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MEM FEEDBACK CONTROL LITERATURE

• Mostly onelectrostaticrelays.

Mostly on electrostatic relays.

Maithripala-Berg-Dayawansa ’05: partial state feedback

using position and charge with velocity observer.

Zhu-Praly-.. ’05: differential flatness, backstepping.

Younis-Gao-de Queiroz ’07: Lyapunov-based setpoint

controller, feedback linearization tracking controller.
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SYSTEM MODEL and REFERENCE TRAJECTORIES

Unifying Model (Younis-Gao-de Queiroz, ACC 07):

mẍ + bẋ + kx = αz2

βż + γ(g0 − x)z = u, where

α =
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

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electromagnetic)
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mẍ + bẋ + kx = αz2
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mẍ + bẋ + kx = αz2
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βż + γ(g0 − x)z = u, where

α =





1/ (2εA)

1/ (2µA)
, z =





q

φ
, β =





R

N
,

and γ =





1/ (εA)

R/ (NµA)
.

Electrostatic:q = charge,ε = gap permittivity.
Electromagnetic:φ = flux, µ = gap permeability



SYSTEM MODEL and REFERENCE TRAJECTORIES

Unifying Model (Younis-Gao-de Queiroz, ACC 07):
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βż + γ(g0 − x)z = u, where

α =





1/ (2εA)

1/ (2µA)
, z =





q

φ
, β =





R

N
,

and γ =





1/ (εA)

R/ (NµA)
.

Electrostatic:q = charge,ε = gap permittivity.
Electromagnetic:φ = flux, µ = gap permeability



SYSTEM MODEL and REFERENCE TRAJECTORIES

Unifying Model (Younis-Gao-de Queiroz, ACC 07):
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TRACKING

Unifying Model (Younis-Gao-de Queiroz, ACC 07):

mẍ + bẋ + kx = αz2

βż + γ(g0 − x)z = u, where

Reference Trajectory:C3 3 yd : [0,∞) → R s.t.∃ constants

mi > 0 for which

(a) m1 ≤ yd(t) ≤ m2, |ẏd(t)| ≤ m3, and |ÿd(t)| ≤ m4 ∀t
and (b) m4 + κ2m3 < 0.9κ1m1

where κ1 = k
m

& κ2 = b
m

.
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mẍ + bẋ + kx = αz2

βż + γ(g0 − x)z = u, where

Goal: Design a controlleru(x, ẋ, z, t) that forcesx(t) to

trackyd(t) for all initial statesx(t0) ∈ (−∞, go).

Reference trajectory, instead of a set point, can improve

micro-relay performance.
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ERROR DYNAMICS

Settinge1 = x− yd ande2 = ė1 and using the change of

feedbacku = γ (g0 − x) z + βv1

√
m/α gives





ė1 = e2

ė2 = −κ1e1 − κ2e2 + µ(e1, e2) + ζ2 + 2ζRµ(e1, e2, t)

ζ̇ = v1 − 1
2Rµ(e1,e2,t)

{...y d(t) + κ2ÿd(t) + κ1ẏd(t) + µ̇}
where

ζ(t) =
√

α
m

z(t)−Rµ(e1(t), e2(t), t), κ1 = k
m

, κ2 = b
m

,

|µ(e1, e2)| ≤ 0.1κ1m1 and

Rµ(e1, e2, t) =
√

ÿd(t) + κ2ẏd(t) + κ1yd(t) + µ(e1, e2).
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DESIRED STABILITY

Goal: For each constantL > 0, designµ ∈ C1 andv1 for

which:

G1 The closed loopY = (e1, e2, ζ) system is UGAS to0.

There exist constantK,K > 0 such that for all closed

loop solutions with initial statesY (to) ∈ KB3, we have

|Y (t)| ≤ Ke−L(t−to)|Y (to)| ∀t ≥ to ≥ 0.
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STABILITY THEOREM

Theorem:Let a1, a2 > 0 be given constants.Set

σ(s) = s/
√

1 + s2 and

µ(e1, e2) = −κ1m1

20

[
σ

(
20a1

κ1m1

e1

)
+ σ

(
20a2

κ1m1

e2

)]
.

Then we can compute a constanta(a1, a2) such that for each

a3 ≥ a,

v1 = −a3ζ(1 + ζ2) + 1
2Rµ(e1,e2,t)

{...y d(t) + κ2ÿd(t) + κ1ẏd(t)}
renders the error dynamics UGAS to the origin. Moreover,

for each constantL > 0, we can choose values of theais and

K,K > 0 to satisfy G2.
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IDEA of PROOF

Construct explicit constantsK andΓ so that the

Y = (e1, e2, ζ) dynamics has the strict global Lyapunov

function

V3(e1, e2, ζ) = V2(e1, e2) + ΓQ(ζ), where

V2(e1, e2) = e1e2 + KV1(e1, e2),

Q(ζ) = 1
a3

(
1
2
ζ2 + 1

4
ζ4

)
,

and V1(e1, e2) = 1
2
e2
2 +

∫ e1

0

{
κ1l + κ1m1

20
σ

(
20a1

κ1m1
l
)}

dl.
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CRAFTING the REFERENCE TRAJECTORY
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CRAFTING the REFERENCE TRAJECTORY

yd(t) = 0.01 + ε1 [I(500 + min{t, 50})
−I(min{max{t, 450}, 550})
+ I(max{t, 950} − 500)] for 0 ≤ t ≤ 1000,

yd(t) = yd(t− 1000) for t ≥ 1000,

where

I(r) =
∫ r

450
(s− 450)3(550− s)3ds

and

ε1 = .99/I(550).
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NUMERICAL VALIDATION

We chose

a1 = a2 = 1,

a3 = 100,

m = 1, k = 2.5, γ = 1,

b = 1, α = 0.5, β = 0.001,

go = 1,

(x, ẋ, z)(0) = (0, 0, 10).
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CONCLUSIONS

• We constructed a new tracking controller for MEM

relays using a global strict Lyapunov function.

• We can prove ISS to additive uncertainty onb andk and

compute explicit bounds on admissible disturbances.

• Extensions to partial state feedback with controllers

independent of the velocity can be shown.

• For the proofs, see [MM., F. Mazenc, and M. de Queiroz,

“Tracking and robustness analysis for controlled

microelectromechanical relays,”Intl. J. Robust

Nonlinear Control, to appear.]
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