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Abstract. We study a quadratic C° interior penalty method for the displacement obstacle
problem of Kirchhoff plates with general Dirichlet boundary conditions on general polygonal domains.
Under the conditions that the obstacles are sufficiently smooth and separated from each other and
the boundary displacement, we prove that the magnitudes of the errors in the energy norm and the

Loo norm are O(h®), where h is the mesh size and o > % is determined by the interior angles of the

polygonal domain. We also address the approximations of the coincidence set and the free boundary.
The performance of the method is illustrated by numerical results.
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1. Introduction. Let Q& C R? be a bounded polygonal domain, f(z) € La(f2),
g(z) € H4(Q), and 91 (), Y2(z) € C%(Q) N C() such that

(1.1) P < Yo in Q and Y1 < g < Py on IN.

In this paper we consider the following two-sided displacement obstacle problem with
nonhomogeneous Dirichlet boundary conditions: Find u € K such that

(1.2) u = argmin G(v),
it
where
(1.3) K={ve H*Q):v—g¢c HXQ), ¥1 <v <1y in Q},
(19 GE) = za0) - (fv)

, , 2 azw 8211
i,7=1

and (+,-) denotes the inner product of La(£2).

Remark 1.1. When g = 0 the problem (1.2) is the mathematical model for the
bending of a clamped thin plate that satisfies the Kirchhoff-Love hypothesis and
is bounded between two obstacles, where €2 is the configuration domain, w is the
vertical displacement of the midsurface, and f is the vertical load density divided by
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the flexural rigidity of the plate. Of course the results in this paper are also valid if
there is only one obstacle (either from above or from below).

Note that K is a nonempty closed convex subset of H?(f2), and the symmetric
bilinear form a(-,-) is bounded on H?(Q) and coercive on the set K — K = {v —w :
v,w € K} C H3(Q). Therefore it follows from the standard theory in [40, 44, 31,
38] that the obstacle problem has a unique solution v € K which is also uniquely
determined by the variational inequality

(1.6) a(u,v —u) > (f,v—u) Vv e K.

It was shown in [29, 30, 22, 45, 31, 16] that the solution u of (1.2) belongs to
H3 () N C?() under our assumptions on f, ¥1, s, and g. In view of (1.1), u is
unconstrained near 012, and hence A%y = f in a neighborhood of 9€), which implies
(cf. [3, 33, 25, 39]) that u € H?+*(Q) for some o € (1, 1] determined by the interior
angles of 2. We will refer to a as the index of elliptic regularity. In the case where €2
is convex, we can take « to be 1.

Since in general the solution u of (1.2) does not belong to H;} .(Q), and A%u— f is
only a measure [22], the complementarity form of the variational inequality (1.6) exists
only in a weak sense. Therefore the techniques developed in [28, 20, 23, 32, 46, 36, 47
for second order elliptic obstacle problems lead to suboptimal error estimates for finite
element methods for (1.2).

A new unified convergence analysis for conforming finite element methods,
nonconforming finite element methods, and discontinuous Galerkin methods for (1.2)
was developed in [16] for convex polygonal domains and homogeneous Dirichlet bound-
ary conditions. The magnitude of the discretization error in the energy norm was
shown to be O(h), which is optimal. A key ingredient in the error analysis is an aux-
iliary obstacle problem that connects the continuous and discrete obstacle problems.

The goal of this paper is to extend the result in [16] to general polygonal domains
and general Dirichlet boundary conditions for a quadratic C? interior penalty method.
We will show that the magnitudes of the discretization errors in the energy norm
and the Lo, norm are O(h®), and that the discrete free boundaries converge to the
continuous free boundary under appropriate assumptions.

The rest of the paper is organized as follows. In section 2 we introduce the
quadratic C° interior penalty method and recall some results that are useful for the
convergence analysis, which is carried out in section 3. In section 4 we derive an
L, error estimate and discuss the approximations of the coincidence set and the free
boundary. Numerical examples are presented in section 5 to illustrate the performance
of the quadratic C? interior penalty method. We end with some concluding remarks
in section 6.

2. A quadratic C° interior penalty method. In this section we define a
quadratic C? interior penalty method for (1.2) and collect some results that will be
used in section 3.

2.1. Preliminaries. Let 7, be a regular triangulation of Q with mesh size h
and let V), (C H'(2)) be the P, Lagrange finite element space associated with 7. We
will denote the set of the edges of the triangles in 7y, by &, = € UEY, where & is the
set of the edges interior to  and &) is the set of the edges on Q. We will also use
T. to denote the set of (one or two) triangles in 7, that share e as a common edge.
The diameter of a triangle T' (resp., an edge e) will be denoted by h (resp., |e|). Up
to a multiplicative constant the mesh parameter % is equivalent to maxrer;, he.
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The construction and analysis of the quadratic C° interior penalty method require
the concepts of jumps and means of normal derivatives across the edges in 7, which
are defined for functions in the piecewise Sobolev space

H(Q,Tp) ={v e La(Q) : vp = U|T € H¥(T) VT e Tp}.

Let e € &, let T. = {T_, T4}, and let n. be the unit normal of e pointing from
T_ to T'y. We define on e

0?v 1 [(0%v_ %y R 5
{{W}}_i (W+W> Vv € HYQ ), s > 5,

ovl]  Ovy Ov_ 9
[[%ﬂ_a—ne_a—ne Vo e H*(Q,Th),

and

where vy = v|Ti. Note that {0?v/0n?}} and [Ov/dn]], which appear in the definition

of the C¥ interior penalty method, are independent of the choice of T. For the
analysis of the C? interior penalty method we also need

2 2 2 2 2 2
[[ﬂ]]zam_@v Havﬂzﬁm_@v VUGHS(Q,E),S>;

on? on? on2’ On.Ot, Onedt.  On.ot,
and

v\ 1 [0vy  Ov_ ,
{{5ne}}_5<6ne+ane> Yo e H?(,Th),

where the unit tangent vector t. is obtained by rotating n. by a counterclockwise
right-angle. These concepts do depend on the choices of T4.

On e € & with T, = {T}, we take n. to be the unit normal of e that points
towards the outside of €2 and define

o%v _ 0%v; s I B 90, )
{{W}}_ ang VUEH(QaﬂL) (S>5/2) and |:|:an:|:| __ane V’UEH (Q,ﬂl),

where vy = v|T.
Let T € Tp, v € Po(T), and w € H*(T). We have an integration by parts formula

8%y ow 0%v ow
2 . N2 — _— - 9.9+
/TD v:D wdx—/aT Kan2> <3n> + <6n8t) (375)] s

where 9/0n (resp., 9/0t) denotes the outward normal derivative (resp., counterclock-
wise tangential derivative) along 9T
By summing up the integration by parts formula over all the triangles in 73, we

o g e [([EE)  [5]%)-
S

for all v € V), and w € H*(Q;Tr) N HE ().
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2.2. The discrete obstacle problem. Let V} be the set of the vertices of the
triangles in 7y,. The C? interior penalty method for (1.2) is to find u;, € K}, such that

(2.2) up, = argmin G, (v),
veEKy
where
Gi(v) = < / D DPodr+2 Y / £0%0/0n2}[0(v — g)/On]ds
TeTh e€Ep

o el 1/ —9)/on][[8(v — g)/an]]d8> = (f,0),

ecly
(2.3) Kp={veV,:v—Ihg € H0 (Q), ¥1(p) < wv(p) < a(p) Vp €V},

and ¢ is a positive penalty parameter.
Note that

(2.4) (M) (p) = Cp) VP € Vn, C€C(Q),

where I1j, : C(Q) — V}, is the nodal interpolation operator for the P, Lagrange finite
element space. In particular we have II, K C K}, and hence K} is nonempty.

Remark 2.1. While the approximation of the boundary condition v = g is in-
cluded in the definition of K}, the approximation of the boundary condition du/dn =
0g/0n is enforced by the penalty term in Gp(-).

Remark 2.2. The functional Gy (+) is motivated by the bilinear form for C°
interior penalty methods for the biharmonic equation with general Dirichlet boundary
conditions. C? interior penalty methods for fourth order elliptic boundary value
problems were introduced in [27] and further investigated in [14, 17, 15, 10, 11, 18]
and [8, 12, 9]. Other C° discontinuous Galerkin methods for fourth order problems
are discussed in [48, 37]. C° interior penalty methods have certain advantages over
classical finite element methods for fourth order problems, such as their simplicity
and symmetric positive-definiteness, the existence of isoparametric C° interior penalty
methods for curved domains, and the existence of natural preconditioners. Further
details on the comparison of C° interior penalty methods with classical finite element
methods can be found in [27, 15, 8, 12].

Since [[0g/On]] = 0 on interior edges, we can reformulate (2.2) as follows: Find
up € Kp such that

(2.5) up, = ai%l}r{lin Bah(v, v) — F(v)] ,
where
(2.6) an(w, v) Tezﬁ / D*w D%dﬁe;h / 02w/ On2Y[0v/On]lds
+e;£h / {0%v/on*}[Oow/on] ds+a€§€:h|e| ! / [Ow/On][0v/On]lds
en o=+ X [({5} g5 [
o+ 2 ({5} ala ) [5r]e
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We will measure the discretization error by the energy seminorm || - ||;, defined by

(2:8) Iollz = > lolieer) + D lel1§0%0/0n° Y1, + D lel ™ I [0v/0n]lIZ,c)-

TeTh ecly ecly

Remark 2.3. The seminorm || - ||, is well defined on the space Vj, + H2t%(Q),

where o € (%, 1] is the index of elliptic regularity. Moreover, it is a norm on the space

Vﬁlerfg(SZ)fD (}(h —»I(h)
The bilinear form ap(,-) is coercive with respect to | - |5 (cf. [14]); i.e.,

(2.9) an(v,v) > C|v|)2 Vo eV,

provided that o is sufficiently large, which is assumed to be the case. (It is known
from [14, 9] that o can be taken to be 5.)

Remark 2.4. From here on, we will use C' (with or without a subscript) to denote
a generic positive constant independent of h.

From Remark 2.3 and (2.9) we see that ap(-,-) is positive definite on the set
Ky — K, (C Vi, N HE(Q)). Therefore it follows from the standard theory that the dis-
crete obstacle problem (2.2)/(2.5) has a unique solution characterized by the discrete
variational inequality

(2.10) an(up, v —up) > F(v—up) Vv € Kp,.
Below we collect some useful properties of the nodal interpolation operator IIj,.
The following estimates (cf. [23, 13]) are standard:
2
(211) > BPIC = Tullam(ry < ChZT(Clpovacry V¢ € HPT(Q), T € Ty
m=0

We can use (2.11) and the trace theorem with scaling to derive an interpolation error
estimate (cf. [14])

(2.12) 1€ = Talln < Ch|¢|pra(e) V¢ € HPT(Q).

In particular, we have

(2.13) Y el oA /onllZ e = D lel T ITD(C — 11h) /on]1F )

ee€} ee€}

<I¢ = InCllf < CR** |3y ¥ € HHF(Q).

The following result is useful for the convergence analysis.
LEMMA 2.5. We have

Y eI Wag)/0ng]1 L) < CH**[Cl3pavaiy  VC € HPF(Q).

ec&)
Proof. Let e € &} be arbitrary and Q. be the quadrilateral formed by the two

triangles in 7. By the Bramble-Hilbert lemma [4, 26], there exists z. € P2(Q.) such
that [( — ze|m2(g.) < Cle|*|¢|g2+a(q,). Combining this estimate with (2.11) and a
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standard inverse estimate [23, 13], we find

> LellIO*Wne)/oniM L) = D lelllloP(ze — 11r)/0n2TIIZ, e

ec&} ecE},
<C Z Z |2 — il 2 ()
ecE;} TeTe
<C Z Z (|ze — C|?{2(T) +1¢— HhCﬁtﬂ(T))
ecE;} TeT.
SCh* Y Y Klieeq) < CH*IClzeaiay O
ec&} TeTe

2.3. An auxiliary obstacle problem. We can connect the continuous obsta-
cle problem (1.2) and the discrete obstacle problem (2.2)/(2.5) by an intermediate
obstacle problem: Find uj; € K} such that

(2.14) ap, = argmin G(v),
’UERh

where G is given by (1.4)—(1.5) and
(215)  Kn={ve H*(Q):v—ge H(Q), v1(p) < v(p) <v2(p) ¥p €V}

Note that K, is a closed convex subset of H 2(Q) and K C K;,. The unique
solution of (2.14) is characterized by the variational inequality:

(2.16) a(in,v —ap) > (f,v —an) Yo € Kp.

The connection between (1.2) and (2.14) is given by the following properties of
@y, from [16, section 3:

(2.17) |u — g2 ) < Ch,

and there exists hg > 0 such that

(2.18) Up = Gp + Op,1¢p1 — Op2do € K Vh < hg,
where ¢1, ¢2 € C5°(2) and the positive numbers 6,1 and 0y, 2 satisty
(2.19) Sni < Ch?.

Remark 2.6. Even though we consider only obstacle problems for convex domains
and homogeneous Dirichlet boundary conditions in [16], the relations (2.17)—(2.19)
remain valid for general polygonal domains and general Dirichlet boundary conditions
because the arguments in [16, section 3] require only (i) K is a closed convex subset
of H%(Q), (ii) K C Kp, (iii) the separation of the obstacle functions and the boundary

displacement (cf. (1.1)), (iv) the smoothness assumptions on the obstacle functions,
and (v) u € C?(Q).
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Fic. 2.1. Degrees of freedom for the Ps Argyris element.

2.4. Enriching operator. We can connect (2.14) and (2.2)/(2.5) through a
linear operator

(2.20) Ey : Vi N HY(Q) — Vi N HE(Q),

where Vj, is the Ps Argyris finite element space (cf. [2]) associated with T7.

The enriching operator Ej is constructed by averaging as follows. For v € V;, N
HY(Q), we define Epv € Vi, N HZ(Q) by specifying its degrees of freedom (dofs) (cf.
Figure 2.1), which are (i) the values of the derivatives of Env up to second order at
the vertices of 7, (ii) the values of Epv at the midpoints of the edges of T;, and at
the centers of the triangles of 7y, and (iii) the values of the normal derivatives of Epv
at two nodes on each edge of 7;,. The dofs of Ejv at any node (with the exception
of the dofs along 99 that involve differentiation) are defined to be the average of
the corresponding dofs of v from the triangles of 7} that share the node. Since v
is continuous at the vertices, midpoints, and centers, E,v = v at these nodes. In
particular we have

(2.21) (Epv)(p) =v(p)  VpEVh

To ensure that Env € HZ(Q2), we take the normal derivative of Ej,v at the nodes
on the boundary edges to be 0. Similarly we assign the value 0 to all first order
derivatives of Env at the vertices on 02, and at a corner of Q) we also assign the
value 0 to all the second order derivatives of Ejpv. Finally we define 9%(Ejv)/0t* and
0?(ERv)/0tdn to be 0 at the vertices on 9 that are not one of the corners of €,
and we define the remaining second order derivative %(Ejv)/0n? at such a vertex by
averaging. (Here 0/0t and 0/0n are the differentiation in the tangential and normal
directions along 052, respectively.)

The proof of the following properties of Ej can be found in [14]. Letting T € Ty,
be arbitrary, we have

(2.22)
2
Z h3 v — EhUﬁ{m(T) < Chi( Z |’U|%12(T’) + Z |€|1|[[5U/5”]]||2L2(e)>
m=0 T eTr Gégv(T)

for any v € V;, N HY(Q2), where T is the set of the triangles in 73, sharing a common
vertex with T and &y (1) is the set of the edges in 77 sharing a vertex with 7', and
also

2
(2.23) > hMC = EnIInClm(ry < Ch2 (¢l gavasy) V¢ € HXT(Q) N HI(Q),

m=0

where St is the union of the triangles in 7Tr.
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It follows from (2.8), (2.22), (2.23), and the trace theorem with scaling that

(2.24) |lv— Eh’UHL2(Q) + hlv — EhU|H1(Q) + h2|Eh’U|H2(Q) < Ch2||’UHh,
(2.25) > lel oW — Env)/on B 7, < Clivlli,
ec&l
(2.26) > lel 0w = Env)[0te]|7,) < Clollh
ec&}

for all v € V;, N H}(Q2), and

2
(2.27) > h™¢ = EnlInCl (o) < CH*T[¢| v o)
m=0
(2.28) D el M0 = BallaQ)/One|7, 0y < CB**|[F24a (),
ec&)
(2:29) D el M0 = BallnQ) /0tell7 o) < CR**[Cl G400
ec&l

for all ¢ € H?T(Q) N HZ(RQ).

Remark 2.7. Enriching operators were first introduced in the context of domain
decomposition algorithms for nonconforming finite element methods [5, 7, 6].

Since v — g € Vi, N HY(Q) for v € K, we can define an operator T}, : K, —
H?(Q) by

(2.30) Tho =g+ Eh(’l} — th) Vv € Ky,

The following properties of T} are useful for the convergence analysis.
LEMMA 2.8. We have

(231) T K o,
and, for any v € Kj, and ( € H***(Q) N K,

(2.32) |ThHh< — Th’U|H2(Q) < C|1In¢ — v||ns

2
(2.33) > W™ = TallnClm () < Ch*TE(C = glgasa(q)-

m=0
Proof. Let v € Kj,. Note that Tp,v — g € HZ(Q2) by (2.3) and (2.20), and
(Tho)(p) = g(p) + [En(v — rg)l(p) = g(p) + (v — Hng)(p) =v(p)  Yp €V

by (2.4) and (2.21). Tt then follows (2.3) and (2.15) that Thv € K.
From (2.30) we have

(2.34) TpIln¢ — Tho = Ep(Ih¢ — v),
(2.35) ¢ —TplIp¢ = (¢ — g) — Eplln(¢ — g)-

Since I, —v € K, — K C V, NHE(Q) and ¢ —g € H**(Q) N HZ(L2), the properties
(2.32) and (2.33) follow from (2.24) and (2.27). O
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3. Convergence analysis. We begin with a simple estimate
(3.1) | Hpu—unl; < Ca(Ilpu—up, Myu—up) < Clan(Mpu, Tpu—up)— F(Tu—us)]

that follows from (2.9), (2.10), and the fact that IIyu € Kj. In view of (2.12), it
remains only to estimate the right-hand side of (3.1).

The following two technical lemmas will be needed.

LEMMA 3.1. We have

la(u, TpIlpu — u)| < Ch?.
Proof. First we use (1.5) and (2.35) to write
a(u, Tppu — u) = a( —u) — Epllp(g — ))

(3.2) / D2(TTyu) : D2[(g — u) — EnTln(g — u)]da
TeTh

+ Z /D2 u—1yu) : D?[(g —u) — Eplly(g — u)ldz,

TeTh

and we note that (2.8), (2.12), and (2.27) imply

(3.3) /D2u—Hhu) D?[(g — u) — EpIly (g — u)]dz

TETh

1
3
< ( Z |u — Hhuﬁ{z(T)) |(g —u) — E L (g — u)|H2(Q) < Ch2e.
TE7—h
Since g — u and EpII,(g — u) belong to HZ(2) by (1.3) and (2.20), we can apply
(2.1) to write

/D2 Mpu) : D?[(g — u) — EpIly(g — u)]de

» TET; N zg: / [[mariﬁu ﬂ Ol(g — u) —aiznh(g —u)
-3 [ et

The two terms on the right-hand side of (3.4) can be bounded as follows:

3 / Hazaggu ﬂ (g —w) —;Z:Hh(g —wl .

ec&)

(3:5) < <Z |6||[[52(HhU)/3n§]]I%2<e>>

665;‘1

2

X < D lel™H0llg — w) — Enlln(g — U)]/ane||2L2(e)> < Ch*

ec&)
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by Lemma 2.5 and (2.28), and

5 /Haanna:ﬂ (g — ) —8Jf:Hh(g—u>] d5|

ec&)

(3.6) < (Z Iel||[[32(HhU)/3ne3te]]||%2<e)>

665;‘1

W=

x < D lel M Iollg = u) = Exlln(g — U)]/atelli@))

665;‘1

[N

< Cha< Z |e| 1” Hhu /8ne]]||L2(e)> < thﬂ

ec&l

by (2.13), (2.29), and a standard inverse estimate.
The lemma follows from (3.2)—(3.6). a
LEMMA 3.2. We have

Z / D?*(Iyu) : D*(v — Epv)lde + Z /{{82 j,u)/0n*}[[0v/on]d ‘

TETh ecéy,
SChaHUHh V’UEVhﬂHO(Q).

Proof. Let v € Vi, N HE (Q) be arbitrary. It follows from (2.1) and (2.20) that

/ D?*(Iyu) : D*(v — Epv)lde + Z /{{82 j,u)/0n*}[[0v/0n]ds

ecéy,

5 [P )

651
0? Hhu v — EhU)
N Z / H I, ot. ]] o,

Moreover, we have, by Lemma 2.5 and (2.25),

TeTh

3 / [0% (M) /On2] (v — Env)/0n. }ds

ec&l

< < > Ielll[[az(HhU)/anil]liz<e)> < DR ek CICE Ehv)/ane}}lli2<e>>

ec} ec}

< ChaHU”hv
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and
3 / [02(TTpu) /Onedt.] st
ecgl V¢ €
< < > |€|||[[32(HhU)/5ne3fe]]|%2@)) < D lel Mot ~ Ehv)/ate||%2(e>>
ecE} e€E}
< C( > |€|1|[[5(HhU)/3n]]|%2(@)> [olln < CR[l0][n
ec&)
by (2.13), (2.26), and a standard inverse estimate. O

We are now ready to bound the right-hand side of (3.1) using the variational
inequalities (1.6) and (2.16).
LEMMA 3.3. There exists a positive constant C' independent of h such that

(3.7) an(Mpu, Tpu — up) — F(Iu — ug) < C(h2* + h®||Thu — uplln)-
Proof. We will streamline the arguments using the notation A < B defined by
A<B ifandonlyif A—B<C(h*™ +h*|yu—up),
and rewrite (3.7) as
(3.8) anp(Ipu, Hpu — up) — F(Ilpu — up) < 0.
It follows from (2.6) and (2.7) that
ap(pu, Dpu — up) — F(Ilu — up)

/ D*(ITpw) : D*(Thu — up,)dx
TeTh

e e
B e 25

ecéy
- (f7 Hhu - uh)v

where we have also used the fact that [0u/On] = 0 on interior edges.
From (2.8) and (2.12) we have

A e ol o e M e
eI e R R )

e€&p
X (Z P |I[[ (u—TI,u)/on])||7, e))
ec&y

< Ch¥||Ipu — up||p-

1
+ -
La(e) le]
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The sum of the first two terms on the right-hand side of (3.9) can be rewritten as

/ D*(ITyw) : D*(Tpu — up,)dx
TETh

s / (0P (M) /02 Y [0y — wy) /O] ds

ecéy
/ D?*(Tyu) : D*Ey,(Ipu — up,)da
TET,
(3.11) + Z / D? Hhu [(Hhu — uh) — Eh(Hhu — uh)]da:
TETh

+ Y [P 00?0 — ) on]ds

ecéy,

and it follows from Lemma 3.2 that

(3.12) / D2(TTyu) - D2[(Tytt — un) — En(Tpu — up)da

TeTh

+ Z {{32(Hhu)/3n2}}[[8(ﬂhu —up)/0n]|ds| < Ch||TIpu — up||p.
ec&, V€

Combining (3.9)—(3.12), we have
(3.13) ah(Hhu, Hhu — uh) — F(Hhu — uh)

< Z / D2 Hhu) D? Eh(Hhu — uh)dx — (f, IIpu — uh)
TETh

We can use (1.5) to rewrite the first term on the right-hand side of (3.13) as

/ D*(Iyu) : D*Ey,(Ipu — up,)da

TeTh
= Z / D2u Dth Hhu—uh dx + Z / D? Hhu D2Eh(Hhu—uh)d
TeTh TeTh
= a(u, Eh(Hhu — uh)) / D2 Hhu — u) D Eh(Hhu — uh)d
TeTh

and observe that

/ D? Hhu Dth(Hhu — uh)da: < C’hO‘HHhu — uhHh

TETh

by (2.12) and (2.24). These relations together with (3.13) imply
(3.14) ap(Ilpu, Hpu — up) — F(Ilpu —up) < a(u, E,(Mpu — uh)) — (f, Tpu — up).
Next we use (2.34) to write

a(u, E,(pu — uh)) = a(u, Tpllpu — Thuy,)
= a(ﬂh, TpIlu — Thuh) + a(u — Up, Tpllpu — Thuh)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/08/12 to 130.39.168.167. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

INTERIOR PENALTY METHOD FOR PLATES WITH OBSTACLES 3341

and note that
la(u — ap, Tpllpu — Thup)| < Clu — ﬂlHQ(Q) [T u — Thuh|H2(Q) < Ch||Tpu — up||n
by (2.17) and (2.32). Moreover, from (2.16) and (2.31) we have

a(ﬁh, Tpllpu — Thuh) = a(ﬂh, Up, — Thuh) + CL(@}L, Tpllpu — ﬁh)
< (f, Up, — Thuh) + a(ﬂh, Tp1lpu — fbh).

Therefore it follows from (3.14) that

(3.15) ah(Hhu, IIu — uh) - F(Hhu - uh)
$ a(ﬂh, Tyl u — ah) — (f, IIu — up — up + Thuh).

We rewrite the first term on the right-hand side of (3.15) as

a(ah, Ty11u — ﬂh) = CL(’LNLh —u, TpIlpu — ﬂh) + a(u, Tyl u — u)

+ a(u,u — ap)

and observe that
la(@n, — u, Tpllpu — @p)| < |n — ul g2 ) (T Ilhu — ul g2 (o) + [u — @l g2)) < CRMT®
by (2.17) and (2.33). Moreover we have, by Lemma 3.1,

la(u, TpIlpu — u)| < Ch?®.
Hence we obtain from (3.15) the relation
(3.16) ap(lpu, Hpu—up)— F(pu—up) S a(u,u—1up)— (f, Lpu—up —ap+Thup).

Now we use (1.6) and (2.18) to derive

a(u,u —Up) = a(u,u — Gp) + Op,10(u, ¢1) — dn20a(u, P2)
< (fyu—1ap) + 0n1a(u, ¢1) — 6p20(u, p2)
= (f, Tpllpu — ap) + (f, v — Tpllpu)
= 0na[(fs 91) — alu, é1)] + 0n2[(f, d2) — alu, $2)],

and we note that, by (2.19) and (2.33),

|(fsu = Tllp)| < || fll ooy lu = Tallpul| £,0) < CR*HE,
1001 [(f, 01) — alu, 1)]| + [6n,2[(f, ¢2) — alu, ¢2)]| < CR>.

Therefore we deduce from (3.16) the relation
(3.17) ah(Hhu, Hhu - uh) - F(Hhu - uh) S - (f, (Hhu - uh) — (ThHhu — Thuh)).
Finally, we have by (2.24)

|(f, Mpu = up) = (Tllpu — Thun))| = | (f, TMhu — up, — Ep(Tau — up)) |
<Nl o) Mhw — up — Ep(Mau — up) || 1o0) < Ch?|[Hpu — upl|n,

which together with (3.17) yields (3.8). O
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THEOREM 3.4. There exists a positive constant C' independent of h such that
Hu —up||n < Ch®.

Proof. Tt follows from (3.1), (3.7), and the inequality of arithmetic and geometric
means that

1
IThu — unllf; < C(h** + h|TWpu — unlln) < CR** + L unll;,
which implies
(3.18) ITpu — upllp < Ch™.

The theorem follows from (2.12), (3.18), and the triangle inequality. O

4. Approximations of the coincidence set and the free boundary. In this
section we consider the approximations of the coincidence set (resp., free boundary)
by the discrete coincidence sets (resp., discrete free boundaries). We begin with an
error estimate in the L., norm.

THEOREM 4.1. There exists a positive constant C' independent of h such that

(4.1) HU_Uh||LOO(Q) < Ch“.
Proof. We have

(42) = unllpwio) < lu =Tl + 1T = un) = En(a = un) |1 @)
+ | En(Tpu — un) |l )
(4.3)  lu—Tpull (@) < Ch|u|gra o,
1(Ihu = un) = En(pu = un) | Lo @)
4.4 = Hpu —up) — Ep(Ipu —
(4.4) max |(Mpu — up) — En(Mpu — un)ll (1)

< Cmax he (W — un) = Ep(pu — un)l| 2oery) < Ch|| Ty — uplln
h

by standard interpolation and inverse estimates (cf. [23, 13]) and (2.22).

We can estimate the last term on the right-hand side of (4.2) by the Sobolev
inequality [1], a Poincaré—Friedrichs inequality [41], and (2.24):

(4.5) | En(Mpu — un)|lL ) < ClER(Hpu — un)| m2(0)
< C|E;,(MTpu — Uh)|H2(Q) < ClMpu — upl|p-

The estimate (4.1) follows from (3.18) and (4.2)—(4.5). O

Remark 4.2. Numerical results in section 5 indicate that the estimate (4.1) is not
sharp.

Let I; (i = 1,2) be the coincidence sets of the obstacle problem (1.2), i.e., I; =
{z € Q : u(z) = Y;(x)}, and let F; = 0I; (i = 1,2) be the corresponding free
boundaries.

The discrete coincidence sets I, ; (i = 1,2) are defined by

(4.6) Iny ={x € Q:up(x) —1(x) <1},
(4.7) Ino={x € Q:(x) —up(z) <},
(4.8) 7h = pllu — unl|L. ()
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and p can be any number > 1. Observe that (4.6)—(4.8) imply, for i = 1,2,
(4.9) L Cly,; and In;\IL C{zxeQ:0<|ulz)—¢(z) <2m}.

It follows from (1.1), (4.1), and (4.9) that the discrete coincidence sets are disjoint
compact subsets of  if A is sufficiently small, which is assumed to be the case. We
then define Fy, ; = 0l (i = 1,2) to be the discrete free boundaries.

We can obtain an approximation result for the coincidence set under the following
nondegeneracy assumption (cf. [19, 42]): There exist positive numbers p; and ps such
that

(4.10) Hz € Q:0 <|u(z) —s(z)| < e}| < Ce (i=1,2)

for € > 0 sufficiently small, where |A| denotes the Lebesgue measure of a set A and the
positive constant C' is independent of €. Indeed (4.9) and (4.10) immediately imply
the following result on the symmetric difference I; Al ; of I; and I, ;:

(411) |IZAIh’1| S OThi for 1= 1, 2.

The approximation result for the free boundary requires the following stronger
nondegeneracy assumption (cf. [19, 42]): There exist positive numbers p; and ps such
that

(412) {z€Q:0<u(x) —(x)] <e} C{xeQ: dist(z, F;) < Ce} (i=1,2)

for € > 0 sufficiently small, where the positive constant C' is independent of e.
Observe that (4.6)—(4.8) imply

(4.13) FriC{reN:0< |ulx) —i(z)| <21}

since |up(x) — ;(x)| = 7, for any « € F,; and 75 > ||u — up||oo (except in the trivial
case where u = uyp). It then follows from (4.12) and (4.13) that

(4.14) F; C {x e Q: dist(z, F;) < CThi};

i.e., the discrete free boundary Fj, ; is within a tubular neighborhood of the continuous
free boundary F; whose width is O(7}").

Remark 4.3. For second order elliptic obstacle problems, it is possible to establish
(4.10) and (4.12) under appropriate assumptions on the obstacle functions and the
load function (cf. [21, 42]). But such results are not available for plates. Indeed there
are only limited theoretical results concerning the free boundaries of fourth order
obstacle problems [22, 43]. Therefore (4.10) and (4.12) are assumptions that need to
be verified for individual plate obstacle problems.

5. Numerical results. In this section we present numerical results for several
one-obstacle problems to demonstrate the performance of the quadratic C° interior
penalty method. The obstacle function from below will be denoted by ).

First we give a brief description of the algorithm that we use to solve the discrete
obstacle problem. Let np = dimV; and {p;};", be the nodal basis of Vj,. We
can express the discrete optimization problem (2.5) as the following box constrained
convex quadratic programming problem: Find u € R™" such that

(5.1) u = argmin Q(v),
veB
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where B = {v € R"™ : (p;)) < v; Vp; € Vi NQ,v; = g(pi), Vpi € Vi NN},
Q(v) = $vTA,v —bTv, b; = F(¢;), and A}, is the stiffness matrix whose (i, )
component is ax(@;, ¢;).

We solve (5.1) by an active set algorithm developed in [35]. It consists of a non-
monotone gradient projection step that uses the cyclic Barzilai-Borwein algorithm
[24], an unconstrained optimization step that uses the conjugate gradient algorithm
CG_DESCENT [34], and a set of rules for branching between these two steps that
either restart the nonmonotone gradient projection step or restart the unconstrained
optimization step. It is shown in [33] that this active set algorithm eventually re-
duces (5.1) to an unconstrained strongly convex quadratic problem, which implies
that theoretically (5.1) can be solved in a finite number of iterations. Numerical
experiments in [33] show that this algorithm performs very well in comparison with
other well-established methods for box constrained optimization.

We use the stopping criterion ||P[v — (VQ)(V)] — V|l < 1078 for the examples
in this paper, where P is the projection onto the set B, and we have the following
result [35] regarding the distance between v and u:

v —ulls <C|IPv = (VQ)(v)] = vll2,

where || - ||2 denotes the Euclidean norm and the positive constant C' depends on the
condition number of Ay,.

We take the penalty parameter o to be 5 in the following examples.

Example 1. In this example we apply the quadratic C¥ interior penalty method
to a problem with a known exact solution to validate the numerical results. We
begin with the plate obstacle problem on the disc {z : || < 2} with f =0, ¢¥(z) =
1—|x|?, and homogeneous Dirichlet boundary conditions. This problem is rotationally
invariant and can be solved exactly. The exact solution is given by

(52) u<x>:{01|x|2<1n|x|>+02|x|2+03<1n|a:|>+c4, ro < lol <2,

1_|x|27 |CC| < 7o,

where rg ~ 0.18134452, C ~ 0.52504063, Cy ~ —0.62860904, C5 ~ 0.01726640, and
C4 ~ 1.04674630.

We then consider the obstacle problem on = (—0.5,0.5)? whose exact solution
is the restriction of u to €. For this problem f = 0, ¥(z) = 1 — |z|?, and the
(nonhomogeneous) Dirichlet boundary data are determined by w.

We solve the discrete obstacle problems on uniform triangulations of €2, where
the length of the horizontal /vertical edges of the triangles in the jth level is h; = 277,
and we denote the energy norm on the jth level by || - ||;.

Let u; be the numerical solution of the jth level discrete obstacle problem and let
e; = Ilu — u;, where II; is the interpolation operator for the jth level P, Lagrange
finite element space. We evaluate the error |le;||; in the energy norm and the error
llejlloe = maxpen; lej(p)|, where Nj is the set of the nodal points (vertices and mid-
points) in the jth level triangulation. We also compute the rates of convergence in
these norms by

Br =In(llej-1llj-1/lle;ll;)/In2 and  Boo = In([le;—1lloo/ll€jllo0) / In 2.

The numerical results are presented in Table 5.1. It is observed that the magnitude
of the energy (resp., {o) norm error is O(h!-%) (resp., O(h?)), which is better than
the error estimate in Theorem 3.4 (resp., Theorem 4.1). We believe this is likely due
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TABLE 5.1
Energy norm errors and £oc norm errors for Example 1.

llesll; /lluslls B lleslloo Boo

3.4440 x 10~2 1.0761 x 102

1.8146 x 10~2  0.9245 | 3.5160 x 10~3  1.6137
6.1763 x 1073 1.5548 | 6.2684 x 10~%  2.4878
2.1912 x 103 1.4950 | 1.4770 x 10~*  2.0855
9.2498 x 10™4  1.2442 | 7.5174 x 105  0.9743
3.6448 x 10~%  1.3436 | 2.6261 x 105  1.5173
1.2529 x 10~%  1.5405 | 6.7526 x 10~6  1.9594
4.6397 x 105 1.4332 | 1.7058 x 10=6  1.9850

0O~ O Ui WKN — (S

0.5

0.4

0.3

0.2

0.1

x

Fic. 5.1. Discrete coincidence set and exact free boundary for Example 1.

to the effects of superconvergence because the solution u is a piecewise C*° function
and we use uniform grids in the computation.

We also consider the approximations of the coincidence set and the free boundary.
From (5.2) we see that the continuous coincidence set is I = {z € Q : |z| < ro}, and
the continuous free boundary is F = {z € Q : |z| = ro}. A simple calculation using
Taylor’s theorem shows that the assumptions (4.10) and (4.12) are valid for p = 1/3.

For simplicity, we take the jth level discrete coincidence set to be

(5.3) Ii = {peNj:uj(p) —¢(p) < llejlloo}-

The discrete coincidence set in level 8 is the disc displayed in Figure 5.1, where the
circle represents the exact free boundary F'.

We compute the convergence rates for the coincidence set and the free boundary
by

Be =In(m;_1/m;)/In2 and By =In(d;—1/d;)/In2,

where m; is the Lebesgue measure of IAI; and d; = dist(F}, F'), and tabulate the
results in Table 5.2. According to (4.11) and (4.14), the magnitude of the errors
should be O(le;||4) = O(h?/3), which is in agreement with the numerical results.

Example 2. In this example we take Q = (—0.5,0.5)2, f = g = 0, and 9(z) =
1 —5|z|? + |z|*. We solve the discrete obstacle problems on the same uniform trian-
gulations as in Example 1.
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TABLE 5.2
Approzimations of the coincidence set and the free boundary for Example 1.

mj 6(; dj Bb
1.7895 x 102 4.4002 x 10~2
1.4233 x 1072 0.3303 | 3.5725 x 10~2  0.3007
9.3505 x 1073 0.6062 | 2.4170 x 10=2  0.5637
5.8105 x 103 0.6864 | 1.5369 x 102  0.6532
3.5674 x 1073 0.7038 | 9.5828 x 103  0.6815

O~ O Uk .

Since the exact solution is not known, we take é; = u;_1 — u; and compute the
rates of convergence 5, and [, by

B =(léj-1llj-1/11&ll;)/ 2 and B = Wn([|€j-1lloo/[1Elloc)/ In 2.

The numerical results are presented in Table 5.3. It is observed that the magnitude
of the energy norm error is O(h), as predicted by Theorem 3.4. The results for the
{+ norm errors suggest that the correct estimate for ||u — us||L_ () is O(h?) for this
example.

TABLE 5.3
Energy norm errors and oo norm errors for Example 2.

J | &/ lluslls Bn lI1€;5lloo Boo
1 | 3.2401 x 101 1.0000 x 10°

2 | 4.5394 x 101 —0.4865 3.4417 x 10-1  1.5388
3 | 4.9944 x 10-1  —0.1378 5.9705 x 1072 2.5272
4 | 3.8333 x 1071 0.3817 2.6127 x 1072 1.1923
5 | 1.9609 x 101 0.9670 3.6557 x 1073 2.8373
6 | 9.2707 x 102 1.0808 1.2895 x 10~3  1.5033
7 | 4.4712 x 102 1.0520 4.1668 x 10~4  1.6298
8 | 2.1855 x 102 1.0327 1.0245 x 10~%  2.0240

The discrete coincidence sets for levels 5-8 are displayed in Figure 5.2, where
we replace e; with é€; in (5.3). It is observed that I; converges to a domain with
a smooth boundary and the correct symmetry. Since A2y > 0 in this example,
the noncoincidence set 2\ I is connected (cf. [22, section 8]). This is confirmed by
Figure 5.2.

Example 3. In this example we take Q = (—0.5,0.5)2, f = g = 0, and 9(z) =
1 —5|z|> — |z|*. We solve the discrete obstacle problems on the same uniform trian-
gulations as in Example 1. The numerical results for ||€;|;, [|1€;]lco; Bn, and Boo are
presented in Table 5.4. It is observed that the magnitude of the energy norm error
is O(h). The results for the o, norm errors suggest that the correct estimate for
lu— unllL (o) is O(h?) for this example.

Note that this example is similar to Example 2 except in the sign of the term |z|*
that appears in the obstacle function. Here we have A2y < 0 in , and hence the
interior of the coincidence set must be empty since A?u (in the sense of distributions)
is a nonnegative measure (cf. [22, section 8]). This is confirmed by the pictures of
the discrete coincidence sets Iy and Ig displayed in Figure 5.3. Moreover, the free
boundary appears to be smooth.

Ezample 4. In this example we take €2 to be the L-shaped domain (—0.5,0.5)%\

2 $2
0,0.5]%, f =g =0, and ¢(z) =1 — [(113%225) + 0.3252]'
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FiG. 5.2. Discrete coincidence sets for Example 2.

TABLE 5.4
Energy norm errors and Loo norm errors for Example 3.

llEsll; /lluslls Bh ll€;slloo Boo

3.4133 x 10! 1.0000 x 10°

4.7596 x 10~ —0.4797 | 3.3309 x 10~  1.5860
5.1117 x 10-1  —0.1030 | 7.2578 x 10~2  2.1983
3.3897 x 10! 0.5926 | 2.5308 x 1072 1.5199
1.6913 x 10~1 1.0030 | 7.6540 x 1073 1.7253
7.9146 x 10~2 1.0956 | 1.6226 x 10~3  2.2380
3.8567 x 102 1.0371 | 5.8201 x 10~%  1.4791
1.8889 x 102 1.0298 | 1.0995 x 10~%  2.4042

0O O Ui W N K|S,

We solve the discrete obstacle problems on uniform triangulations, where the
jth level mesh size is h; = 2-U+D_ The energy norm errors and fs, norm errors
are presented in Table 5.5. The magnitude of the observed energy norm error is
consistent with Theorem 3.4, since the index of elliptic regularity « is less than 1 for
the L-shaped domain. In fact we have a =~ 0.5445, and the energy norm error at level
7 has not reached the asymptotic region. The results for the ¢, norm errors strongly
suggest that the correct estimate for |lu — up||z_ (o) is O(h'*®) for this example.

The discrete coincidence sets for levels 6-7 are depicted in Figure 5.4. It is
observed that I; converges to a domain with a smooth boundary. The noncoincidence
set is connected, which agrees with the result in [22, section 8] since A% = 0 in  in
this example.
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-0.5 0 0.5 205 0 0.5

% %

(a) I7 (b) Is
F1G. 5.3. Discrete coincidence sets for Example 3.

TABLE 5.5
Energy norm errors and Lo norm errors for Example 4.

J | N&lls/llurllz B ll€;1l0 Boo
1| 3.8757 x 10~1 1.0000 x 109

2 | 5.7107 x 101 —0.5592 2.1135 x 10~1  2.2423
3 | 4.4676 x 101 0.3542 4.5224 x 1072 2.2245
4 | 2.3225 x 1071 0.9438 1.4043 x 1072 1.6872
5 | 1.1700 x 10~! 0.9893 5.4277 x 1073 1.3715
6 | 6.2281 x 102 0.9095 1.7170 x 10~3  1.6605
7 | 3.5177 x 102 0.8241 5.8861 x 10~%  1.5445

0.5 0.5

0.4 0.4

0.3 0.3

0.2

0.1

-0.5 0 0.5 -0.5 0 0.5

F1G. 5.4. Discrete coincidence sets for Example 4.

6. Concluding remarks. We have investigated a quadratic C interior penalty
method for the obstacle problem of clamped Kirchhoff plates and extended the results
in [16] for convex polygons and homogeneous Dirichlet boundary conditions to general
polygons and general Dirichlet boundary conditions. By allowing nonhomogeneous
boundary conditions we are able to construct an example with a known exact solution
to validate the numerical results.

We have proved that the magnitudes of both the energy norm error and the Lo,
norm error are O(h®), where a € (3, 1] is the index of elliptic regularity determined
by the interior angles of the domain. Numerical results indicate that the energy norm
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error estimate is sharp, but the L., norm error estimate is not. For the examples in
section 5 the magnitudes of the L., norm errors appear to be O(h!*®).

Since very little is known about the free boundaries of such obstacle problems,
we can only derive results for the approximations of the coincidence set and the
free boundary by assuming certain nondegeneracy conditions. However, numerical
experiments (cf. Figures 5.2-5.4) suggest that it may be possible to obtain regularity
results of the free boundaries under appropriate assumptions on the obstacle functions
and the load function. This in turn may lead to conditions that are easy to verify and
that imply the nondegeneracy conditions.

It is also of interest to develop multilevel solvers for the discrete obstacle problems,
and we plan to address this in the near future.
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