform allows usto transfer the represenation, ,of GonH (T())
to an equivalent represenation of G onL?(), which extends by the above theorem,. We will denote
the extension by aswell. It is possibleto describe  on various subgroupsof G whose product is
densein G. Howewer, it is a dicult problem at best to describe a global realization of on all of
G. However, part of the point of this paper is to give a formula for the derived represertation of  on
the Lie algebraof G and its complexi cation. It is from the derived represeration that new di eren tial
recursion relations arise that relate the generalizedLaguerre functions.

4. The Action of gc

In this section we intro duce somesubalgebrasof sp(n; C), the complexi cation of the Lie algebraof G,
and explain how they act in the Hilbert spaceH (T()).

4.1. The Deriv ed Represen tation on H (T()) . Denoteby H (T()) ! the spaceof functions F 2
H (T()) such that the map
R3t7! (exptX)F2H (T())
is smooth for all X 2 g= sp(n;R). If f 2 C! (G), then (f)F = cf(@ (9Fdgisin H (T()) 1
and it follows, that H (T()) * isdensein H (T()). The Lie algebrarepresenation, denoted also by
,ofgonH (T()) ! isgiven, by dierentiation asfollows:

(X)F im (exptX)F F
t! 0 t
d .
T (exp(tX ))Fji=o :

Note that the limit is taken in the Hilbert spacenorm in H (T()), but it is easyto seethat if F 2
H (T()) !, thenin fact for X 2 g:

(4.2) (X)F(2) = %J(exp( tX);z)™ T F(exp( tX) 2)ji=o ;

forall z2 T() : We extend this by complex linearity to gc.
Dene Dy by

DwF(z) = %F(z+ tW)jizo = FYz)w

where F° denotesthe derivative of F.
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Lemma 4.1. Supmsez;w aren n matricesover C and z is invertible. Then
Dy det(z)" = ndet(z)" tr(z w):

Proof. This follows from the chain rule and the fact that
d d

1 H — 1 .
at at det(1l+ tz “w)jio = det(z)tr(z “w):

Dy det(z) = — det(z + tw)ji-o = detz

The following proposition expresseghe relevant formulas on kc, p*, and p . It's proof is a straight-
forward calculation using Lemma 4.1.

Prop osition 4.2. For each piece of the Lie algeba of gc introduced in Subsetion 2.3, we have:

(1) (X)F(Z) = tl’( bZ)F(Z)+ Dza az b+zsz(Z), X = E g 2 kC
@ (X)F(2) = tr(az+ a)F (z2) D (za+az)+ zaz+aF (2), X = aa aa 2 p*.
@  (X)F@)= tr( az+ a)F(2) + D (za+az)+ zaz+aF (2), X = Z Z 2p

Remark 4.3. We note that these equationsare closelyrelated to the Jordan algebra structure of J. In
particular, we havethat za+ az= 2z a, where denotesthe Jordan algebraproducta b= %(ab+ ba).
Furthermore zaz = P(z)a where P denotesthe quadric represeration (cf. [5], p 32). Finally we note,
that tr(az) = tr(z a). These formulas therefore clearly indicate that the more general results are
expressiblein terms of Jordan algebraic constructs.

4.2. Highest Weight Represen tations. The fact that is a highest weight represertation plays a
decisive role in the recursionrelations that we obtain. At this point we explain what this notion means.

We assumeG is a Hermitian group, which meansthat G is simple and the maximal compact subgroup
K hasaonedimensional certer. The Hermitian groupshave beenclassi ed in terms of their Lie algebras.
They are su(p;q), sp(n; R), so (2n), so(2;n), and two exceptional Lie algebras. The assumptionthat K
has a one dimensional certer implies that G=K is a bounded symmetric domain. In particular G=K is
complex. It alsoimplies that the complexi cation of the Lie algebra, gc, hasa decomposition of the form
gc=p" k p ,Specically,p", k., andp arethe 2,0, 2-eigenspacesf ad(z), respectively, where
Z is in the cener of kc.

Lemma 4.4. We havethe following inclusions:

ke:p ] p
Pip] k

Proof. SupposeX 2 p*,Y 2p ,andZ 2 k. Then
ad(2)[X;Y]= [ad(z)X; Y]+ [X;ad(2)Y]= 2[X;Y]+ 2[X;Y]=0:
This implies [X;Y] 2 kc: Similarly,
ad(2)[Z;X]=[ad(2)Z; X ]+ [Z;ad(2)X]= 2[Z;X]:
This implies [Z; X ] 2 p*: A similar argument shovsthat [Z;Y]2 p .
Suppose that is an irreducible represenation of G on a Hilbert SpaceH. We say is a highest
weight representation if there is a nonzerovector v 2 H sud that
(X)v=0;
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for all X 2 p*. Let H be the setof all such vectors. The following theorem is well known.

Theorem 4.5. Supmse is an irr educible unitary highestweight representation of G on H and H is
de ned as alove. Then ( jk ;H ) is irr educible. Furthermore, there is a salar suchthat

(2)v= v;
forallv2 H . If
Hh=fv2Hj (2v=( + 2n)vg;
then M

H= Hp :
n 0

Additionally,

(Z):H, ' Hn, Z2Kk;
(X):Hp ! Hp 13 X 2p";
(Y):Hn ! Hpsa; Y2p

whe, in the casen = 0, H ; is understaod to be the fOg space.

Proof. By Lemma 4.4, H is an invariant K -space. SupposeV is a nonzeroinvariant subspaceof H
and W is its orthogonal complemen in H . De ne V, inductively as follows:

Va=span (Y)vjY2p ;v2V, 1

Let V= V,. Dene W, in the sameway asV, and let W = W,. Then, by Lemma 4.4, V and
W are invariant gc subspacesof H. Since is unitary V and W are orthogonal. Howewer, since is
irreducible and V is nonzero, it follows that V = H and henceW = 0. This implies W = 0 and thus

jk isirreducible. Since (z) commuteswith (K) Schur's lemmaimpliesthat (z) = onH for some
scalar . SinceV = H , induction, Lemma 4.4, and irreducibility of implies that V, = H,. The
remaining claims follow from Lemma 4.4.

Remark 4.6. The operators (X), X 2 p*, are called annihilation operators because,for v in the
algebraic direct sum  H,, suciently many applications of (X) annihilates v. For Y 2 p the
operators (Y) are called creation operators.

Remark 4.7. A straightforward calculation gives
(X)op = 0;

forall X 2 p* andthat H (T()) = Cqy: Thus( ;H (T())) isanirreducible unitary highestweight
represenation of G and by unitary equivalencesois (;L?()).

5. The Realiza tion of Acting on L?( ;d )

In this sectionwe determine explicitly the action of gc onL?( ;d ). More speci cally, wede ne  via
the Laplace transform by the following formula

(X)=L ' (X)L

and will determine explicit formulasfor (X), for X 2 p*, X 2 ks, and X 2 p .
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5.1. Preliminaries. Let Ej bethe n n matrix with a 1 in the (i;j) position and O's elsewhere.

Dene Ejj = %(Ei;j + Eji ): Then the collection Ej; j1 i j n is abasisof J and Jc, the
real and complex symmetric matrices. Furthermore, Eij jEx; = %( ik i * ji ik), which implies
n 0

Eij j1 i j n isanorthogonal basis. SetDj; = Dg_ and obsere that Djj = Dj;: The

gradient of f, r f, is de ned by
(r f(xX)ju) = Dyf (x):

Prop osition 5.1. Supmwsef;g2 L?( ;d ) are smath and f vanisheson the boundary of the cone
Letl i;j n. Then

1
1) 7 7
Di; f (s)g(s)ds = f(s)Dij g(s)ds:
2
(2) - -
e Ez, f(s)ds= e FID f(s)ds:
Proof. (1) is Stokes Theorem and (2) follows from (1) and the fact that Dj; e (@9 = e @Sz,
22 Jc.
5.2. The Represen tation . Recall that we determined the action of ke, p* andp onH (T()) *
in Proposition 4.2. We denote the subspaceof smooth vectorsin L?() by L?() *. Thusf 2 L?() !

if and only if the map

R3t7! (exptX)f 2 L2()
is smooth for all X 2 g. Thus

L2) =L Y(H (TO) *):
The action of gon L?() ! is, asusual, de ned by

(X)f = lim (exptX)f f
th o t '

for X 2 g, and then by complex linearity the action extendsto gc. The following theorem collects the
corresponding equivalent action on the Hilb ert spaceL?() ! . We remark again that theseformulas can
be stated in terms of the Jordan algebrastructure of J indicating the extension of theseresults to other
tube domains.

Theorem 5.2. For f 2 L?() a smaoth function we have:

1) X)) =tr[(bx+ (ax xa bBr xr brJf(x), X = ‘; 2 2 ke
(2) X)X =tr[( a+ ax+ (ax+ xa+ ayr +xrar Jf(x), X = aa aa 2 p*
@) X)) =t[(a ax+(ax+xa ar xrarlf(x),Xx= & & 2p
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5.3. The Case of Sp(1;R). The proof, which appearsin the appendix, is very long and computational.
However, to corvey the main ideas of the proof we will discussthe simpler caseof Sp(1;R), which is
isomorphic to SL(2; R). A detailed account of this case(modelled on the upper half plane) is found in
[1].

Let G = a ib . ab

ic d ) ¢ d 2 SL(2;R) : The group G acts on the right half plane T(R*) by

linear fractional transformations. The complexi cation, gc, of the Lie algebra of G is sl(2;C); a three
dimensional Lie algebraspannedby

o1 . _ 11 .1
10" %% 1 1° Y=

Proposition 4.2 for this casereads:

[

Z=

[

Theorem 5.3. The action of sl(2;R) on the right half-plane is given by:
1) @F@)= zF@)+ (2> 1FY2)
(2 (F(@)= (z+1HF(2) (z+ 1)*FY2)
B WF@= (z JHF@)+(z 1)°FY2)

To nd the corresponding action on L2(R*) we must compute the operators that correspondsto D,
M., M,2, M, D, andM,. D, in L?(R*)! . HereM standsfor \m ultiplication operator". To do this,
requires several usesof integration by parts, a special caseof Stokestheorem. It was exactly this kind of
computation that wasdonein [1] and we repeat it here:

For D, we have:

Zl zt
%L O@ = dzz f()t Ldt
= L ( ()
ThusD, ! M ..
For M, we have
21 gt
zL (f)(2) = & f()t ldt
Al q
= . e“a(f(t)t 1y dt
VAl L
= e 2(fqt) + : f()t tdt
0

ThusM, ! D+M_ ..

We calculate M 2 éimilarly and get
My | DZ+ & n Up 4 132 2),

Thus:
Lemma 5.4. Let the notation be as alove. Then the following holds:
(1) D L =L  (My);
M, L =L D+ —2;
@) M, D L =L (tb )
(4 M, D, L =L tp2 2p LD

t

Combining Theorem 5.3 and Lemma 5.4 gives
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Lemma 5.5. Let the notation be as alove. Then the following holds:
(1) (2= tb? D+t
() (x)=tD2?+( +2)D+ ( +1);
() (y)= t?+( +20D+( 1)

Note that this is Theorem 5.2 for this special case.

One more ingredient is necessaryfor determining the classicalrecursion relations. This is a direct
calculation and givenin the following lemma. We note at this point that such a direct calculation is not
donein the generalcase;deeyer properties of the represeration theory must be used. (c.f. Proposition
6.1.)

m
Lemma 5.6. Letq,(z)=(z+1) 21 . Then

z+1
1) @G, = ( +2m)q,
2 X)on = 2mq, ,
R (Y)an = 2( + M)Gy g

The combination of Lemmas 5.5 and 5.6 givesthe classicalrecursion relations stated in the intro-
duction and proves Theorem 6.3 for the classicalcase.

6. Differential Recursion Relations for ",

We now turn our attention to di erential recursion relations that exist amongthe generalizedLaguerre
functions. These relations are obtained by way of the highest weight represenation and generalize
the classicalcasemertioned in the intro duction.

We begin with somepreliminaries and a result found in [2]. First we notice that in generalthe Lie
algebragc doesnot map (L2() * )* into itself. For the Laguerre functions the full Lie algebrais too big;
we will in fact only needthe much smaller Lie algebragt, which maps (L2() )b into itself. It is well
known, that in caseg is simple, then gz ' sl(2; C). We choosez; x;y sothat the isomorphism, which we
will denoteby ' , is given by

0 1 1 1 1 1
| . | . |
z7! 10 5 X 7! 1 1 and y 7! 1 1
Furthermore, we can assumethat ' (X!) = ' (X)!. This shaws that seweral calculations can in fact be

reduceddirectly to sl(2; C). We will comeback to that later.

— . 1 0
Dene Z%:= 1(x +y). Then' (Z°) = 0 1

Y mj my %(j‘l'l k):
m  me 1§ k)

and 2% is in the certer ofh. Form 2 et

Cm(j) =
i6k

Then by Lemma 5.5in [2] we have:
Prop osition 6.1. The action of z and Z° is given by:

1) @G = (0 +2jmj)gy. o

2 (2Z%m= ja4 2" G jalFM 3G D)Cn () -
Corollary 6.2. Let the notation be as alove. Then the following holds:

1D @ w=0 £2mj) b

@ (2Z)Vn= ja o M 1+ G Dme o) mee:
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Proof. This statement follows from Proposition 6.1 and the following facts: X)=L?** (X)L,
L(Cn)= (m+ )qg,,andProposition 1.2. In eat of theseformulasif either indexm + e; orm g
isnot in  then it should be understood that the corresponding function doesnot appear.

Theorem 6.3. The Laguerre functions are related by the following di er ential recursion relations:
) tr( xrr r+x),x =0 +2mj) ,x).

. P m : .
@ tlxar + (1+20r +(1+X)n0)= 20 [y 5 (M 1+ G D)'n o)
. P N
@ tr( xr +( 1+2)r + (1 X)) () =2 [y 6n(i) mae (X):
Proof. If z= 2 é then substituting a= 0 and b= 1 into Proposition 5.2, part 1, gives

(2) = tr( xrr r + x):

Combining this with part 1 of Corollary 6.2 givesthe rst formula.

Recallthat x 2 p* andy 2 p . According to Theorem 4.5we havethat (x)',, hasto be alinear
combination of * o, with m]-O m; for all j. Similarly, (y)',, hasto be linear combination of those" o
with mjO m; . The statemert follows now from Corollary 6.2 and the fact that 22% = x + y.

7. Some Open Pr oblems

There are still sewral open question that require further work. We merntion three of these. One is
a relation to the classical Laguerre polynomials, the other two are natural generalization of classical
relations.

7.1. Relation to Classical Laguerre Functions. Every positive symmetric matrix A can be written

1= dt)jt2 (R (RM)"
then
=L 1:

As the Laguerrefunctions are L -invariant, it followsthat they are uniquely determined by their restriction
to 1. Let T( 1) := fd(x)+id(y)jx 2 (R*)";y 2 R"g. Then T( 1) ' (R* + iR)", and the group
SL(2;R)" acts transitiv ely on the right hand side. But it is well known, that SL(2; R)" can be realized
as a closed subgroup of Sp(n; R). It follows therefore, that the generalizedLaguerre functions can be
written asa nite linear combinations of products of classicalLaguerre functions. It is a natural problem
to derive an exact formula.

7.2. Relations in the -parameter. It is well known that the classicalLaguerre polynomials satisfy
the following relations:

XI-n = (n+ +1)Ln ! (n+1)|—n+11
XLy = (n+ )y 1 (0 XL, *
xt, ¥ = L, L, ;:

In [1] it was shown, that these relations follows directly from the represenation theory of sl(2;R). It is
therefore natural to look for similar relations for the generalizedLaguerre polynomials and functions.
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7.3. Relations in the x;y Parameters. Sewral other classical relations should be extended to the
generalcase. We name here only the following

xo
Lw X+ y) = L)Ly o(y):

n=0
This relation is closelyrelated to the decomposition of the tensor product of two highest weight represen-
tations and we expect that a similar relation can be derived also for the general case. Notice, howewer,
that for general Laguerre polynomials the right hand side is L-invariant in the x and y variable while
that is not the caseon the left hand side. Thus any generalization will involve a projection (averaging
over L) onto the L-invariant functions.
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8. Appendix: Pr oof of Theorem (5.2)

Proof. We will prove the theorem for the casex 2 p*. The other two casesare done similarly. For
corveniencewe let m = n+ .

2
Let x = Z aa 2 p*. By Proposition 4.2
(X)L f(z) = tr(az+ a)L f(z) Daz+arzaz+zal f(2); X 2p":
Let
A = Daz+zal f(2)
B = D,L f(2)
C = D,azL f(2)

Calculation of A.
A = Qaz+za|— f(Z)
= Daz+za€ @9f (x) det(x)™ dx

Z
- e (zjx)(az+ zajx)f (x) det(X)m dx
x £
- e (zlx)(aik Zij + Zik | )(inf (x) det(x)m) dx
[HHS z
_ e (zjx)(aik Dyj + axj Dik )(xjif (x) det(x)™) dx
ik z 1 1
_ e (ij)(aik é( Kiojit ki jj)+ aj é( ki it ki)f () det(x)m dx
[BH
Z
+ e @ (ay x;i Dy f (X) + aj Xji Dix f (x)) det(x)™ dx
[HH
x £
+ e @IF (x)m det(x)™ (ai Xji tr(x Eij) + aj Xji tr(x 'Eix))dx
ik
Z
= (n+Dtr(a) e @f(x)det(x)™ dx
Z
+ e @I((ax + xa)i Di f (x)) det(x)™ dx
Z
+ e (ij)f (X)m det(X)m tr(X l(Xa + aX))dX
z Z
= @m+n+Dtr(@) e @IfF(x)det(x)™ dx+ e @) (tr(( ax + xa)r f)(x)) det(x)™ dx
z Z

2 tr(a) e @If(x)det(x)™ dx+ e @(tr((ax + xa)r f)(x)) det(x)™ dx

2 tr(a)l (F)(x)+ L ((tr (ax + xa)r )f )(x)



Calculation

Calculation

of B..

of C..
C
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o8}
|

ZDaL f(2)

e @) (ajx)f (x) det(x)™ dx
Z
e @) tr(ax)f (x) det(x)™ dx

L (tr( ax)f )(x)

DzazL f(2)
e (@) (zazjx)f (x) det(x)™ dx
X Z

[HH
X k

z

e @z z; x;i f (x) det(x)™ dx

e @az Dy (x;if (x) det(x)™)dx
ik

x £ 1
e (Fayzy S gi* gy (%) det(x)™ dx
ik sl
x £
ik sl 7
+ e @aqzix;if ()m det(x)™ tr(x *Ej )dx
ik, il
X % (i) n+1 m
e @z ( L )f (x) det(x)™ dx
ikl
x £
+ e “ayDi (xi Dy f (x) det(x)™)dx
ik sl 7
+ e “Maqzix;if ()mdet(x)™ tr(x Ej )dx
ii;kl;l z
S—t(az) e (@9f (x) det(x)™ dx
x £
+ e @aus(y kit ik )(Dy f)(x) det(x)" dx
ik sl
x £
i;gg i 7
+ e @aqx;iDy f (x)m det(x)™ tr(x *Eic)dx
i;j;kx;l 7
+m e @ay zq i f (x) det(x)™ dx

ik
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n+1 z -
= 5 tr(az) e (@9f(x)det(x)™dx
x £ . 1
+ e (ij)amé( i kit i k)(Dy f)(x) det(x)™ dx

. e (ij)ak|in(Dik Dy f)(x) det(x)™ dx
I;J);é( i z
+ e ax;iDy f ()mdet(x)™ tr(x 'Ei)dx
|;J;kx;l 7
+m e May zq i f (x) det(x)™ dx
Bk S
tr(az) e “If (x)det(x)™ dx
Z
+ e X (tr(ar )f )(x) det(x)™dx
z
+ e EI((tr( xr ar )f )(x) det(x)™ dx

tr(az)L f(x)+ L (tr(ar )f)(x)+ L (tr(xr ar )f)(x)

()L f(2) tr(az+ a)L f(z) Daz+a+zaz+zal f(2); X 2p°
tr(az+ a)L f(z)+ 2 tr(a)L (f)(x)

+L ((tr(ax + xa)r )f)(x) + L (tr( ax)f )(x)

+ tr(az)L f(x)+ L (tr(ar )f )(x)

+L (tr(xr ar )f)(x)

= tr(a)L (f)(x)+ L ((tr (ax + xa)r )f )(x)

+L (tr(ax)f )(x) + L (tr(ar )f )(x)

+L (tr(xr ar )f)(x)

L (tr( a+ ax+ (ax+ xa+ a)r + xr ar )f (x))

Taking the inverselLaplace transform of ead side givesthe desiredresult.
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