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Abstract

The convex—concave minimax problem, also known as the saddle-point problem, has
been extensively studied from various aspects including the algorithm design, convergence
condition and complexity. In this paper, we propose a generalized asymmetric forward—
backward—adjoint algorithm (G-AFBA) to solve such a problem by utilizing both the proximal
techniques and the extrapolation of primal-dual updates. Besides applying proximal primal-
dual updates, G-AFBA enjoys a more relaxed convergence condition, namely, more flexible
and possibly larger proximal stepsizes, which could result in significant improvements in
numerical performance. We study the global convergence of G-AFBA as well as its sublin-
ear convergence rate on both ergodic iterates and non-ergodic optimality error. The linear
convergence rate of G-AFBA is also established under a calmness condition. By different
ways of parameter and problem setting, we show that G-AFBA has close relationships with
several well-established or new algorithms. We further propose an adaptive and a stochastic
(inexact) versions of G-AFBA. Our numerical experiments on solving the robust principal
component analysis problem and the 3D CT reconstruction problem indicate the efficiency
of both the deterministic and stochastic versions of G-AFBA.
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1 Introduction

Consider the following generic convex—concave saddle-point problem

minmax L(x, y):=f(x) + (Kx,y) — g(y), (1.1
xeX yey

where f : X — (—o0,00]and g : Y — (—00, 00] are proper lower semicontinuous convex

functions (not necessarily smooth), X and ) are finite-dimensional real Euclidean spaces,

K : X — Y is a bounded linear operator. Let K" denote the adjoint operator (or matrix

transpose) of K, f* and g* denote the Fenchel conjugate [38] of f and g, respectively. Then,

(1.1) amounts to the following primal and dual problems:

min f(x) + ¢*(Kx) and min f*(—K "y) + g(»).
xeX yEY

Due to these intrinsic relationships, the problem (1.1) covers a wide range of applications,
including machine learning, signal and image processing, economics, statistics, see e.g. [9,
12, 21, 24, 28, 40, 48, 51] and the references therein. Throughout this paper, the solution set
of (1.1) is assumed to be nonempty.

1.1 Notation

Let R” be the set of n-dimensional Euclidean space equipped with an inner product (-, -) and
Euclidean norm || - || = 4/{-, -}. Let I be the identity matrix and 0 be the zero matrix/vector.
Given a positive definite self-adjoint linear operator or symmetric matrix H, we denote
lxllg = &/{x, Hx) = ~x T Hx with the superscript T representing transpose. Denote the
Euclidean distance from x € C to the closed convex set C by dist(x, C) = minyec [|x — y|,
and the G-weighted distance by distg (x, C) = minyec ||x—y|lg where G is a self-adjoint and
positive definite linear operator. The notation p(G) denotes the spectral radius of G, while
Amin (G) and Apax (G) denote the minimum and maximum eigenvalues of G, respectively.

1.2 Related Work

Due to the separable structure of f and g in (1.1), many effective algorithms are designed to
treat them individually so as to make full use of the properties of each component objective
function. An earlier yet simpler approach for solving (1.1) is the Arrow—Hurwicz method

[1]:

xk 1 = arg min £(x, V) + g fx =t :
(PDHG) xe s (12)
yiH :argr‘r,leag);(ﬁ(xkﬂ»y) - %”y_yk ’

where the positive parameters T and o are often regarded as the proximal primal and dual
stepsizes. This Arrow—Hurwicz method was also called a primal-dual hybrid gradient method
(PDHG) due to the earlier work [51], and it was described [50] as a proximal version of the

@ Springer



Journal of Scientific Computing (2025) 102:80 Page30of33 80

traditional augmented Lagrangian method (ALM) for some canonical convex programming
problems. O’Connor and Vandenberghe [36] showed that PDHG can be viewed as a spe-
cial case of the Douglas—Rachford splitting algorithm [35] from the perspective of solving
a monotone inclusion problem. Another related well-known algorithm based on (1.2) is
proposed by Chambolle-Pock [9] (see e.g. [37]) by employing an extrapolation technique:

k2

’

xktl = arg)rcréig L(x, y5) + %”x —Xx
ykHl — argryngﬁ(x"“ +a(kH — xky y) — % |y — gk HZ (1.3)
Here, o € [0, 1] is an extrapolation stepsize. Clearly, (1.3) reduces to (1.2) when « = 0. It
was shown in [9] that (1.3) is closely related to the existing extragradient method [32] and
a preconditioned version of the alternating direction method of multipliers (ADMM) [18].
The connection between (1.3) and the forward-backward splitting method [35] can be found
in [42]. Although the scheme (1.3) applies a proximal technique, some counter-examples
provided in [25] showed that when @ = 0, i.e. the PDHG method, it is not necessarily con-
vergent. Moreover, the global convergence of (1.3) with « € (0, 1) remains still unknown,’
although its global convergence with « = 0 had been established [23] by assuming strong
convexity on one of the objective functions. So far, the widely used scheme of (1.3) is the
case with o = 1:

xktl = argmi% L(x, y*) + %Hx — x* ”2,
(CP-PPA) € 2 (1.4)
y*+H1 = argmax £Q2x*HT — x¥, y) — ﬁ”y - ykf ,
yey
where the stepsize parameters 7 and o need to satisfy
1 . T
— > L with L=p(K K) (1.5)

T0

for ensuring global convergence of CP-PPA. Convergence of an adaptive version of (1.4) was
investigated by Goldstein et al. [20]. More recently, He et al. [24] extended CP-PPA (1.4) to
the following generalized version:

k+1 2
9

X o

_ : k 1

= arg)r(rél/gﬁ(x, ) + Z”x —X

(GCP-PPA) § 3! = argmax L0 +a(r ! —x.3) = ]y =y (16)
Y = 54— (1 — a)o K (xkH = xb),

where o € [0, 1] is a parameter. GCP-PPA has global convergence when
1 2
—>{l—-a+a”)L. (1.7
0

Obviously, when @ = 1 the above GCP-PPA reduces to CP-PPA, while for & € [0, 1) an
extrapolation step is used for the dual variable to ensure global convergence. Moreover,
the stepsize requirement (1.7) is more relaxed than the condition (1.5). For example, when
a = 0.5, (1.7) only requires % > 0.75L. In addition, some stochastic and accelerated
first-order methods have been also proposed for solving (1.1) when its objective function has
certain structures or satisfies further smoothness conditions. For a much incomplete reference

list, please see e.g. [11, 12, 26, 28, 33, 44, 47, 52].

1 Recently, its weak convergence was established in [2] when o > 1/2 and o L < 4/(1 + 2«).
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Table 1 Relationship between G-AFBA (1.8) and several methods

Cases Algorithms Region of (7, o)
a=1 CP-PPA [9] & Reduced ALM (1.5)
(o, u) = (0, 1) Exact version of Algorithm 2 [30] (1.5)
ael0,1,u=0 GCP-PPA [24] (1.7)
a, ;e l0,1] G-AFBA(ours) (1.9)
a=0,uel0,1] G1-AFBA(ours) 4.4)

As a generalization of (1.3), the Condat-Vii scheme proposed independently in [14, 42]
has attracted much attention in recent years and its convergence can be proved by casting
the scheme into a forward—backward splitting method. However, the condition of involved
parameters seems to be more restrictive than that of PDHG. Another interesting and closely
related method is the asymmetric forward—backward—adjoint algorithm (AFBA) [33] for
solving structured monotone inclusion problems, which was also studied and extended to
solve the saddle-point problem (1.1) [46]. An inexact AFBA with absolute error criteria was
further proposed in [30] to alleviate both theoretical and numerical difficulties of solving
subproblems exactly. But, to our understanding, both the original AFBA and its inexact
version have an even more conservative stepsize rule than that of the Condat- Vi scheme. For
a comprehensive survey on proximal splitting algorithms, we refer to [15] for more details.

1.3 The Algorithm and Contribution

Notice that the convergence condition of CP-PPA has been significantly improved by He et al.
[24] through performing an extrapolation step on the y-variable along the iterative difference
of the x-variable. That is, the correction step of y-iterates uses the interactive information
from x-iterates, which is different from the traditional way of performing correction steps
along its own iterates. A natural and yet interesting question to investigate is whether the
convergence condition (1.7) can be further improved by applying extrapolation steps on
both the primal and dual updates. By this motivation, we propose the following generalized
asymmetric forward—backward—adjoint algorithm:

£k+1 :argmigf(x)_i_%Hx_xk_i_rKTyk|2’
xe
S : Ly — v& — g K[kt ekl _ ky)l?
(G-AFBA) {7 argmin g(y) + 5 |y = y* = o KIF*H +a(x % (18

xk+l — )EkJrl —-(1- cx)erKT(ka _ yk)’

yk+l — )—)k+l + (1 —O{)(l _ u)oK()?kH —)Ck),
where o, u € [0,1], T > 0 and o > O are algorithm parameters. To ensure the global
convergence of G-AFBA, we require the primal-dual stepsize parameters (o, T) to satisfy

L a+(1—M+M2)(1—a)2+\/[a—(l—u+u2)(l—a)2]2+4a(1—a)zL

To 2

(1.9)
We now have the following comments on G-AFBA:

(D) Flexibility of the algorithm. Table 1 shows that G-AFBA is quite general and includes
many well-established algorithms we have previously discussed as special cases. We
refer to Sects.4-5 for more detailed discussions on the connections between G-AFBA
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Fig. 1 Visualization on the lower bound of ﬁ in (1.7) and (1.9)

and other related methods including the application of G-AFBA to multi-block convex
programming, an adaptive version of G-AFBA, and a tailored stochastic G-AFBA for
solving structured saddle-point problems from machine learning. The major difference
between G-AFBA (1.8) and other existing PDHG-type methods is the two crossing
extrapolation steps performed on the primal-dual variables, which can be also viewed as
a correction step from our later analysis in a prediction-correction framework (see (3.2)).
In fact, these two extrapolation steps can be also treated as backward and forward steps
on the primal-dual variables.

(II) Larger stepsize parameters. Figure 1 visualizes the lower bound of m% in (1.7) and
(1.9) for ensuring global convergence, where Fig. 1a is the same as Fig. 1b but at different
azimuth and elevation angles. As shown in Fig. 1, the lower bound 0.75 of ﬁ with
o = 0.51n (1.7) can be further improved by the lower bound given in (1.9). Hence, the
current lower bound 0.75 on ﬁ for PDHG-type methods e.g. given in [24, 31, 34] is not
tight, and possible larger stepsizes on o and t can be applied in G-AFBA without losing
global convergence. For example, by setting (o, u) = (1/3,1/2), the condition (1.9)
reduces to % > #L ~ 0.7182L. Moreover, note that when u = 0, the condition
(1.9) will reduce to (1.7) exactly matching the convergence condition of GCP-PPA.

(III) Global convergence and various convergence rates. Based on variational reformu-
lations for both the saddle-point problem (1.1) and the iterative sequence of G-AFBA
(1.8), we establish the global convergence of G-AFBA, its sublinear convergence rate
in the sense of the primal-dual function value gap, the sublinear convergence rate of
the optimality gap and the optimality error measured by the difference of two consecu-
tive iterates. We also show the linear convergence of G-AFBA under proper regulation
(calmness) conditions. We further propose an adaptive version of G-AFBA with sim-
ilar convergence rate but often enjoying significantly better practical performance. In
addition, we give a customized stochastic G-AFBA (SG-AFBA) for solving a structured
(1.1) with large sample sizes from machine learning. In fact, by considering the sample
size as one, SG-AFBA will reduce to an inexact deterministic G-AFBA which allows to
solve one proximal mapping subproblem to an adaptive accuracy (see the discussion in
Sect. 5). Our numerical experiments on solving two classes of image processing problems
indicate that by allowing flexible choices of stepsizes o and 7, G-AFBA and its variants
can have better performance compared with some well-established methods.
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1.4 Organization of the Paper

In Sect.2, we prepare some preliminaries that are used to analyze the convergence of G-
AFBA. Section3 is dedicated to analyzing the global convergence and sublinear/linear
convergence rate of G-AFBA based on a prediction-correction framework. Section4 shows
the relationship of G-AFBA with some existing and new related methods. Section 5 provides
an adaptive G-AFBA (aG-AFBA) and a customized stochastic G-AFBA (SG-AFBA). We
finally present numerical comparisons of G-AFBA, aG-AFBA and SG-AFBA with some
other well-known methods in Sect. 6.

2 Preliminaries
In this section, we first provide a variational formulation for the saddle-point problem (1.1).

Then, we show some nice properties of certain block structured matrices which will play key
roles in the theoretical analysis of G-AFBA.

2.1 Reformulation of the Saddle-Point

Let Q := X x Y. We call a point (x*, y*) € Q the saddle-point of (1.1) if it satisfies
L(x*,y) < LF,y") < L(x,y), VxeX,ye),

that is,
{f(x)—f(x*)—l—(x—x*,KTy*)20, Vx € X, 2.1
g — g +(y —y*, —Kx*) >0, Vye ). '

These inequalities can be expressed as the following variational form
VIO, T, Q) : 0u) — 0™ +(u—u*, Tu)) >0, VueQ, (2.2)

where -

—(* _ _(K'y

u= (y) LW = f@ +g), T = (_Kx> : 2.3)

Notice that the above operator 7 (1) satisfies
<u —v,j(u)—J(v))EO, Yu,v € Q.

In the convex optimization, u* satisfies (2.2) if and only if #* is a primal-dual solution of the
problem (1.1). Because of the nonempty assumption on the solution set of (1.1), the solution
set of VI(0, 7, ©2), denoted by %, is also nonempty and can be characterized as (see [22])

2 =N [zz | 0() — 0 + (u — it, T (D)) > 0]. 2.4)

ue

2.2 Some Matrices and Properties

In order to simplify and conveniently analyze the convergence of G-AFBA, we introduce the
following matrices

[ i —kT _ I —(1 —a)utKT
Q‘[—aK 1y ] M‘[(l—a)(l—mok I ] 2:5)
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Note that the matrix M is nonsingular for any u € [0, 1] and 7, o > 0. With these matrices,
we define
H=0M"" and G=Q0"+Q0—-M"HM. (2.6)

For the matrices H and G, the following properties hold.

Proposition 2.1 For any parameters (t, o) satisfying (1.9), the matrices H and G defined in
(2.6) are symmetric positive definite.

Proof First, notice that
[l =AU =0 o] & — (1= @21 = wpaL? > 0

— [%4—(1 —a)%(1 _M)ML]I:rla —O{L] > _(X)Q%.

Hence, for all (z, o) satisfying (1.9), we have 1/(r0) > «L, which implies Q defined in
(2.5) is nonsingular. Now, let us define D = QT M. Then, D is nonsingular since M is
nonsingular. In addition, the H and G defined in (2.6) can be written as

H=0D'Q" and G=0"+0-D. 2.7

By direct calculation, we can derive from (2.5) and (2.7) that

(- -)d —woKTK —[a+ (1 —a)u]K"
b= |: —[a—i—(l—a)u]K ;I—l—(l—a)/u'KKT] (2.8)
and 1 T [ ] T
|+l —a)1-—woK'K [(1-a)u—1[K
G‘[ [1—a)p-1]K (‘,I—(l—a)urKKT] (&9

Due to the symmetric property of D and the relationship H = QD~1Q7, we also have
H is symmetric. Hence, to show the positive definiteness of H, we only need to show D is
positive definite. Without loss of generality, suppose K is an m x n(m < n) dimensional
operator matrix and let K = VXU | be the singular value decomposition of K, where both
V e R™ and U € R™*" are orthogonal matrices and ¥ = (X,,, 0) is a diagonal matrix
with X, = diag(s1, s2, -+ ,8m) € R™™ ands; > 0(i = 1,2,...,m) being the singular
values of K. Then, we have

220

T —
KK—U|:00

} U' and KK'=vz2vT.
Then, it follows from (2.8) that
1
0V 0 -1 0

~[fe+d-p]Sn 0 I+ -aurz?

P

D:[UO] ol -a)1-wox2 0 —[a+ (1 —a)u]Zy, [UO]T

By linear algebra calculations (e.g. see similar techniques in [43, Page 16]), we can show
that the matrix P is positive definite if and only if

(% —a(l—a)(1— ,u)asl-2> (é +(- a)p,rsf) - [a +(- a)M:IZS[Z >0
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foralli =1, ..., m, which is equivalent to
2
— [0 - e — 0 —a] 2L — (1 —a)?(1 — wpas} >0
(t0)? 10
s 201 [
— + (1 =) (1 — p)us; as;i | > 0. (2.10)
10 0

Since L = p(K"K) = p(KK") = max }siz >0,a,u €[0,1]1and o, T > 0, we have
S m

.....

from (2.10) that the matrix P is positive definite if 1/(to) > oL, which is ensured by the
previous condition (1.9). So, from the above analysis, we have H is positive definite if (z, o)
satisfies (1.9).

By the similar analysis and the representation of G in (2.9), we can show G is also positive
definite if the condition (1.9) holds. The proof is completed. O

3 Convergence Analysis

In this section, we first analyze the global convergence of G-AFBA and its sublinear conver-
gence rate in the ergodic sense. We then study the sublinear convergence rate of G-AFBA in
terms of both the difference of two consecutive iterations and the first-order optimality gap.
We finally discuss the linear convergence of G-AFBA under a certain calmness conditions.

Now, observe that G-AFBA (1.8) can be equivalently written as the following prediction-
correction framework, where M is given by (2.5), u* and it* are defined as

k ~k

k X ~k X
u = and " ={"..]),
(yk> (yk>

and the proximal operator of a function & with parameter T > 0 is defined as

. ! )
prox () := arg min {h(x) + - lx = yI}.

Algorithm 3.1: A prediction-correction reformulation of G-AFBA.

Prediction Step:
ik :proxrf(xk —‘L'KTyk); (3.1a)
5% = prox, ,(y* + o K[#* + a (@ — xh)]); (3.1b)

Correction Step:
W=k — MWk = i), (3.2)

3.1 Global Convergence
The global convergence of G-AFBA will be analyzed based on the above prediction-
correction reformulation.

Lemma3.1 Let {i* = (7*; yk)} be the predictor sequence generated by (3.1a)—(3.1b) and
{(uktl = (x**1 YA 1Y) be the corrector sequence generated by (3.2). Then, for any u € 2,
the following inequality
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L9 - LE ) = w—idHT oWk — i (3.3)
holds®, where Q is given by (2.5).
Proof We can derive from the first-order optimality condition of (3.1a) that
FO) = FG) + (v — 7 KTy + %ozk _ )20, vrex.
Rearranging the above inequality to obtain
fe) = fE +{x -7 kT > (x — ik, %(xk i - KTk - yk)> (3.4)
for any x € X. Similarly, we have from (3.1b) that
80) = 86 + v = 3 —KIF oG —xh+—GF—h) 20, wre,
which can be equivalently rewritten as
80 = G + [y = 7, K& = (v = 7, —aK (k= ) + é(yk -h)  63)
for any y € ). Combining (3.4) and (3.5) completes the proof of (3.3). ]

The following lemma shows that the sequence {|u* — uk| g is strictly decreasing under
the weighted norm ||u|ly = Vu' Hu.

Lemma 3.2 Under the condition (1.9), the sequences {a*y and {u*+1} generated by G-AFBA
satisfy

L0 = 2650 2 3 (Ju =Y fu =t [3) gt - 2L G
for any u € 2, where H and G are defined in (2.6). Moreover, we have
P e R P S PR 67
Proof According to (3.2) and the definition of H in (2.6), we have
u—iHT oW —i*) = - i " HW* — u* . (3.8)
Then, applying the identity
@-b)THe—d) = %[na —d} — lla —eli} | + %[nc — b}, — Il - b1,
witha = u, b = ii*, ¢ = u* and d = u**! to the right-hand side of (3.8) gives

=BT HG - R | CRranl PR PR 1A

~k 12
= 3k = 5, = =)
L A N ST (3.9)
3.2) -
i e

{(u —uk)T(QT‘i‘Q MTHM)(M —uk)} i”“k_ﬁk”é’

2 Note that (3.3) is equivalent to 6 (u) — 0(ﬁk) + (u — ik, J(ﬁk)> > (u— ~k)TQ(u — ik,
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where the fourth equality exploits the relation Q = H M and its symmetric property. Then,
substituting (3.8) and (3.9) into (3.3) confirms the assertion (3.6).
Set u = u* in (3.6) and use (2.1) with (x, y) = (&, 7) to obtain

o =y = o = w1 = = = 2[e G ) = 26, ] = 0.
Then, (3.7) follows directly. The proof is complete. O

In what follows, based on Lemma 3.2, we are ready to prove the global convergence of
G-AFBA.

Theorem 3.1 Under the condition (1.9), the sequence {uk 1y generated by G-AFBA
converges to the solution point of (1.1).

Proof First, it follows from (3.7) in Lemma 3.2 and the positive definiteness of G and H that
the sequence {u¥} is bounded and

. k _ ~k| _
Jim |u* —a*|| = o. (3.10)

As a result, the sequence {i¥} is also bounded and has at least one limit point . Let {#%/}
be a subsequence converging to u°°. Then, it follows from (3.3) that

O(u) — 0" + (u— i, J@)) = - i) Quh — ), VueQ,

which, together with (3.10), the lower semicontinuity of #(«) and the continuity of 7 (u),
implies
Ou) —O0w™®) +(u—u™®, Ju>) >0, YueQ.

That is to say, ™ is a solution point of (2.2) and hence is a solution point of (1.1).

Now, by (3.10) and lim;_, uki = 4, the sequence {u*/} also converges to 1. For
any k > k;, we can deduce from (3.7) that ||u°° — uki ||H > ||uoo —uk ||H So, the whole
sequence {u*} converges to u>. The proof is complete. O

3.2 Sublinear Rate of Convergence

In this section, we analyze the worst-case O(1/T) convergence rate of G-AFBA in the ergodic
sense in terms of the optimality error measured by both the difference of two consecutive
iterates and the first-order optimality gap, respectively, where T denotes the iteration number.
First, it is obvious that (2.1) can be also expressed as

L(x,y)—L(Ex*,y)>0, VY(x,y) €.

Hence, by (2.4), u = (x; y) is often called an e-approximate solution point of VI(6, 7, )
(2.2) with the accuracy € > 0 if it satisfies

Lx,y)—Lx,y) <€, YueBi={ueQ||u—ul=<1}

In the following, we will demonstrate that, after T iterations, G-AFBA is able to find a point
u such that

sup  {L@&,y) - Lx, »} <01/T). (3.11)
u=(x,y)eB;
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Theorem 3.2 Let {ii*} be the predictor sequence generated by (3.1a)—(3.1b) and {u*} be the
corrector sequence generated by (3.2). For any integers T > 0 and k > 0, let
1 T+k T+«
xr=——> % and yp = —— Y k. (3.12)

]+Tk=/< 1+Tk=;c

Then, under the condition (1.9) we have

1 2
c(xT,y)—ﬁ(x,yT)gm“u—uknﬂ,, Yu e Q, (3.13)

where H is defined in (2.6).

Proof The inequality (3.6) together with the positive definiteness of G implies

LG y) — Lx, ) < %[Hu o P [t A (3.14)
for any u € 2. Sum the last inequality over k = k,x + 1, --- , T + «k to obtain
T+« y y 1 )
> o[eE y) - £, 9] < 1l P2
k=K

which, by the convexity of f, g, the definitions of x7 and yr in (3.12), gives

1 2
(T + D[L0r, ) = L6 yn)] < 5 [Ju—ut],.
Hence, (3.13) holds. The proof is complete. O

Theorem 3.2 implies that under a more flexible condition (1.9), we have (3.11) holds, i.e.,
the primal-dual function value gap converges to zero with the worst-case O(1/T) ergodic
rate. A similar result to (3.13) in the sense of expectation can be found in [4]. We next
show that {||u* — u*+! ||%{}, which also measures the optimality error, monotonically goes to
zero with the worst-case O(1/T) convergence rate. The following lemma confirms that the
sequence {lluF — ukt! ||%1,} decreases monotonically.

Lemma 3.3 Under the condition (1.9), the sequence {(u*} generated by (3.2) satisfies
= 1 = a1 — 2 G159

Proof 1t follows from (3.3) with u = #*! that
LEF T — LG5 = @ T oWk b, (3.16)
Similarly, (3.3) holds at the (k + 1)-th iteration, that is,
LG, 75 — LG y) > u — YT Q! — @Y, vu e @,
which, by setting u = ¥, results in
LGEE, 7 — @R 50 > @F — af T k! — @k, G.17)
Combining (3.16) and (3.17), we have

(ﬁk _ ﬁk+1)TQ{(Mk _ ﬁk) _ _(uk+l _ ﬁk-‘rl)} > 0. (3.18)
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Then, adding the equality

{(l/lk _ ﬁk _ (uk+1 _ ﬁk+l)}TQ{(Mk _ ﬂk) _ (uk+l _ ﬂk+l)}

1 - -
k_ gk gkt ke

(3.19)
= 5”’4 —u

2
)”(QT+Q)
to both sides of (3.18) leads to
~ ~ 2
3t =it — @ oy
< (Mk _ uk+1)TQ{(uk _ l;k) _ (ukJrl _ ﬁk+l)}
(3£2) (uk _ ﬁk)TMTQ{(uk _ ﬁk) _ (uk+l _ ﬁk+1)}

2.5 k — @) TMTHM{(k — i) — @k — k),

Using this relationship, the identity ||a||%1 - ||b||%{ =2a"H@ —b) — |la — b||%{ with
a=M@u* =% and b = M@ ! — #¥H1y and wk — uF ! = M@W* — %), we have
2 2
||uk_uk+1HH_ ||l§k+1 _uk+2”H i

= [t = [, — [t

— 2(uk _ ﬁk)TMTHM{(uk _ I;k) _ (uk+| _ ﬁk+1)} _ ||M{(uk _ lzk) _ (uk+| _ ﬁk+1)}||i]

> ”uk — ik — k! ﬁk+1)‘|?QT+Q) _ HM{(uk — by — k! = ﬁk“Hqu

(256) H“k ik =k — ﬁk+1)”26 >0,

where the last inequality follows from the positive definiteness of G. We complete the
proof. O

Theorem 3.3 Suppose the condition (1.9) holds. Then, for any integers T > 0 and k > 0,
there exists a constant co > 0 such that the sequence {u*+1} generated by G-AFBA satisfies

1
st =T 2 e = e e o)

Proof First, by the positive definiteness of G and M " H M, there exists a constant co such
that G — coM " HM is positive definite. Hence, we have

[ = G = o Mt =[Gy = eoflut

Then, it follows from inequality (3.7) that

I =y < =y = ol = et @ Gan

Summing (3.21) overk = i,k + 1, --- , T + i, it follows from the monotonicity of {[|u* —
uk+l II%{} given in (3.15) that

T+k
s = w5 = 3 eoflut =G = (1 Taeo ™ —uT
k=K
for any u* € Q*, which leads to (3.20) immediately. O

For any given € > 0, Theorem 3.3 shows that the proposed G-AFBA (1.8) needs at most
[c/€] iterations to ensure luk — ukt! ||%_1 < €, where ¢ = inf2 lu® — u*||%_1/co. Recall that
u*eQ*

uk+1 is a solution point of VI(9, 7, ) if and only if ||u*¥ — u**T!|| = 0. Hence, Theorem 3.3
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indicates that ||u* — 1**1|| 7, which can be used as a measure of optimality error, converges
to zero sublinearly. Moreover, let d* = (d)]C‘, d’v‘ ), where

1 1
d* = —(x* = —KTOF = 75 and @ = —(F — ) —ak (xF — 7).
T Yoo
Since the optimality conditions in (3.4) and (3.5) are equivalent to

fO) = fE) 4+ (x =7 K% —ak) >0, vxeux,
gy —gGH +(y 3% -k —df) =0, vyeV,

we have from finite-dimensional Euclidean spaces of X' and ) that
di — K'5* € 0f (&) and d} + Ki* € 9g(7Y).

Hence, ||d¥|| also measures the first-order optimality error. Notice that d* = ok — ik =
H u* — ukt1y. So,

k|l = I1H @* — ") < v/ Amax (EDlu* — u* Y g,

which, by Theorem 3.3, implies ld¥ || also goes to zero in a sublinear rate.

3.3 Linear Rate of Convergence

For any u = (x; y) € 2, we define the KKT mapping as
T
_ (x—prox; (x —Ky)
Ru) = : 3.22
() (y x4 K2) (3.22)

which is Lipschitz continuous on €2 because the proximal operator of a proper convex function
is Lipschitz continuous with unit Lipschitz constant. Furthermore, given any u# € €2, we have
u € Q* if and only if R(u) = 0. Hence, Q* = {u € Q2 | R(u) = 0}.

In this subsection, under a calmness condition (see (3.23)), we establish the Q-linear
convergence of {disty (u*, 2*)} to zero, where distg (¥, Q*) = min,eq+ |lu — u*| 5, and
the R-linear convergence of {u*} to a u® e ©*. Similar conditions had been used for the
linear convergence of ADMM and the inexact primal-dual algorithm, cf. [3, 29] to list a few.

Theorem 3.4 Let {ii*} be the predictor sequence generated by (3.1a)—(3.1b) and {u*} be the
corrector sequence generated by (3.2). Suppose the condition (1.9) holds. Then, we have the
following properties:

(i) There exists a saddle-point u®™ = (x*°; y*°) € Q* such that

k+1 _ u®.

lim & = lim u
k—o00 k—o00

(ii) If R~V is calm at the origin for u™ with modulus 6 > 0, that is,
dist(u, Q") <O|Rw)|, VYu € {u e Q|u—u>®| <r}, (3.23)
for some r > 0, then there exist a & € (0, 1) such that
disty (¥, Q%) < &disty (u*, ) (3.24)

forall k > 0. Moreover, the sequence {llu* = w2} converges to zero R-linearly.
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Proof First, property (i) directly follows from Theorem 3.1. So, there exists an integer k > 0

such that

k

lu* —u™| <r, Vk=>k. (3.25)

From the optimality conditions of (3.1a)—(3.1b), we can derive
ik = prox ¢ ik — (%(ik — xk) + KTyk)],
7 = prox, [ 7 = (1G* = 9 = K@ +a@ — ) |.

Combine (3.26) and the definition of R(-) in (3.22) to obtain

(3.26)

IRG)I? = |¥* — prox (7" — K T ’<>|| + || = prox, (y +ka)||
< |- L@k —xk)+KT(y —yk)” +HaK(x —x) G* - k)||
<2« 2L 4 4 L)k = %2 +2(L + L) IyF = 517
< ey lluk — @7,

where first inequality uses the non-expansive property of prox ; () and prox, (-), and
1 1
K1 :2max{a2L+—2,L+—2}. (3.27)
T o
So, it follows from the last inequality and (3.23) that for all k > k,
dist(@*, %) < 0. /iy |lu* — i¥). (3.28)
Then, by triangle inequality and (3.28), for all k > k, we have
disty (u¥, Q%) < dist®, Q%) < dist@*, Q) + ||u* — ¥

1+ f 140k
\/)\mm(G)
Since (3.7) holds for any u* € Q*, for all k > 0 we have

1
\% }\max (H)

< A+ 0k plu* =¥ < —i*g. (3.29)

dist?, "1, Q) < dist, (u, Q) — |lu* — b )%, (3.30)

which together with (3.29) gives

(1 460/ 1)? Amax (H)

for all k > k. Finally, (3.30) and (3.31) implies there exists a £ € (0, 1) such that (3.24)
holds, that is, the sequence {dist H(uk, ©Q*)} converges to zero Q-linearly.
Now, let d¥ = uF+t! — 4k, We have from (3.30) and triangle inequality that

1 Amin(G
distH(ukH,Q*)f\/l— min ( )distH(uk,Q*) (3.31)

ld* |, = [u*t — k], < disty X, Q%) + disty (@ ', Q%)
3.24)
< 2disty (¥, Q%) < 2&Fdisty (u, ).
Hence, we have from u® = u* + Z i d/ that

Jut =]y < S5 ]y < 2dist (. ) Y2 8
= 2disty (u, Qg N30 &7 = ¢ (2disty (1, @) g )

which implies the sequence {|lu* — u®} converges to zero R-linearly. O
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Theorem 3.4 shows linear convergence of G-AFBA under the calmness condition. In
practice, it is not easy to check whether the calmness condition (3.23) holds or not. However,
when the mapping R defined by (3.22) is piecewise polyhedral, or equivalently, R~! is

piecewise polyhedral, we know (e.g. see [39]) there exist two constants 8, n > 0 such that
dist(u, Q%) < BIIR@)Il, Vu € {u € QIRW)| < n}. (3.32)

When R(u) > n, for all ||u — u®°|| < r with some r > 0, we have
dist(u, Q%) < lu —u™|| <r < iIIR(u)II. (3.33)
n

So, given any r > 0, we have from (3.32) and (3.33) that the calmness condition (3.23)
holds with & = max{g, r/n}. Moreover, by Theorem 3.1, there exists a 7 > 0 such that
uF — u®| < 7 for all k > 0. Hence, when the mapping R defined by (3.22) is piecewise
polyhedral, for {(uk} generated by G-AFBA, we have dist(u*, Q*) < 0||R(u*)|| for some 6 >
0. Furthermore, by Theorem 3.4, we have {disty (uk, Q*)} converges to zero Q-linearly and
{luF = uc) converges to zero R-linearly. Here, we want to mention that linear convergence
had been also discussed when assuming certain strongly convexity on the objective function
(see e.g. [10, 11]).

4 Connections Between (1.8) and Other Related Methods

In this section, we discuss in a bit more detail on the connections between G-AFBA (1.8)
and some existing and new related algorithms.

e Case 1 (CP-PPA in [9] and a reduced ALM). When o = 1, G-AFBA (1.8) will reduce

to
xktl — argmig fx)+ %”x — KK Tyk 2
xXe
. N 2
yH! = argmin g (y) + wlly =y ok —xH]7,

which is CP-PPA proposed in [9]. When o = 1 and g = 0, the problem (1.1) is equivalent
to

min f(x) st. Kx=0, x € X, “.1)
and G-AFBA (1.8) recovers a ALM-type method
2

xk+1 = argmin f(x) + 5 |x —x¥ + Tk Ak

XeX
AL =)k o K xkT — XKy,

Note that two different parameters 7 and ¢ are exploited here, which is different from

the standard augmented Lagrangian method for solving (4.1).

e Case 2 (Exact version of [30, Algorithm 2]). When («, ) = (0, 1), G-AFBA reduces
to

gkl = argmi}ré fx) + 21—1||x —xk K Tyk 2
X€
. k1112
yH = argmin g(v) + 57 [y — 3 — o KFH, (4.2)

xk+1 — )Ek-H _ .L.KT(yk-H _ yk)7

which is the exact version of [30, Algorithm 2] by setting the iterative relative error
to zero. For this case, the condition (1.9) reduces to 1/(ct) > L, which matches the
condition given in [30].
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e Case 3 (A subclass of G-AFBA). By setting « = 0, G-AFBA reduces to

2

)
’ (4.3)

k+

zk+1 : 1 k k
X =argmin f(x) + 5-|x —x"+ 1K
gxe)(' ( ) 21” Y

Sk+1 . 1 & k1
(G1-AFBA) | 7 =argming(y) + 57 [y -y —oKF

Xk+] — )Ek-‘rl _ MTKT(_)_)k+l _ yk)’
yk+1 — )—)k+l + (1 _ ,LL)(TK()EkJr] —Xk).

One may consider (4.3) as an extension of (4.2), since (4.3) applies an additional
extrapolation step on the y-iterate, while the x**!-iterate in (4.3) can be written as

xk+1 — )Ek+1 _ TKT()—)](+1 _ yk) + (1 _ M)'CKT()_]k+1 _ yk)

Interestingly, with & = 0, the condition (1.9) for convergence reduces to
1 2
—>{0—-pn+upo)L. 4.4
0

Clearly, (1 —,u+u2) < 1 forany u € [0, 1] and when i = 0.5, it becomes % > 0.75L.
The condition (4.4) seems similar to the condition (1.7) for ensuring convergence of
GCP-PPA [24]. However, we can see from (4.3) that G1-AFBA is completely a different
method from GCP-PPA (1.6).

o Case 4 (GCP-PPA [24]). When i = 0, G-AFBA reduces to

XM = argmin f(x) + 2 ||x —x* + 7K Ty 2,
xeX 5
yhtl = argryrgilg(y) + oy = yF — o KK+ a (K — 10| 7, 4.5)

yk+1 — )—)k-‘rl +(1 - a)UK(Xk+1 _ xk)7

which is the method (1.6) proposed in [24]. As mentioned in the introduction, in this case
the condition (1.9) will reduce to (1.7), which is exactly the condition derived in [24] for
the convergence of GCP-PPA. Moreover, as pointed in [24], GCP-PPA is equivalent to
CP-PPA for solving the the convex programming min{ f(x) | Kx = b, x € X}.

e Case 5 (G-AFBA for multi-block problem). Consider the following saddle-point
problem with multi-block structure:

q
min max L(x, A) := i (xi Kx,A) — (b, L), 4.6
min max £(x, 4) ;ﬁ(z)ﬂ ) — (b, ) (4.6)
where each f;,i = 1,...,q, is a proper lower semicontinuous convex function, x =
(x1,---,xg) " with x; € R%, K = (Ay,---,A,) is given with A; € R™" and

n= Z?:l n;. Clearly, the problem (4.6) is a special case of (1.1) and is the dual problem
of the following multi-block separable convex optimization problem

q q
min {Z fie)| Y Aixi=b, x; eR" 1. (4.7)

i=1 i=1
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Applying G-AFBA (1.8) to (4.6) results in the following operator splitting method:

- . 2 .
5 = arg min fiG) + o — AT =1,
Xi i
_ q
WA =k 4o 3 A& +a@ T —xb] - b,
g ) 4.8)
A =T (1 — A TOR 08, i =1, g,
_ q
MH =T L (- (1= w0 Y 4G = xb).
i=1

i=

Note that the above scheme (4.8) updates the primal variable x; in parallel and is different
from the proximal ADMM proposed [16] for solving (4.7). However, by our previous
analysis, the scheme (4.8) will enjoy all the convergent properties we discussed before.

5 More Extensions

In this section, we would give an adaptive and a stochastic versions of G-AFBA, and we
briefly discuss their convergence properties.

5.1 Extension to an Adaptive G-AFBA

Our adaptive G-AFBA (see Algorithm 5.1) as well as its convergence theory are motivated
from an adaptive PDHG (a-PDHG) developed in [20]. In fact, a-PDHG can be considered
as a special case of aG-AFBA, which is almost identical to G-AFBA except using adap-
tive stepsizes (tx, o). In particular, in Algorithm 5.1, the stepsizes (7, o) are adjusted
according to the ratio between the PrimalError(k) (error related to x-variable at the k-th
iteration) and DualError(k) (error related to y-variable at the k-th iteration), which can
be defined/chosen by the user in various ways such that problem (1.1) is solved as long
as max{PrimalError(k), DualError(k)} = 0. The goal is to adaptively adjust the stepsizes
(k, o%) so that both the primal error and the dual error can be reduced in a balanced way.
Hence, the overall acceleration of Algorithm 5.1 can be achieved. Moreover, it is not difficult
to show (one may see [20] for details) the stepsizes (7, ox) in Algorithm 5.1 satisfy the
following conditions:

(A1) Both {tx} and {ox} are positive, bounded, and the product tzor = 71900 = Cio
satisfying (1.9);

Tk —Tk+1 Ok —Ok+1 0
e P s .

(A2) The sequence {¢} is summable, where ¢y = max { ot
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Algorithm 5.1: An adaptive G-AFBA (aG-AFBA).

Initialization: Choose (x°, y0) € X x Y and (9, 09) satisfying (1.9), set o, u € [0, 1],
Op=n=095andy; > 1>y, >0, givene > 0.
fork=0,1,--- )
sk _ : 1 |y — 4k T,k
1. x*= arg/ggg fx)+ e ||x x4+ gK'y

s

2. jk= argmin g(y) + |y = 0K = oK + e — 29|
3. M =3 — (1 —)unuK T GF - yh);

4 Y =5+ (1 — o)1 — wor K (x* — xF);

5. if DualError(k) > y; PrimalError(k), then

6. Tyl = (1 — Ok), 0ky1 = o) /(1 — 6p), Okr1 = Ok

7. else if DualError(k) < y» PrimalError(k), then

8. Ter1 = /(1 — Ok), Okt1 = 0k (1 — O), Opt1 = Ok;

9. endif

10. if max {DualError, PrimalError} < €, break;

end for

Return (x¥+1 yk+1y,

To analyze global convergence of aG-AFBA, analogous to the previous analysis in Sect. 3,
let us define the following matrices:

1y k7 1 T
Qk=|: T :|’ Mk:|:( I (1 Oi)lw”:kK :|’

—aK 1 1 —a)(1 — oK
ol T —(—p+awKT[CH 0
Hi = QiM, _|:—(1—M+au)K P 0 c;t)

where
_ 1

- (I — (- a)a/LCmKKT),

! T
Ti=—(I+ (- - WCHKTK), =
Tk

and
Co=T+(-0a) (0 —-wuCrrK'K, Cy=T+ (1 —-a) (1 —wuCrr KK

In addition, we define

T 01[C:t 0 TCl o0
P = -1|= —1 |-
0 X 0 C 0 %C
Both C, and C, are symmetric positive definite, so does their inverse. By Proposition 2.1,
Hj is symmetric and positive definite. Hence, we have ’]}C;] and Xy Cy_1 are symmetric and

positive definite, and (K-'-Cy_l)T =KC; .
Based on the above preparations, we next show that the sequence {u
bounded, which is essential for deriving the convergence rate of aG-AFBA.

k — u*} is upper

Lemma 5.1 Suppose the parameters v and oy in aG-AFBA satisfy the assumptions (Al )—
(A2). Then, we have
lu* — w1, < cu (5.1)

for some upper bound c, > 0.
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Proof Since 1o = C4 satisfies (1.9), by Proposition 2.1, Hy, is positive definite. In addition,
there exists an € € (0, 1) independent of k such that (T, ox) still satisfies (1.9), where
Tx = 7¢/(1 — €) and 6, = oy /(1 — €). Hence, similar to Proposition 2.1, H; — € Py, is still
positive definite for all £ > 0. Since H is positive definite, for any u € X x ) we have

u  Hgu > 0 = u" Pau > 2(1 — pp + o)y KC; .
Then, we have from Hy — € Py being positive definite that
crrlluly, =201 — p+ap)y KC; ', (52)

forany k > O and any u € X x ), where cy = 1/e. By taking u = (x¥+1 — x*, yk+1 _ y*)
and Hy4 in the above inequality, we have

201 — p+aw) (P = yHTKC M — ) < el —utg,,
So, from the above inequality, (KTCy_l)T = KC;l ,(3.7) and (5.2), we have
l* — w13, = T — w13,
= [t — I, =200 = p a8 = yHTRC M —a)
> (Sk||uk-"_1 - M*H%JHI —2(1—p +<m)(yk+1 _ y*)TKC;l(Xk-H —x")
= Sl — w7, — 20 =800 — p+ ) M — yHTRC M — x%)

k+1

2 k+1 2
> Sl — w3, — e — Sl — w3,

= {1= [l +en]} ™ —ulig,,,.
where the second inequality uses

Tk+1 Ok+1 ) Tk+1 k41
ﬂ:*'ﬂhq, Ek:72k+1, Sk :zl—q)k:mm{—,—,l},
Tk Ok Tk Ok

and the second equality uses the relationship between Hy and Py.

Since the sequence {¢y} is summable, we have ¢x (1 4+ cy) € (0, 1) for all £ sufficiently
large. Hence, we assume, without loss of generality, that ¢; (1 +cg) € (0, 1) for all k. Then,
it follows that

k—1
Iu® = w3, = T ] {1 = 050+ e}l — w13, (5.3)
j=0

Since Y72, ¢; < oo, we have []72, {1 =¢;(1 4+ c2)} = 1/c; for some ¢ > 0. So, we
have from (5.3) that

2 0 2
" — w13, < erllu® — u* 1%,

which together with H,, — € P, being positive definite gives (5.1). O

Lemma5.2 Let ¢, > 0 be given by Lemma 5.1 and cy = Zlfio @k. Then, under the
assumptions (Al) and (A2), we have

n

k 2 k 2 2
> (I =y, = Ik = uly ) = 2cq(cu+ cpllu = u*I?),
k=1

where c,, is a constant such that |lu — u*||%3k <cpllu — u*||2.
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Proof Since 7;C; ! and EkC are positive definite, it follows from the definition of ¢y that

— _ Tk—1
TC! Tt €y = = — LRC! 2 g TGy
Ok—1 — O]
G - B 6y = T ! < g s
Ok—1

Then, by the definitions of Hj and Py and (5.1), we have

n

k 2 k 2
> (et =l = = i, )

k=1

—Z(nx R I [ )

k=1
n
k 2 k 2 2
squnu —uld, =23 g (I = w13, + = 1)
k=1 k=1

< 2¢p(cu + cpllu — u*|)?) < oo,
where the last inequality follows from the definition of ¢, such that ||u —u* ||§,k < cpllu—u* 12
for all k. Note that such c,, exists by Assumption (Al). O
Theorem 5.1 Let xtN = %22 %))?k y, =1 Z y Then, under the conditions given in
Lemma 5.2, for any u € X x Y we have

llu = wollFy, + 2¢pcu + cpepllu — u*|?

LY,y =L,y < > : (5.4)
where cg, ¢, and c), are the same constants given in Lemma 5.2.
Proof Summing (3.14)overk =0, 1,--- , ¢ — 1 together with Lemma 5.2, we obtain
-1
23 LG, y) - £, 9]
k=0
t
< Nl = wollg, — N = ey, + 3 (e = ey, = e = el )
k=1
< llu — uollyy, — llu — usll, + 2cpcu + 2cpcpllu — u*|%,
which, by the convexity of f, g, the definitions of xtN and y,N , yields
lu —uolly, — llu —uell3, + 2¢pcu + 2cpcpllu —u*|?
LNy — L,y < ° ’
2t
and immediately gives (5.4). O
5.2 Extension to a Stochastic G-AFBA
Now, let us consider the following case of special structured (1.1):
fG)+ (Kx,y) —g(y), where f(x) 1Zf() (5.5)
min max f(x X, , where f(x)=— i(x .
xeX ye) Y gLy . N < J
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is an average of N Lipschitz continuously differentiable real-valued convex functions f;,
j=1,...,N,ie., there exists a v > 0 such that

IVfix) = Vi)l < vllxr —x2ll, VYV, x € X.

Problem (5.5) often arises from machine learning applications, e.g. [4, 6], where N denotes
the sample size and f;(x) corresponds to the empirical loss on the j-th sample data. A
major difficulty for solving (5.5) in machine learning applications is that the sample size N
can be huge so that it is computationally prohibitive to evaluate either the function value
f or its gradient at each iteration. Hence, in this subsection, by extending the previous
analysis of deterministic G-AFBA, we aim to develop a stochastic version of G-AFBA, see
Algorithm 5.2, for solving the structured problem (5.5). In the following, we briefly discuss
the convergence properties of SG-AFBA following a similar approach proposed in [4].

Algorithm 5.2: A stochastic G-AFBA (SG-AFBA).

Initialization: choose (t, o) satisfying (1.9), a, u € [0, 1] and
initialize (x0, y%) € X x ), X9 = x0.

fork=0,1,---
Choose my > 0, ¥ > 0, and compute h* = xk — K Tyk,
(&, ¥+ = xsub(xX, X%, 0y, my, h*);

2.

~ . ~ ~ 2
3. k= argmin g(y) + |y = yF = o K[#* + a(FF — x9)1| %
4.
5.

K = — (1 —a)u K TG - yh):
Y = §5 + (1 —a)(1 — p) o K (G — xb);
end for
Return (x¥t1, ykt1),

(xt,%%) = xsub(x1, X1, 0%, my, h*)

fort=1,2,...,my

1. Randomly select & € {1, 2, ..., N} with uniform probability;

2. B =2/ + 1), vy =2/, X =PpXi+ 1~ B)xs;

3. dy =8 + e, whereg, = V f;, (x;) and ¢, is a random vector
satisfying E[e;] = 0;

4. X = arg)rgi&(d,,x) + £ ‘x _)z[HZ + %HX — Rk

5. X1 = BiXepr + (1 = Boxs;

end for

Return (X+’ i+) = (XWLk+l’ imk+1)~

2.

We first need to obtain a variational inequality analogous to (3.3) for establishing the
convergence of SG-AFBA. Note that the X;1i-subproblem in step 4 of subroutine xsub
amounts to

. . Vi o2 1 k2
= d; + K Ty, —x— —|x - .
Xr+1 arg)?él%( r + y x>+ > Hx Xl + 77 ”x X H

Hence, almost same to the proof of [4, Lemma 3.1], we have the following lemma.

Lemma 5.3 Let us define 'y =2/(t(t + 1)) and

1 k| T k
9L0x) = F0) + V). where Y(x) = 5- |y =+ &0 e
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Then, for any x € X and k with 9y € (0, 1/v), we have

1 o1, t=1,
_ — < 5.7
, Lot = 0] < { [k — @] 46, 122, e
where forall t > 1,
. . t . . ot? 8]
01 = 5 [0 = B = e = 5] = 5 o = I 0081, =)+
(5.8)

and 8[ = Vf()?,) - d[.
Based on Lemma 5.3, we further establish the following result.

Lemma 5.4 Let §; be defined in Lemma 5.3, and suppose 9y € (0, 1/v). Then the iterates
generated by SG-AFBA satisfy

FO) = fE+Hx -7 KTy + %(i" —xh)) > ¢k, (5.9

forall x € X, where

k= ﬁ[ﬁ% <Hx _ gkt H2 3 Hx —ka2>
_kal:t(Sz,)?z—X)—L‘(ll_hl%{]))gl:[z”atuz]. (5.10)

Proof Let T = my. Summing (5.7) over 1 <t < T and recalling that K =x, 7K = x4,

and X¥*! = %7, we obtain

1 2 a2
b
k

= [ - o] < iet - [Hx - i

T T T
1 o 2 o Uy 2 2
- tlx — t{(8;, X; — P EEr— t° |6 5.11
27 ;:1 lx — Xrall” + ;:1 (67, X — x) + 40— o0 ;:1 181l ( )

for any x € X, where 6, is defined in (5.8). Dividing x;11 = B;X;+1 + (1 — B;)x; by T,
and exploiting the identity B;/ 'y = ¢ yields (1/ Ty)x;+1 = (1/Ty—1)xs + tX;41. Sum this
equality over 2 <t < T and recall 'y = §; = 1 to obtain

T T
- 1 y y o
W =xry=T7 {lez + E fxz+1] =TIr :x2 — X2 + E fxt+1}

=2 =1

T T
=Tr {[ﬂlfz + (1= Box] — %+ erm} =Y (TP (5.12)
t=1 t=1

Since I'7 Zszl t = 1and ||z — x||? is convex in z, it follows from (5.12) that

T
2
[# =2 = ern i 2P, vrex
t=1
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Plug the last inequality into (5.11) to obtain

e e e
+if<5 X —x>+¢ir2n6 I”? (5.13)
per R 40—y = 1T :

Now, by the definitions of ¢y and v in (5.6), we have

oG — r(x) = G = F0) + Y GP) — Y (),
PG = P ) = (K735, 75— x) - L [17 = 42 = o — 242

The identity (a — b) " (a—¢) = 1 {lla —¢[|> — [lc = b||> + [la — b||?} witha = Z*, b = x¥,
and ¢ = x implies that

1. . - - -
E[HXk — k2 = = XK - x||2] = (¥ - xk)T(xk —x).

Insert all these relations in (5.13) and make the substitutions T = myand 't = 2/(T (T +1))
with simple transformation to obtain (5.9). ]

Now, replacing the inequality (3.4) by (5.9), under the condition (1.9), we will have from
the same proofs of Lemmas 3.1-3.2 that

0(0)—0@) +u—i*, T (w)) = (Hu W2 = =i )+ 2 1Al PRESNKCATD

where H and G are positive definite matrices defined in (2.6). With the help of (5.14), we
have the following theorem.

Theorem 5.2 Let ur = (x7, yr) be defined in (3.12). If for some integers T > 0 and k > 0,
the following conditions hold for all k € [k, k + T]: (I) 9% € (0, 1/(2v)] and the sequence
{9rmy (my + 1)} is nondecreasing; (II) E(||8; 1?) < ngor some ¢ > 0, where 8, is defined
in Lemma 5.3. Then, under condition (1.9), for any u € Q, it has

E[6@ur) —6(u) + (ur — u, T w))]

k+T 4

_2(1+T){ Zﬂ"mﬁ e (me + 1)

Proof Summing the inequality (5.14) over k between « and x + T, using the convexity of 6
and the definition of uy, we can obtain

N } (5.15)

1 1 k+T
0ur) =) +{ur —u, T() = 77 131 - T B 4l T CR)
By assumption (I), the sequence {9 my (my + 1)} is nondecreasing for k € [«, « + T], which
implies

k+T YK 2

1 _ YK

L R PR ST N Lkl )
p— mk(mk + l)ﬁk mK(mI( + 1)191(

The definition of §; in Lemma 5.3 gives

& =VfQ&)—di =VfQE) — Vfét(ft) —é
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Then, because the random variable & € {1,2,..., N} is chosen with uniform probability
and E[e;] = 0, it holds that E[§,] = 0. Thus, since §; only depends on the index &; while X;
dependson &,_1, & _», ..., we have E [(6,, X — x)] = 0. Then, it follows from E(||§;||%) <

§2 from assumption (II) and mj; > 1 that

m 2 2
mr(me + 1)2my + 1)
E[} r2||8,||2} < o e < mm 1) (%)
=1

So, by ;k defined in (5.10) and the condition ¥} < 1/(2v), we have
Kk+T 2 2 k+T
2 =X ||
-E k = %)

Applying the expectation operator to (5.16) together with this bound completes the proof. O

Theorem 5.3 Suppose the conditions in Theorem 5.2 hold. Let

C1

¥, = min {7,
mi(mg + 1)

CQ} and mj = max { [c3k97, m} ,
where c1, ca,c3 > 0, 0 > 1 are constants and m > 0 is a given integer. Then, for every
* = (x* y*) € Q* and ur = (x7, yr) being defined in (3.12), we have

[E[L(xr, y) = L&, yr)]| = [E[0(ur) — 0wh)]| = Eo(T), (5.18)
where Eo(T) = O(1/T) for o > 1l and E,(T) = O(T~'1ogT) foro = 1.
Proof The proof is same as that of [4, Theorem 4.2] and thus is omitted here. O

Notice that, when considering the sample size N = 1 and setting ¢; = 0, SG-AFBA will
reduce to a deterministic algorithm to solve (1.1), while applying the subroutine xsub to
solve the prediction step (3.1a) inexactly. This inexact G-AFBA will be particularly useful
when the function f is not simple so that it is expensive or there is no closed-form solution
for calculating the prediction step (3.1a) exactly.

6 Numerical Experiments
6.1 Robust Principal Component Analysis

The robust principal component analysis problem, which arises from video surveillance and
face recognition [5, 8, 31,41, 49] etc., aims at recovering the low-rank and sparse components
of a given matrix. Such a problem is often modeled [13] as

min  {[ X[« +AlIY]1 | X +Y =C}, 6.1)

X,YeRmxn

where C is the given data, || - ||« and || - ||; denote the nuclear norm (the sum of all singular
values) and the [ -norm (the sum of absolute values of all entries) of a matrix, respectively, and
A > 0is a weight parameter. Clearly, (6.1) can be reformulated as the following saddle-point

problem

min  max || X[« +AIY ]+ (X +Y,Z) - (C, Z). 6.2)
X,YER”’XYI ZeRan}’l
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We will test the proposed G-AFBA in (1.8), aG-AFBA in Algorithm 5.1 and G1-AFBA
(that is G-AFBA with « = 0 as shown in (4.3)) with other comparison algorithms by solving
(6.2) with A = 1/4/max(m, n) as suggested in [8] and four real data sets: Hall airport video
containing 300 144 x 176 frames, ShoppingMall video containing 350 256 x 320 frames,
Bootstrap video containing 200 120 x 160 frames, and Lobby video containing 200 128 x 160
frames. We use (o, ) = (1/3, 1/2) as default values for G-AFBA, (y1, y2) = (1.5,0.96)
for aG-AFBA, (a, ) = (0, 1/2) for G1-AFBA and we choose (t, 0) = (c1/+/t, c2//t) to
satisfy the condition (1.9), where c1, ¢ > 0 are some constants satisfying cic; < 1 and

ot —p+p)1 -0+ le—(1—p+ )1 -0)?P +dae(l —a)?

2
with L = 2. After tuning the parameters through the for loop (similar technique is used in
the comparative methods), we set c; = 0.2 and ¢; = 0.95/c; for G-AFBA, aG-AFBA and
G1-AFBA, respectively, for this set of testing problems. The following are several compar-
ison algorithms where the parameters are also tuned and chosen to obtain the best possible
performance:

e Dual-Primal Balanced ALM (DP-BALM) with involved parameters (81, B2, «, 6) =
(10, 10, 1, 10_3), which is suggested in [45, Section 5.2.2];

e Generalized PDHG (G-PDHG) with (z, o) = (¢1/+/0.75L, ¢2/+/0.75L), where param-
eters (c1, ¢2) use the same setting as our G-AFBA to satisfy the condition % > 0.75L,
which gives much better performance than the original setting given in [31, Section 5.4];

e PDHG (1.2) with (t,0) = (c1/\/z, cz/\/Z) and (c1, ) = (7.0711, 0.1245);

e aPDHG with the tuned (y1, y2) = (8, 2) and the same (t, o) used in PDHG as the initial
values, since these values give better performance than the suggested setting in [20];

e GCP-PPA (1.6) [24] with (c, u) = (1/2, 0) and the same (c1, ¢2) as those for G-AFBA,
to satisfy the convergence condition (1.7).

e Extended G-AFBA (eG-AFBA) [46] with parameters (c1, ¢2) = (0.9899, 0.2121) to

satisfy the involved condition % > L/4.

All experiments are implemented in MATLAB R2018a and performed on a PC with
Windows 10 operating system, with an Intel i7-8700K CPU and 16GB RAM. All
algorithms start with initial iteration (X,Y,Z) = (0,0,0) and are terminated when
max{PrimalError(k), DualError(k)} < 10~ is satisfied, where

[ X* = XM+ - Y
w([ X5+ [YE] + D
||Xk+l 4 yk+1 _ Cllr
IClIF

Here, 7 > 0 is the primal stepsize used at the k-th iteration by each comparison method.
Similar stopping criteria can be found in e.g. [31, 41, 49].

Table 2 reports the number of iterations (Iter), the computing time in seconds (Time(s)),
the PrimalError and DualError at the last iterate of the algorithms. Figure 2 also visualizes
the background and foreground separations of the 10th frames of Hall airport, the 259th
frames of ShoppingMall, the 194th frames of Bootstrap, and the 80th frames of Lobby,
respectively. The results obtained by eG-AFBA, DP-BALM and PDHG are not shown since
they take significantly more iterations and CPU time than others. The computing results of
Table 2 demonstrate that aG-AFBA performs the best among all the comparison algorithms
in terms of CPU time and the iteration number; G-AFBA is slightly better than its special

and

PrimalError(k) :=

DualError(k) :=
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Table 2 Numerical results of different algorithms for solving Problem (6.2)

Data Methods Iter Time(s) PrimalError DualError
G-AFBA 101 50.91 9.91e—5 5.69e—5
aG-AFBA 78 39.56 9.45e—5 6.93e—5
G1-AFBA 104 52.96 9.99¢e—5 5.50e—5
eG-AFBA 189 110.46 9.77e—5 9.94e—5

Hall airport GCP-PPA 120 55.84 9.82e—5 3.51e-5
DP-BALM 267 149.03 9.97e—5 7.13e—6
PDHG 170 99.67 9.98¢e—5 3.14e—6
a-PDHG 109 73.34 9.88e—5 7.85e—5
G-PDHG 121 58.70 9.95e—5 3.58e—5
G-AFBA 120 283.20 9.79¢e—5 9.70e—5
aG-AFBA 101 225.36 9.72e—5 9.80e—5
G1-AFBA 124 289.97 9.96e—5 9.35e—5
eG-AFBA 275 754.83 7.56e—5 9.92e—5

ShoppingMall GCP-PPA 131 298.28 9.76e—5 8.07e—5
DP-BALM 173 445.26 9.99¢—5 1.34e—5
PDHG 146 322.40 9.78e—5 2.60e—5
a-PDHG 112 290.81 8.44e—5 9.98e—5
G-PDHG 133 304.64 9.76e—5 8.06e—5
G-AFBA 101 22.49 9.89¢—5 2.87e—5
aG-AFBA 91 20.89 9.79¢—5 9.59¢—5
G1-AFBA 104 23.59 9.92e—5 2.76e—5
eG-AFBA 171 44.86 9.97e—5 9.27e—5

Bootstrap GCP-PPA 119 24.19 9.89¢—5 1.67e—5
DP-BALM 296 68.03 9.97e—5 7.03e—6
PDHG 181 42.99 9.94e—5 241e—6
a-PDHG 166 35.62 9.94e—5 7.07e-5
G-PDHG 120 24.17 9.98¢e—5 1.68e—5
G-AFBA 103 26.61 9.90e—5 1.32e—5
aG-AFBA 91 23.64 6.89¢e—5 9.82e—5
G1-AFBA 107 27.47 9.97e—5 1.37e—5
eG-AFBA 188 55.02 9.35e—5 9.93e—5

Lobby GCP-PPA 129 29.74 9.83e—5 6.67e—6
DP-BALM 359 93.01 9.95e—5 7.96e—6
PDHG 213 47.76 9.99¢—5 2.57e—6
a-PDHG 152 42.39 9.81e—5 3.17e—5
G-PDHG 130 30.12 9.87e—5 6.53e—6
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Fig. 2 Background and foreground separations of the 10th frame (rows 1-3) of Hall airport, the 259th frame
(rows 4-6) of ShoppingMall, the 194th frame (rows 7-9) of Bootstrap, and the 80th frame (rows 10-12) of
Lobby. From left to right: G-AFBA, G1-AFBA, GCP-PPA, G-PDHG, a-PDHG aG-AFBA, respectively

@ Springer



80 Page280f33 Journal of Scientific Computing (2025) 102:80

102 102
. 10° 10°
o1 < 100 = .
8" 8" 8 5
i fr g, [T
T T S 10 T 10
£ E £ E
a o a o
10 10
10° 10 10 10
0 50 100 0 50 100 0 50 100 0 50 100
Iter (k) Iter (k) Iter (k) Iter (k)
10* 10* 10* 10*
102
102 102
g g g g 10°
10° 10°
10
10°
102 102 10
0 50 100 0 50 100 0 50 100 0 50 100
Iter (k) Iter (k) Iter (k) Iter (k)

Fig.3 Convergence curves of PrimalError(k) and ||uk — u*|| obtained by G-AFBA

case G1-AFBA and usually better than other comparison algorithms. Although there are
more relaxed stepsize requirements of eG-AFBA for ensuring convergence, eG-AFBA seems
to take more iteration numbers and CPU time. We think this may be due to the different
strategies used by the correction step of eG-AFBA that requires inversion of a matrix. Besides,
the two adaptive methods (a-PDHG and aG-AFBA) clearly improve the performance of
its original version, which verifies the effectiveness of adaptively adjusting the proximal
stepsizes. Figure 3 depicts the convergence curves of PrimalError(k) and ItError(k) := [Ju* —
u*||/(lu*] + 1) obtained by G-AFBA on the four data sets, where u™ = (X*, Y*, Z*) is the
approximate solution obtained by running G-AFBA after 300 iterations, which demonstrates
the convergence rates in Theorem 3.3 and (3.24), respectively.

6.2 3D CT Reconstruction Problem

The 3D CT reconstruction problem is a crucial problem in medical imaging and plays a
vital role in diagnosis, treatment planning, and research [7, 19]. The problem with TV-L
regularization is formulated as the following

min ¥ X (Rjx —bj)? + Ayl
S.t. Vx =Y,

(6.3)

where A > 0 is a weight parameter, R is the Radon transform generated by the cone beam
scanning geometry [19], b is the observed noisy input data, and V is a discrete gradient
operator. The primal-dual formulation of (6.3), as a special case of (5.5), can be written as

N
. 1 2
min max - Zlm,-x — b)) + Ayl + (Vx, 2) = (y, 2). (6.4)
j=
When N is sufficiently large, e.g. N = 131, 334, 144 in our numerical experiment, the
computation of the prediction step (3.1a) of applying G-AFBA to solve (6.4) becomes pro-
hibitively expensive. Hence, we would apply the stochastic gradient based SG-AFBA, that is
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Table 3 The mean and standard

deviation of PSNR and Res from Methods

PSNR

Res

solving (6.3) sto-ADMM

G-ADMM
SARAH-ADMM
SAGA-ADMM
PDHG

CP-PPA
SG-AFBA

24.8068 £ 0.0013
24.8493 £ 0.0059
24.9106 £ 0.0041
24.8810 £ 0.0017
25.0356 £ 0.0396
24.9976 £+ 0.0719
25.1245 £+ 0.1256

0.4099 £ 6.29e—05
0.4079 £ 2.79e—04
0.4051 £ 1.93e—04
0.4064 £ 7.72e—05
0.3993 £ 1.82e—03
0.4010 £ 3.32e—03
0.3952 &+ 5.74e—03

Algorithm 5.2, to solve (6.4) with A = 0.1. We set (o, n) = (1/2,0), (zr,0) = (102, 1077
and m; = 10 for SG-AFBA. Hence, in this case, SG-AFBA is in fact a stochastic version of
GCP-PPA. The reconstructed image quality is usually evaluated by the Peak Signal-to-Noise
Ratio (PSNR):

dy xdy x d;

PSNR = 10log;, ( VISE

) with MSE = |x — %,
where x and X are the original and reconstructed 3D images, respectively. We also denote
the relative error by Res = ||x — x|/ x]|.

For comparison purpose, we solve the reformulation problem (6.4) by the deterministic
Generalized ADMM (G-ADMM, [17]) and 5 stochastic gradient-based methods: stochas-
tic ADMM (sto-ADMM, [27]), stochastic ADMM based on the popular SARAH gradient
estimator (called SARAH-ADMM, [7]) and the SAGA gradient estimator (called SAGA-
ADMM, [7]), PDHG (1.2) and CP-PPA (1.4). All experiments are run in MATLAB R2019a
on a high-performance computational cluster with a Tesla V100 GPU and 192GB memory.
For each algorithm, we run 3 times to solve (6.4) with a 2000-second time budget for each
run.

Table 3 shows the mean and standard deviation of the final PSNR and Res obtained by
each algorithm over 3 independent runs. We can see from Table 3 that SG-AFBA has overall
better performance, achieving the highest PSNR and the lowest relative error Res, although
it has relatively larger standard deviation on the PSNR value. In addition, both PDHG and
CP-PPA perform better than other ADMM-type methods from the final obtained PSNR.
Figure 4 shows the average convergence curve of PSNR of each algorithm within 2000s.
From Figure 4 we see that although SARAH-ADMM converges faster than other algorithms
at the beginning iterations (see the left-hand-side of Figure 4), SG-AFBA seems to generate
the best final result. Figures 5 and 6 visualize the 7th and 58th slices of the reconstructed 3D
CT image, respectively. It shows that the images reconstructed by SG-AFBA are closer to the
ground truth compared to other algorithms. Taking the 7th slice of the reconstructed 3D CT
image as an example, many blurry circle contours can be observed in the images reconstructed
by comparative algorithms sto-ADMM, SAGA-ADMM, SARAH-ADMM and G-ADMM.
However, these circular contours are not clear in the images reconstructed by our SG-AFBA.
Similar observations can be also seen from the 58th slice.
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Fig.4 Comparison of different algorithms for solving (6.3)
(a) Ground truth (b) SAGA-ADMM=31.32 (c) sto-ADMM=30.06 (d) G-ADMM=30.66

. . -

(e) SARAH-ADMM=31.95 (f) PDHG=31.96 (g) CP-PPA=31.74 (h) SG-AFBA=32.97

Fig.5 Final reconstruction images of different methods for the 7th slice
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(a) Ground truth

(b) SAGA-ADMM=30.86 (c) sto-ADMM=29.58 (d) G-ADMM=30.31

(¢) SARAH-ADMM=31.6 (f) PDHG=31.71 (g) CP-PPA=30.94 (h) SG-AFBA=33.27

Fig. 6 Final reconstruction images of different methods for the 58th slice
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