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A Decentralized Primal-Dual Method with
QQuasi-Newton Tracking

Liping Wang, Hao Wu, and Hongchao Zhang

Abstract—This paper considers the decentralized optimization
problem of minimizing a finite sum of strongly convex and
twice continuously differentiable functions over a fixed-connected
undirected network. A fully decentralized primal-dual method
(DPDM) and its generalization (GDPDM), which allows for
multiple primal steps per iteration, are proposed. In our methods,
both primal and dual updates use second-order information
obtained by quasi-Newton techniques which only involve matrix-
vector multiplication. Specifically, the primal update applies a
Jacobi relaxation step using the BFGS approximation for both
computation and communication efficiency. The dual update
employs a new second-order correction step. We show that
the decentralized local primal updating direction on each node
asymptotically approaches the centralized quasi-Newton direc-
tion. Under proper choice of parameters, GDPDM including
DPDM has global linear convergence for solving strongly convex
decentralized optimization problems. Our numerical results show
both GDPDM and DPDM are very efficient compared with other
state-of-the-art methods for solving decentralized optimization.

Index  Terms—Decentralized optimization, primal-dual
method, quasi-Newton method, BFGS update, BB method,
global convergence, linear convergence rate.

I. INTRODUCTION

N this paper, we consider the following decentralized
optimization problem over an undirected and connected
network containing n nodes

n
2" = arg min Zl fi(z), (D
i=
where the local objective function f; : RP - R, i=1,....,n,

on each node is strongly convex and twice continuously differ-
entiable. Consider the underlying network G = (V, £), where
V ={1,...,n} is the set of nodes, and & is the collection of
unordered edges. We denote two nodes as neighbors if they are
connected by an edge. In a decentralized setting, there does
not exist one central server to gather local information from
all nodes, compute shared global information, and broadcast
it back to the whole network. Each local function f; is only
known to node 7. All the nodes collaborate with their neighbors
through information exchange (i.e., communication) to finally
obtain the global solution z*. Decentralized optimization has
wide applications including decentralized resources control
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[1], wireless networks [2], decentralized machine learning [3],
power systems [4], federated learning [5], etc..

As more important practical applications surge up, the de-
centralized optimization methods have been extensively stud-
ied in recent years, where first-order methods gain attention
very rapidly due to their simple iterative schemes and low
computational cost per iteration. The decentralized gradient
descent (DGD) [6]-[8] methods are a class of the most well-
known first-order methods for solving decentralized optimiza-
tion. However, DGD methods usually converge to the optimal
solution only with a diminishing step size, while a small
constant stepsize often leads the iterate to a neighborhood
of the minimizer [7]. There are many recent works devoted
to a constant step size with guaranteed convergence. By
significantly increasing the number of communication steps,
the DGD method [9] achieves global convergence with R-
linear rate. To ensure global convergence, EXTRA [10], [11]
as well as its modification, called NIDS [12], adopts different
mixing matrices at odd and even iterations. The method given
in [13] combines the diffusion strategy with an important
subclass of left-stochastic matrices to obtain wider stability
region and enhanced performance than EXTRA. Gradient
Tracking (GT) methods [14]-[18] track the global average
gradient to design local search directions at any node. An
effective approach to achieve global convergence is to design
the methods in the primal-dual domain. A general method
given in [19] unified EXTRA and GT into a primal-dual
framework. A more flexible first-order primal-dual framework
is proposed in [20], where multiple primal steps per iteration
are allowed. In addition, there are also some special classes of
primal-dual methods based on alternating direction approaches
[21]-[23].

Although first-order methods are more simple and easily
implementable, their asymptotic convergence speed is often
slow for more accurate solutions. So, many second-order
methods have been proposed recently to accelerate the conver-
gence rate. Some methods focus on penalized approaches for
solving a constrained problem, where a consensus constraint
is introduced to reformulate the problem (1). NN [24] uses
the Newton’s method to solve the penalty problem. DQN
[25] develops a diagonal correction technique to overcome
the challenge that the Hessian inverse of the penalty func-
tion can not be computed in a decentralized way. DBFGS
[26] is a decentralized quasi-Newton method which only
uses the local neighbor information. However, NN, DQN,
and DBFGS are inexact penalty methods in the sense that
the penalty parameter needs to go to infinity for ensuring
global convergence. ESOM [27], PMM-DQN [25], and PD-
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QN [28] improve NN, DQN, and DBFGS, respectively, in the
primal-dual framework. Newton Tracking (NT) [29] is also
developed in the primal-dual domain, where the local search
directions asymptotically track the global centralized Newton
direction. A decentralized ADMM [30] incorporates BFGS
quasi-Newton techniques to improve computation efficiency,
and the quadratically approximated ADMM given by [31] was
improved in [32] to promote communication efficiency. Two
decentralized stochastic quasi-Newton methods are proposed
in [33], where average gradient approximations are used with
regularization or damping techniques to construct the Hessian
inverse approximations. Another method [34] with the same
name as DQN is relevant to methods in [33] but extended to
the equality-constrained optimization setting.

Among all the previously developed primal-dual methods,
there are rarely methods applying second-order information in
the dual update. Moreover, when combining the quasi-Newton
techniques into the decentralized methods in the primal-dual
framework, some critical issues may arise. First, the local
quasi-Newton matrices generated by the BFGS approximation
are not necessarily positive definite although the augmented
Lagrangian function across all nodes is strongly convex.
Second, when the primal problem is solved inexactly, the
exact dual gradient is not obtained. Extracting useful Hessian
information from inexact dual gradients also needs to be
studied. Our goal of this paper is to explore second-order
information in both primal and dual domains, and propose
a new fully decentralized primal-dual quasi-Newton method
with both theoretical global linear convergence and numerical
efficiency. Our main contributions are as follows.

1. In the primal domain, we combine the Jacobi relaxation
technique with the BFGS approximation for updating
the primal iterates. Multiple adaptive primal updates per
iteration are also allowed in our approach to balance the
accuracy obtained in both the primal and dual domains.

2. In the dual domain, by applying the Newton’s method
to the dual problem and making some critical reformu-
lations, we obtain a novel dual updating step, which can
be viewed as adding a second-order correction term to
the usual dual ascent step. To maintain computational
efficiency, we apply BB-approximation techniques to
capture the spectral information of the dual Hessian. To
the best of our knowledge, we are the first to give a
primal-dual method using quasi-Newton dual update with
guaranteed convergence.

3. Our proposed method is a quasi-Newton tracking method,
where the local search direction on each node tracks
the global centralized quasi-Newton direction. Our quasi-
Newton tracking can be considered as a generalization of
the Newton tracking [29]. In addition, our approaches
only involve matrix-vector multiplications to avoid in-
verting a matrix. The numerical results show that our
methods are very efficient compared with other state-of-
the-art methods for solving decentralized optimization.

The paper organized is as follows: In Section 2, we reformu-
late the problem as a constrained decentralized optimization,
and develop our new methods. Global convergence as well as

linear convergence rate are established in Section 3. Numerical
experiments are performed in Section 4 to compare our method
with other well-established first and second-order methods
for solving decentralized optimization. Finally, we draw some
conclusions in Section 5.

A. Notation

We use uppercase and lowercase boldface letters to denote
matrices and vectors, respectively. We let x; denote the local
copy of the global variable z at node i and define N; as the
set consisting of the neighbors of node ¢ (we treat node ¢
itself as one of its neighbors for convenience.). X denotes
L5 | x;. Kronecker Product is denoted as ®. Proj (a0 (*)
is the projection operator onto interval [a, b]. Given a vector v
and a symmetric matrix M, we let span(v) denote the linear
subspace spanned by v and ||VH§/I denote v MV. Apin(M),
A2(M), and Ayax(M) denote the smallest, second smallest,
and largest eigenvalues of M, respectively. Null(IM) denotes
the null space of M. The trace and determinant of M is
denoted as tr(M) and det(M), respectively. M' denotes
transpose of M and MT denotes its pseudo inverse. For
matrices M; and M, with same dimension, M; > M,
means M; — My is positive definite. We use I, to denote
the p x p identity matrix. Especially, I denotes I,,. We
let diag{ai,...,a,} denote a p x p diagonal matrix whose
diagonal elements are as,...,a,, and log(-) denote log,(-).
For any scalar 0 € R, if 6 # 0, Ir\{01(¢) = 1; otherwise,

II. PROBLEM FORMULATION AND ALGORITHM

DEVELOPMENT

A. Problem Formulation

Since the network is connected, the constraints x; =

xj,%,j = 1,...,n, are equivalent to x; = x;,j € N;,i =
1,...,n. Therefore, the problem (1) can be reformulated as
the following constrained optimization
n
{xi}iey =org min > filxa), )

i=1 5

stx; =%x5,Vj €N, i=1,...,n.

The consensus constraints ensure the solution of problem (2)
is equal to the solution of (1) and x] = x5 = ... =z".

To reveal the network structure, we introduce a mixing
matrix W € R™*" which has the following standard features.
1. W is nonnegative and Wij characterizes the active link
(i,7), i.e., Wij > 0if j €N, Wij = 0 otherwise.

2. Wis symmetric and doubly stochastic, i.e., W =WT and
W1, =1,.

It has a few common choices for the mixing matrix W,
such as Laplacian-based constant edge weight matrix [35]
and Metropolis constant edge weight matrix [36]. From the
second feature, we have Null(L,, — W) = span(1,,). Using the
mixing matrix W, we can rewrite problem (2) in an equivalent
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compact form. Let us denote

X = [X1;X2;.. 3%, €ER™P, f(x) = Zfi(xi)v
i=1

Vi) = [VAi(x); Via(x2); -, Vin(xa)] € R™,
W=WgI, e R"*" and I - W = (I, - W) ® I,
We can easily know that the equation (I — W)x = 0 holds
if and only if x; = x5 = ... = x,,. According to the Perron-
Frobenius theorem [37], the eigenvalues of W lie in (—1, 1]
and 1 is the single eigenvalue. Since I — W is symmetric

positive semidefinite, (I — W)'/2 has the same null space as
I — W. Hence, problem (2) can be reformulated as

x" =arg min f(x), )
s.t.(I—W)Y2x = 0.

In this paper, we have the following assumptions on the
objective function.

Assumption 1. The local gradients {V f;(z)},_, are Lipschitz
continuous with constant L > 0, i.e.,

IVfi(z) = Vfi(z)| < L|z—2z|, (4)
Vz,7 €RPi=1,... n

Assumption 2. The local objective functions { f;(z)},_, are
strongly convex with modulus 11 > 0, i.e.,

1:@) > (@) + V@) @ -2+ Sz -2 ©)
Vz,z€RPi=1,...,n.
Combining Assumption 1 with Assumption 2, we have
pl, < V2fi(z) < LI, VZ€RPi=1,...,n.  (6)

Since the Hessian V2 f(x) is a block diagonal matrix whose
i-th diagonal block is V2 f;(x;), the above bounds also hold
for V2f(x), that is

pl < V2f(x) < LI, ¥x € R, (7)

As discussed previously, primal-dual methods are effective
approaches to solving the problem (3). However, most existing
methods only use first-order information to update the dual
variables by employing a dual ascent step, such as

AL = X4 (T — W)/ 2% (8)

where A! is the Lagrangian multiplier, also called dual vari-
able. In the following, we propose decentralized primal-dual
methods whose primal and dual updates will use second-
order information approximated by certain quasi-Newton tech-
niques.

B. Algorithm Development

The augmented Lagrangian function of the problem (3) is

La(x,A) = f(x)+ (A (1= W) x) 4 ExT(T-W)x, ©)

where A = [A;;Ag;...5A,] € R™, o > 0 is the penalty
parameter. (9) can be also viewed as the Lagrangian function
of the following penalized optimization
x* =arg mﬂ%n fx)+ %XT(I - W)x, (10)
xeRm"P
s.t(I—W)Y2x = 0.

Obviously, the problem (10) is equivalent to the problem (3).
Let x*(A) denote the minimizer of L,(-, A), i.e.,

x*(A) = arg min Ly (x, \).

x€RmP (i
The optimality condition of (11) gives
VF(x"(A) + (I - W)2A + oI - W)x*(A) =0. (12)

For any A* € R™ that satisfies (I — W)Y/2x*(A*) = 0,
(x*(A*), A*) is an primal-dual solution of (10). We now apply
Netwon’s method to solve the feasibility system

(I—W)Y2x*(X) = 0. (13)
The t-th iteration of Netwon’s method gives
(I—W)!2x" (X)) (14)

ax*(A)\ "
Faowye (XX (A =X =o.
OX ) x=ae
Differentiating (12) with respect to A, we have

Ox*(A)
(32

(7376 +alt = w)) (P52 ) ——a-wy

which gives

(%502). . = i) a-wr

Substituting (15) into (14) yields
(1= W) 2 (A1) = (1= W72 [V2, Lo (x (A, )]
I-W)Y2 (A - X" =o0.
By letting x!™1 = x*(A!), we have
A= X4 (@) (1 — W) (16)
where

~ -1
G' = (1= W)'2 [V La(x" L A)| - (1-w)l2,

Solving the primal problem (11) exactly is not only nu-
merically expensive but also theoretically unnecessary. One
practical approach is to simply apply one Newton’s iteration
to the problem (11) and let

- —1
xt+l —xt — [VixLa(xt,)\t)} [v Fx A

+ (I = W)X 4 oI - W)xt} .

Unfortunately, the iterative schemes (16) and (17) can not
be directly applied in the decentralized setting. Note that
V2 f(x) is a block diagonal matrix whose i—th diagonal block
is V2fi(x;) and W is a block sparse matrix related to the

network structure. Thus, the Hessian V2, L, (x, A) is neighbor
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related in the calculation. However, the Hessian inverse as
well as (I — W)/2 will destroy the neighbor relation. In
addition, it is often very expensive to calculate the inverse of
primal and dual Hessians in many practical computations. In
the following, we would like to modify the iterative schemes
(16) and (17) into a decentralized setting that can be also
computed in an efficient way.
a) Primal update: Note that (17) is equivalent to

=t gt

where d! satisfies
V2, Lo(xt, AD)d! = Vi Lo (x5, AY). (18)

We would solve the linear equations (18) inexactly by applying
the Jacobi relaxation technique [38], which is an effective
technique for the iterative method. By splitting the Hessian
V2, Lo (xt, AY) into two parts, V2 f(x?) and o(I — W), the
k-th Jacobi relaxation iteration can be conducted by
A" =0( — V2 f(x")THI - W)d"F

+ VQf(Xt)_lei/a(Xt, )\t)) + (1 _ 0)&15,.%7
where

d"0 = V2f(x") " VL (x', X),

6 € [0,1] is the relaxation parameter, introduced to accelerate
the original Jacobi iteration. For both computation and com-
munication efficiency, our algorithm would only employ one
Jacobi iteration as the following:

dtt =0( — aV2f(x") 11— W)d""
+ VQf(xt)*lvan(xtvkt)) I (1 B Q)Ht‘o,

and let d* = d*! as the approximation to d’. Combining the
above steps, we obtain

dt = (I - 0aV2f(x") 1 I — W)) V2f(x!) " ViLa(xt, AD).
(19)
Note that if 8 = 0, (19) reduces to

at — VQf(Xt)_lvxIN/a (Xt, )‘t)’ (20)

which is exactly primal update direction in NT [29] with the
parameter € = 0. To avoid computing V2 f(x!) and its inverse,
we would approximate V2 f(x?) by a block positive definite
matrix B? using BFGS quasi-Newton techniques. Then, by
introducing a stepsize S > 0 for global convergence, we have
the following primal update,

xTh =x' — B [I-0a(B") "' (I- W)]
x (BY) 71V La(x!, AY).

2y

More specifically, we update B! by the following BFGS
formula

Bt1+1
Bit! = , (22)
Bt+1
where we set BY = I,,,
Bist(st) B! tyt)"
B§+1 _ Bf _ iS; (Sz) i + Y. (yz) t 2 O, (23)

T T ¢’
(s7) Bisi  (s}) v

st =xiTt —xtand y! = Vf;(xITh) — Vfi(xh).

We have some comments about B?. First, since f; is
strongly convex, we have (s!)Ty! > 0, which together with
the positive definite initialization of BY ensures B? > 0 for
all ¢ > 0. Second, as usual, in practical implementation we
always directly update H' := (B?)~L. In particular, using the
BFGS inversion formula, we would have HY = (BY)~! and

' ' (s)Tyi

AN} & g7

+ <1+ (yi)t Hiyi) i
(s)Tyi /J (s)Tyi
Note that H' is applied in algorithm implementation while B*
is only used in the paper for convenient theoretical analysis.
Finally, we want to emphasize that it is improper to use
BFGS techniques to directly approximate V2, L, (x?, At) =
V2f(x!) + a(I — W) in decentralized setting. Although
xT (I — W)x > 0 for all x, its restriction on each node, i.e.,
(xi)7 (Xi =D N, Wijxj) may not be positive. This may

destroy the positive definite property of BFGS matrices.
b) Dual update: We first give the following lemma,
which can be considered as an extension of Lemma 1 in [39].

(24)

t(ot\T
s; (si) t>0.

Lemma IL1. Let A € R™*" and rank(A) = r where r <
m < n. Let M € R"*"™ be symmetric positive definite. Then

[AM+ATA) AT A = [T+ (AMLAT)T] A, (25)
which further implies

[AM+ATNA)'AT]'A = [N+ (AMAT)T] A,
(26)
where N € R™*"™ s any symmetric positive definite matrix.

Proof: See Section VI of the supplementary material. B

Lemma IL.2. Ler A € R™*™ and rank(A) = r where r <
m < n. Let M € R"™™ and N € R™*™ be any symmetric
positive definite matrices. Then

lim A (M + ATNA) AT =AATNA)TAT. @27
€E—

Proof: See Section VII of the supplementary material. Bl
Based on Lemma II.1, the iteration

AL = A 4 (Gt)T (I— W)1/2Xt+1

can be equivalently written as

At
AL = A 4 (I — W)V2xH 4 (Gt) (I— W)/ 2xt+1

(28)
where

Gt — (I - W)1/2(V2f(xt+1))71(1 . W)1/2.

Without the last term, (28) is just the dual ascent step of
the standard Augmented Lagrange Method (ALM) for solving
(10). Hence, the last term of (28) can be simply viewed as a
second-order correction term for the dual update. Meanwhile,
we also notice that the computation of (I —W)!/2 is not only
expensive but also destroys the network structure. To overcome
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this undesirable computation, multiplying (28) by (I—W)!/2

and denoting v = (I — W)'/2X, we obtain

vITh =v! 4 (T - W)x'H! (29)
N
=W (@) (- W)
=v! 4+ oI - W)x' + (I - W)DY(I - W)x' !,

where

D' = (- w)2) (&) (@-wy ).

However, in practice, for computation efficiency and numerical
stability, we would approximate D' by P!D, where P! is
a block diagonal approximation of (G! + r‘I)~! and D is
a block diagonal matrix whose ¢-th diagonal block D, =
= W” —4—1I,. Here 7 > 0 is a scalar. Lemma IL.2 implies that as
rt goes to zero, (I-W)'/2(G*+rT)~ (I—W)'/2 approaches
(I — W)'/2(GHT(I — W)/2, Finally, by introducing a dual
stepsize v > 0 for ensuring global convergence, based on (29),
we propose to update {A'} and {v'} in our new algorithm as
viTh = vt 4 (I - W)rt and X' = W)/ 2t

(30)

A+ (I -

where vf = ax!™! + P!D(I — W)x!+1,

We now explain our construction of P! by using BB [40]
and dynamic average consensus techniques to capture certain
curvature information of (Gt + rtI)~L. First, by using again

B!*! to approximate V2 f(x'™1), noticing v — vi=t = (I —
W)Y/Z(At — X*=1) and (30), let us define
Ct—l = W)1/2(Bt)_1(I_W)1/2(At_At_l)
:(I _ W)1/2(Bt)71(vt _ vtfl)
:(I - W)l/Qutila
where pt=! = (BY)~1(vt — vi=1), and define
£tfl = At _ Atfl _ ’V(I _W)l/Qutfl‘

Then, the standard centralized BB technique suggests to ap-
proximate (G* + rI)~! by a scalar matrix p'I , where

-1
N i
o = (e e
- _ -1
_ (vt_vt 1)Tut 1 N .
T\ At vt )T T
- -1
"ot
— Z;l 1~1 +7"t
Zz 19
with 5 = (v — vi 1Tl =1 and &t = y(vi — vi~1)Tpt~1 =
y(vi=vi )T (ax’; +PI'D;(x! - D ieN; WZJXJ)). Obvi-

ously, the calculation of p’ in (31) needs global information
from all nodes, which can not be realized in the decentralized
setting On the other hand, we also notice that the scalar
i bi/>oiy af in (31) is in fact the ratio of the average

values of a! and b over n nodes. Motivated by the idea

of dynamic average consensus [41], we set P! to have the
following block scalar matrix format

) pily
Pt — , 32)
Zan
where
(PrOJLw] (bt) +7"t)71, if al # 0;
pi = @+, if af =0 and b} > 0;
(w—+rH)"", if a! =0 and b} <0,

(33)
with w > @ > 0 and the ratio 9 o being defined as zero.
Here al and b are certain estimations of L Ly al and

Zl 1 bﬁ, respectively, and can be calculated only by the
local information from neighboring nodes. More specifically,

in our algorithm a} and b} are calculated as follows:

=Y Wyd Tt +al-almt o) =a) =1, (34
JEN;

Z Wit ™t b — b, b) =) = 1. (35)
JEN;

With the above calculation, we have the following lemma.

I;emma IL3. lez?:l ag = Szzz 1@ t ;Zz 1 z =
Zz 1 z

Proof: See Section VIII of the supplementary material.
|
Noticing v = (I — W)'/2X, the primal updates in (21)

can be also written as

x"T =x"— B [I-0a(B") ' (I-W)] (36)
X ( )71vxLa(X V. )»
where
Lo(x,v) = f(x)+ (v,x)+ —x"(I-W)x. (37)

Then, summarizing the above discussion, our decentralized
primal-dual method (DPDM) is given in Algorithm 1.

Remark 1.

o Algorithm 1 can be run parallelly on each node, which
only uses the local information from neighboring nodes.
The updates of B and P! exploit second-order infor-
mation and only involve matrix-vector products, which
would be computationally efficient.

o At most 2 + Ig\ 10y (0) rounds of vector communications
are taken in both the primal and dual updates of DPDM,
which is comparable to or mildly higher than some
other primal-dual quasi-Newton methods (see Table I for
details). However, our numerical experiments show the
reduction in the total number of iterations and the CPU
time by applying quasi-Newton techniques in DPDM
would offset its slightly higher communication cost per
iteration.

o Algorithm 1 has the following relationships with some
existing well-known decentralized algorithms. Set the
parameters 5 =1, v =1, and 0 = 0 in Algorithm 1. If
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6
Algorithm 1 DPDM
Input: x°, Maxlter, a, 8, 7, 0, w, @, W, {r'};>0. )
1: Sett =0, T = Maxlter, v0 =0, PO = 5L HO = Lo =af = 1, 0) =) =1, i=1,...,n.
2: If t > T, stop.
3 x! Tl =x! — BI—0aH (I - W) H! Vi L, (x4, vh).
HliJrl
4 HiH! — , where H'™! = HI — H;y;(sf,()sz;s,{t(y;)TH; 4 (1 4 (y(;s):)?ityﬁ) ?;f)ST)Tt,
Hi+! i) Yi i) Vi i) Yi
st = xﬁ“ —x!and y! = Vfi(x?'l) — V£i(xh).
. —1
R (Projie (&) +rt) . ifal#0;
s Ift>1, Pf = o » where p; = @+, if af = 0 and b > 0;
Pnp (w+rH) ", if a! =0 and bl <0,
= S Wal bal -l = 3 W
JEN; JEN;
it = (vl = viTT (axt+ PIDal) B = (vi - Vi) THI(v - v,
6: vitl = vt + y(I-W) gax”l + lStf)utH), where u‘t! = (I - W)x!*1,
7: Set t =t 4 1 and go to Step 2.
Output: x7.
B! = V2f(x!) 4 €I, P! = 0, we obtain the algorithm where
NT [29], while the algorithm ESOM [28] takes (B!)~! . - . . .
as truncated Taylor’s series expansion of the Hessian h" = 6a(B") [Vf (X ) +vi+al-W)x ] :
inv;r%et vitt(})z i; :.2; O; the (l))therdhanj, if Bt = 201 Hence, we have
an = 0, Algorithm 1 can be reduced as X+~ xt _ B, (38)
X =14+ W)x! — il +2Wxt71 - in(xt) where d* = (B?)~!g! and
i 2ivf<xt—1) g =Vf(x')+vi+(I-W)(ax"+h"). (39)
@

which is equivalent to EXTRA [10] with the stepsize
1/(2a).

o A single quasi-Newton primal steps is performed in Algo-
rithm 1. Allowing multiple primal updates per iteration
will yield a more accurate approximate solution x'*1 of
minimizing Lo (x,v"), which would also benefit the dual
update. By this consideration, a generalized decentralized
primal-dual method (GDPDM) is given as Algorithm 2,
where S > 1 is the number of primal steps per iteration.

¢) Quasi-Newton tracking: As Newton Tracking [29],
we show that DPDM also maintains a quasi-Newton tracking
property, implying that the updating direction of each x! is
a local quasi-Newton direction and will be a global quasi-
Newton direction when {x‘;}?:l are getting consensus.

First, by (36), we have

Bix!t! _ Bix!
=—B[Vf(x')+v'+al-W)x']

+ B00(1— W)(B) ! [V (x!) + v! + a(l - W)x']
=—B[Vf(x')+v' +a-W)x'] +5(I-W)h',

We now show the quasi-Newton tracking by (38), (39), and
(22). Firstly, Bi*! given by (23) is actually the solution of the
following optimization problem

Bt = argmzintr {(Bf)flz} — log det [(BE)AZ} ,

st. Zsi=yl, Z=0,
where st = x!T! — xt, yt = Vfi(xI*!) — Vfi(x!). Hence,
we have
Bi"'s; =vi. (40)

Summing (40) over ¢ = 1,...,n, we obtain

DB xD) = D (VAT - V(). @D

i=1 i=1
When {x!}_, are consensus for large ¢, i.e., x{ = %' for
all 7 = 1,...,n and large ¢, (41) implies E:L:l Bf“ will

satisfy the global quasi-Newton secant equation of the original
problem (1), i.e.,

ZBE'i‘l(Xt“rl _ it) _ vF(Xt+1) _ VF(Xt),

=1
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;
Algorithm 2 GDPDM
Input: x°, Maxlterl, Maxlter2, a, 3, 7, 0, w, @, w, {rt}t>0 )
1: Set t =0, T =Maxlterl, S =Maxlter2, v0 =0, P’ = oL HO =L o =a) =1, 00 =00 =1, i=1,...,n
2: If t > T, stop.
3 xb0 =xt, HYO = H.
4: Fors:O,l,...,S—l
5: 0 xbstl =xB5 — B[ — 0aHD (I — W) H*Vy L, (x5%, V).
Ht ,s+1
1
6: HbsHl = , where
Ht,s+1
Hi?“rl,S _ Hﬁ,s - Ht st S( t, S) + S ( E’S)THE,S . ( )THt )8 t 5 SE,S(SE,S)T
L ' (SZS)TYES (579)Tyi" ) (s Tyy
si® = x T _xP® and yb* = VA (x0T - V(D).
7: End for.
g xttl = x t,S Ht+1 Ht,S'
; —1
~ I, <Pr0j[gm (%) + rt) , if al # 0;
) t_ ~t il
9 Ift > 1, P* = . , where p; = (W+rh) 1, if at =0 and b > 0;
Pnp (w+rt) ", if at =0 and bt <0,
af = Wijaé-il + 56]; — a Z Wz bt Ly I;f — 65717
JEN; JEN;
@t = (v = Vi) (axt + Pz-lbiuﬁ) ;b= (v VTRV Vi),
10: vitl =vt +~(I-W) gcuxt+1 + f’t]ju”l), where u't! = (I — W)x!+1,
11: Sett =t + 1 and go to Step 2.
Output: x7.
where F(z) = >, fi(z). On the other hand, by (39) and So, summing (44) over ¢, we have
(30), we have n n
Bid! =) Vf; (x! 45)
t4+1 3t+1 bt gl ot Z idi i\Xy
BTd"™ -B'd'=¢g"" —g (42) i=1 i—1
=Vf(x"*) =V (x") + v =V

+ I -W) [a(x"" —x") + h'*" —h']
=Vf (") -Vf(x')+T-W)g,

where gt = a(xT! — x!) + yvt + hit!
of (42) can be written as

— ht. The i-th block

Bit1dit — Bid! (43)

=Vfi (x7T) = Vi (xi) + | & -

> Wil

JEN;

Summing (43) over ¢ = 1,...,n and using wWT1=1 yields

n

S OB = Bl + > (VAT = Vi(xD).
i—1 i—1 i=1
(44)
Since v? = 0 in DPDM, we have from (39) that
Sl =Y gl - vaz x;)
i—1 i—1

Then, when {x!};" | are getting consensus for large ¢, we
have from df = (x! — x/*1)/3 that {dt}Z | are also getting
consensus for large ¢, which implies 1 3" | d! =: d* = d!

forall i =1,...,n and large t. Hence by (45), we have

iBﬁ&t = ini (x"),
i=1 i=1

which together with (41) shows d? is a a global quasi-Newton
direction of original problem (1).

(46)

III. CONVERGENCE ANALYSIS

In this section, we will analyze the global convergence of
Algorithm 2. Note that Algorithm 1 is a special case of
Algorithm 2 with S = 1. For convenience, let us denote
Z=1-W, p=Anax(Z), 0 = Az(Z) and

B"* = [I—6a(B"*)"'Z] (B*) .
Then, Algorithm 2 gives

Xt,s-‘rl _ Xt s

— BBY* VLo (x5, v1). 47)
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By Assumption 1, 2, we can easily get
I < VLo (X, V) = Vax Lo (%, A) < LI, ¥x € R"P, (48)
where £ = L + pa. We also make the following assumption.
Assumption 3. The approximate matrices {B"*} satisfy
YI < (BY) ! <41,

for any t and s, where 1) > v > 0. And the parameter 0 is
chosen such that 0 < 6 < min{1,¢/(ap)}.

From Assumption 3, we can easily derive
Y1
¢ —Oap’

Let P* = ol + (I — W)'/2P'D(I — W)/2. From (33), we
can also derive

I < BY* < I, where U =

p

anPtde, where @ = o + = .
Q(l — maxi{Wii})

In addition, by (30), we have
VIt = vl 44 (1= W)VPPII - W) 2 (49

and

AL = X 4 yPHI - W) /2L (50)

In the following, we define 3; and (2 be lower and upper
bounds of eigenvalues of SB%*:

f1=py and [z =PV,

and let v; and 7, the lower and upper bounds to eigenvalues
of vPt:

&1y

1 =7va and vy = yaQ. (52)

By Assumption 2 and Slater’s condition, which holds due
to linear constraints, strong duality holds for the problem (10).
Hence, a dual equivalent problem to the problem (10) as well
as the problem (3) is

max, g(A), (53)
where g(A) = mir}xeRnpia(x,)\) is the dual function. In
addition, denoting f(-) := f(-) + (a/2)| - ||z, we have

g(A) =min{f(x) + ATZY%x + (/2)x" Zx} (54)

—fm),

where f * is the conjugate function of f . Note that f* is 1/L-
strongly convex. Let —v* be the unique minimizer of f* and
A* be the dual optimal solution set of (53). Then, it follows
from (54) that

A= (X 22 = v
and for any A* € A*, we have
gN) = (22N = = [ (V7).

Furthermore, by (53) and the definition of x*(A) in (11), we
have g(A) = La (x*(A), ),

Vg(A) = Z'2x*(N), (55)

and x*(A*) = x* by the strong duality. The following lemma
reveals some important properties of the function g(-).

Lemma IIl.1. Under Assumptions 1, 2 and 3, the dual
function g(-) is Lg-Lipschitz smooth and for any A* € A*,
the PL inequality holds

g (\) — g(\) < 2;g||v9<x>|2

for all t >0, where pg =o/L and Ly = p/p.

Proof: See Section IX of the supplementary material. B
To establish a key recursive relation in our convergence
analysis, we define the following quantities:

Ax=g(X)—g(X),

Al =L, (x", A") — Lo (x* (A") ,A") and

AL® = Lo (x"%,A") = Lo (x*(A"), A7),

for s=0,1,...,5 -1,
where A* can be an optimal dual solution in A* and A} is the
dual optimality gap. We define a potential function by combing

the performance metrics A% and A% as
At = 7TAY + AL (56)

The following theorem provides the linear decay rate of A’
under proper choice of primal and dual step sizes.

Theorem II1.2. Under Assumptions 1, 2, and 3, if the primal

and dual step sizes, namely 3 and ~y, satisfy § < \I%L and

<mind ! )

min , - - )
7 6aL, \ (1— Byp)d 11aLlp
there exists a constant . € (0,1) such that

At-l—l < I{At,

where

2
K = max {1 — 5 (1 —6Lgva) pgyey, (57)

(1 . (12L97a—|—210)£p7a) a —BW)S}-

0
Especially, when S = 1, if § < ﬁ and v <
2
min ﬁ, ﬁ“ﬁp}, there exists a constant q € (0,1) such
that

At+1 S (1

— min d Yke BYu
whereq—mln{%,?}.

- q>At7

Proof: See Section X of the supplementary material. W

By Theorem IIL.2, we can directly establish that x¢ con-

verges to the unique minimizer x* = x*(A*) of the original
problem (10) at a linear rate.

Corollary II1.3. Under Assumptions 1, 2, and 3, if the primal

and dual step sizes, namely 3 and ~y, satisfy 5 < ﬁ and

< min ! 1 —1 N2
7 6L, \ (1 - Bou)” Hacly |
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the iterates {x'} generated by Algorithm 2 converge to
x*(X*) linearly, more specifically, there exists a constant
k € (0,1) such that

||xt - x*()\*)||2 < ck',

where ¢ = 4A°/ (pmin {%“
in (57). Especially, when S =

ind 14
min { 12aL,’ 99aLp

— in g Byp
where q = mm{%, T}

,1}) and 0 < k < 1 is defined
1L, if g < ﬁandv <

}, we have ||xt — x*(A")|* < ¢(1 — q)t,

Proof: See Section XI of the supplementary material. W

Remark 2. The condition numbers of the objective function
and augmented Lagrangian function are defined as

Kf:i=— and K;:= —.
d K

The condition number of the network can be defined as

9

K::M:B
TTONMI-W) o

which measures the network topology and is an important
factor affecting the performance of decentralized methods. In
general, a smaller condition number means greater connec-
tivity of the network. From Corollary II1.3, we can derive the
iteration complexity of our DPDM as

o (stnn (1))

When S is sufficiently large, the iteration complexity of
GDPDM can reduce to O (nmglog (%))

Our methods do not have a faster-than-linear rate since the
dual Hessian is approximated by the BB technique. It is well-
known that the BB method only has a linear convergence rate
for minimizing strongly convex problems, which is the same as
the steepest descent (SD) method. However, this does not limit
the practical much superior performance of the BB method
over the SD method. In our experiments, our methods are
directly compared with the primal-dual methods using other
dual ascent step sizes, such as NT and ESOM.

Note that existing decentralized second-order and quasi-
Newton methods exhibit different performance across several
aspects, including primal-dual updates, convergence rates,
computational costs, etc.. Here we compare our method with
other major decentralized second-order and quasi-Newton
methods. The comparisons are summarized in Table I

IV. NUMERICAL EXPERIMENTS

In this section, we would like to test and compare our
developed algorithms with some well-developed first-order
and second-order algorithms on solving the linear regression
problems and the logistic regression problems over a con-
nected undirected network with edge density d € (0,1]. An
additional experiment about the effect of network topology is
presented in Section XII of the supplementary material. For the

generated network, we choose the Metropolis constant edge
weight matrix [36] as the mixing matrix, that is

Illax{deg(i)l,deg(j)}+1’ if (Z,j) € gv
Wij = O, ~ if (Z,]) %5&11(1275],
1= enigiy Wik, if i =,

where (4,j) € £ indicates there is an edge between node 4
and node j, and deg(i) means the degree of node i.

Based on our analysis, we also propose an algorithm
GDPDM™, which applies an adaptive stop criteria for the
inner loop as stated in Algorithm 3, while the remaining steps
are the same as those of GDPDM. In fact, it is not difficult
to see the global convergence of GDPDM™ can be also ob-
tained within the convergence analysis framework of GDPDM.
Our comparison algorithms in this section include GT [15],
EXTRA [10], ESOM-1 [27] (called ESOM below), NT [29],
DBFGS [26], Damped regularized limited-memory DFP [33]
(called DR-LM-DFP below), Damped limited-memory BFGS
[33] (called D-LM-BFGS below), and DQN [34].

Algorithm 3 Inner loop of GDPDM™ with respect to node i

- xb =xt, HY? = HY, block(i) = 1

2: Fors=0,...,5—-1

3:  If block(i) ==

4 Update x"*™" by (36).

s: Update H**' by (24).

6:  Else

7: x*t = x* and HP T = HPS,
8  End if.

9 If [Jx;" T —xt| < ¢llvi = viTH(0< e < 1)
10: block(z) = 0.

11:  End if.

12: End for.

We use GDPDM(K) and GDPDM(K)"to denote GDPDM
and GDPDM™ with § = K , respectively. In addition, we
update 7t in (33) as r* = ¢,(n,)t, where ¢, > 0 and 0 < 7, <
1, and set @ >> w > 0 to be a large and a small positive
constant, respectively. Recall that p! is an approximation of

)\t 1”

pt, which can be rewritten as
o (X - o)
PUTIA |

where Bit! = (I—W)l/Q(BtH)— (I-W)Y/2. By As-
sumtptions 3, we have~fp J}i = < pt gl - TIJ}H't' If Pl telznds
to p*, we would have pt € [ e so7) € 557 o)
The success of each algorlthm 1s measured by

Bt+1

12

z [[x§ — 2|
lz*) + 1"
where the true solution z* is explicitly obtained for the linear
regression problem and is pre-computed by a centralized algo-
rithm for the logistic regression problem. In our experiments,

we would analyze the impact of networks with different con-
dition numbers. So we further introduce the communication

Relative error :=
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Table T
COMPARISONS OF DECENTRALIZED SECOND-ORDER AND QUASI-NEWTON METHODS

Primal order Dual order Convr:gence Iteration complexity Assumption3 Hei?le;u]::enot Como‘r:elrl;:::il:on
Pl
NT[29] Second First Linear 3/02(max{nf K ’1 SC+LG+LH Yes P
Ry /kf + kpy/Rgtog(s))

ESOM-K [27] Second First Linear O (k3 /alog (1)) SC+LG+LH Yes (14 K)p
DBFGS [26] Quasi second” \ Inexactly linear” \ SC+LG No 3p
DQN [34] Quasi second \ asymptotic C+LG No 3p
DR-LM-DFP [33] | Quasi second \ Linear O (r3rilog (1) SC+LG No 2p
D-LM-BEGS [33] | Quasi second \ Linear o) nfc nzlog (%) SC+LG No 2p

PD-QN-K [28] Quasi second | Quasi second \ SC+LG No 4+ K)p

DPDM Quasi second | Quasi second Linear O (5irglog (1)) SC+LG No (24 Ip\j03(0)p + 2*

1«

Quasi second” means the second-order information is captured by Hessian approximations using gradient information.

2 “Inexactly linear” means that the method only converges linearly to a small neighborhood of the solution.

2

3 “C”, “SC”, “LG”, “LH” respectively mean “Convexity”,

3 e

Strong convexity”,

Lipschitz continuous gradient”, “Lipschitz continuous Hessian”.

4 For the fixed underlying network, communication overhead can be defined as rounds of communication per iteration X dimensions of transmitted scalars, vectors, or matrices.
3 The iteration complexity of NT is computed when x* is close to x*. So the global iteration complexity is larger than the value given above.
* Here, the addition of 2 is because of the additional 2 scalar communications of a§ and bj- in each iteration of DPDM.

volume which can be calculated as follows:

Communication volume

= number of iterations
x number of communication rounds per iteration
x number of edges, i.e., dn(n —1)/2

x dimension of transmitted vectors on each edge.

In all experiments, we set the number of nodes n = 10. For all
comparison algorithms, we initialize x° = 0 and set v® = 0
for our algorithms. All experiments are coded in MATLAB
R2017b and run on a laptop with Intel Core i5-9300H CPU,
16GB RAM, and Windows 10 operating system.

A. Linear Regression Problem

In this subsection, we investigate the impacts of the con-
dition number of the objective function, denoted as k¢, by
comparing our algorithms with first-order algorithms, EXTRA
[10] and GT [15]. We consider the following optimization

problem
mn 8
1=

1
§ZTAiZ + biTz7

where A; € RP*P and b; € RP are private data available to
node ¢. To control the condition number of problem (58), we
construct A; = QT diag{ay, ..., a, }Q, where Q is a random
orthogonal matrix. We set a; = 1 and a, as an arbitrarily
large number, and generate a; ~ U(1,2) for j =2,...,p—1,
where U(1, 2) represents the uniform distribution from 1 to 2.
So ky = ap/a1 = ay.

We set p = 1000 and edge density d = 0.36 for the network,
where £, = 9.8. We set a, = 10, 102, 103, 10*. All the
algorithm parameters are set for their better performance and
are listed in Table II where parameter notations follow the
source papers.

From figure 1, We find that for such simple quadratic
problems, GDPDM(1), namely DPDM is most efficient since
the outer iteration number has no significant change but the
communication cost increases as the number of inner iterations

Table 1T
PARAMETER SETTINGS FOR LINEAR REGRESSION

GDPDM(I) (GDPDM(2);
GT EXTRA GDPDM(3); GDPDM(4);
GDPDM(4) 1)
ry =10 . | B=049(0.31;0.22;0.17;
K= 185 n= g X 18_4 o= 18_ 0.57), 0 = 0.32, a = 2.8,
K/f = n = X o = _ t t
Rf =100 | n=5x10"° | a=10-7 ] Y= L7 =095, ¢=04

10°
10
5 5
< @
e 10° : .
K] 10
& —— GDPDM(1) & —— GDPDM(L)
—— GDPDM(2) ——GDPDM(2)
GDPDM(3) " GDPDM(3)
—— GDPDM(4) 107t —acoPoM(4)
1010 —— GDPDM(4)* ——GDPDM@#)*
50 100 150 200 0 05 1 15 2
Number of iterations Communication volume %107
(a) (b)
Figure 1. Comparisons among GDPDMs in terms of the iteration number

and communication volume for xy = 10.

increases. In this case, one BFGS iteration is sufficient to
minimize the quadratic primal problem.

Figure 2 shows that our algorithm is more robust to the
problem condition number than EXTRA and GT. The conver-
gence rate of first-order algorithms becomes obviously slow
when the condition number increases.

B. Logistic Regression Problem

In this subsection, we firstly compare our algorithms with
GT [15] and two second-order algorithms: ESOM [27] and
NT [29], which use Hessian in the primal domain with dual
ascent in the dual domain. We consider the logistic regression

goip 223 low (1+ exp(—bsala)) + lal’, (59
where a;; € R? are the feature vectors and b;; € {-1,+1}

are the labels. The experiments are conducted on four datasets
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Relative error

——GT =10°

Relative error
N
5
S
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- GT 10

' 107
10 DPDM 110
DPDM r=10°

DPDM K =10°

102 F [ exrra n10?

——EXTRA%=10°
= = “EXTRA =10%

—>—GT =102

_10°
———GT =10

Relative error
N
5
S

- = GTrF10*

10® DPDM =107
DPDM r»,:]DS
DPDM x=10"

50 100 150 200
Number of iterations

(a) (b)

Comparisons with decentralized first-order algorithms in terms of the iteration number, communication volume, and CPU time (in seconds).

Figure 2.

from the LIBSVM library: mushroom, ijennl, w8a, and a9a.
The edge density d = 0.36 and the regularization parameter
A = 1. All the algorithm parameters are set for their better
performance and are listed in Table III where parameter
notations follow the source papers.

Figures 3, 4, 5, and 6 show that our algorithms converge
significantly faster than GT, ESOM, and NT in terms of
both the iteration number and CPU time. As more primal
updates are allowed in each inner iteration of GDPDMs, the
(outer) iteration number is reduced while the CPU time is
often increased. However, it can be seen that GDPDM(4)™,
which adaptively controls the number of inner iterations for
solving the more complex and nonlinear logistic regression
problem, performs generally best and keeps a good balance
between the iteration number and CPU time. We can see that
the performance of GDPDM(4)" is close to GDPDM(4) in
terms of the number of iterations and has about the same low
communication and time cost as GDPDM(1).

On the other hand, since multiple primal updates in each
iteration would lead to more communication cost, GDPDMs
do not outperform the second-order method NT in terms of
communication volume. For saving communication in NT, the
topology-dependent term «(I— W) is removed when involving
matrix inverse calculation as shown in (20). This renders NT
needing a big regularization parameter € to compensate for
the loss of network topology information. And € is required
to be bounded below for convergence of NT, which could
also affect the fast local convergence. Most GDPDMs are
more communication-efficient than the second-order method
ESOM, while all GDPDMs are superior to the first-order
method GT. Moreover, ESOM and NT obviously perform
significantly worse in terms of CPU time, since exact Hessian
and matrix inversions are calculated in their iterations. Figures
3d, 4d, 5d and 6d show the needed time and communication
volume for reaching a 10~ %-accuracy solution. We think it
may not be an ideal way to trade much time efficiency for
a slight improvement in communication. Our GDPDMs, such
as GDPDM(1), GDPDM(4)" are located near the bottom left
corner, implying they are quite efficient in both communication
cost and CPU time.

We now compare our algorithms with several well-
developed decentralized quasi-Newton algorithms: DBFGS
[26], DR-LM-DFP [33], D-LM-BFGS [33], and DQN [34]. All
the algorithm parameters are set for their better performance
and are listed in Table IV where parameter notations follow

Communication volume %107

15 2 0 10 20 30 40
Time(s)

()

the source papers.

From figures 7 and 8, we see that our algorithm is more
efficient than other algorithms. The reason why DR-LM-DFP
and D-LM-BFGS are very slow is that their quasi-Newton
matrices are constructed using some significant regulariza-
tion or damping techniques which could badly affect the
approximation to the Hessian for capturing the second-order
information. DQN has a similar recursion to DR-LM-DFP, yet
it introduces an additional communication step updating the
search direction and allows for uncoordinated (different) step
sizes among the nodes. While it accelerates convergence in
terms of iteration count, it also increases the communication
burden. Furthermore, DBFGS is an inexact method which only
converges to a small neighborhood of the solution.

To sum up, numerical experiments show our new GDPDMs
perform better than currently well-developed decentralized
methods due to the applications of quasi-Newton techniques to
reduce the computational cost and the explorations of second-
order information in both primal and dual updates to accelerate
the convergence.

V. CONCLUSIONS

This paper considers a decentralized consensus optimization
problem and proposes a decentralized primal-dual method
(DPDM) and its generalization (GDPDM) with multiple pri-
mal updates per iteration. Both primal and dual updates
effectively explore second-order information, where Hessian
approximations are constructed with at most matrix-vector
products. The single Jacobi loop with block-wise BFGS ap-
proximation is conducted in the primal domain. Based on
a new approximate dual gradient variation, the dual ascent
step with a novel second-order correction is implemented in
the dual domain. We show the updating direction of each
node asymptotically tends towards the global quasi-Newton
direction. The relationship between GDPDM and some first
or second-order methods is also established. Under proper
assumptions, GDPDMs have globally linear convergence. The
numerical results indicate that GDPDMs are not only very
robust on the condition number of the problem, but also
perform significantly better in terms of iteration number and
CPU time than all the comparison decentralized methods,
including EXTRA, GT, ESOM, NT, DBFGS, DR-LM-DFP,
D-LM-BFGS, and DQN.
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Table III
PARAMETER SETTINGS FOR LOGISTIC REGRESSION WITH DECENTRALIZED FIRST-ORDER AND SECOND-ORDER ALGORITHMS AND OUR GDPDMS

GT ESOM NT GDPDM(1) (GDPDM(2); GDPDM(4); GDPDM(4)T)

mushroom
# of samples (37" 1 n; =8120) | n=0.08 | e=03,0=39 | e=3.1,a=3.9
# of features (p = 112)

B =0.48(0.3;0.17;0.51), 6 = 0.18, y = 1,
a=3.6,r"=0.95, c=0.6

ijennl
# of samples (37 1 n; =49990) | n=10.06 | e=01,a=39 | e=35a=239
# of features (p = 22)

B = 0.41(0.33;0.22;0.44), § = 0.15, v = 1,
a=4,r" =095 c=0.3

w8a
=0.47(0.38;0.22;0.45), v =1, a = 3.6,
# of samples (307 ns =49740) | n=10.06 | e=02,a=41 | e=34, a=40 f_‘ 017 0(17' 0.17-0.16 ) - 0,95 c— 06
# of features (p = 300) =0.17(0.17;0.17; 0.16), * = 0.95%, ¢ = 0.
a% B = 0.38(0.34;0.19;0.42), 6 = 0.15, = 1,
# of samples (37", n; =32560) | n=0.06 | e=01,a=39 | e=3.3,a=39 — 4.0 rt = 0.95%. ¢ = 0.45
# of features (p = 123) a=a0 T =0den =1
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Figure 3. (a-c) Comparisons with decentralized second-order algorithms in terms of the iteration number, communication volume, and CPU time (in seconds)
using mushroom dataset. (d) Balance between time and communication volume.
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Figure 4. (a-c) Comparisons with decentralized second-order algorithms in terms of the iteration number, communication volume, and CPU time (in seconds)
using ijennl dataset. (d) Balance between time and communication volume.
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Figure 5. (a-c) Comparisons with decentralized second-order algorithms in terms of the iteration number, communication volume, and CPU time (in seconds)
using w8a dataset. (d) Balance between time and communication volume.
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Table IV
PARAMETER SETTINGS FOR LOGISTIC REGRESSION WITH DECENTRALIZED QUASI-NEWTON ALGORITHMS

DBFGS DR-LM-DFP D-LM-BFGS DQN
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¢t is the random variable generated over node i at iteration ¢ and satisfies the uniform distribution over interval (0.5, 1.5).

10° 100 100
=a
= 10° s 10° . 10°
<] 5 5
& o &
2 £ e
£ o 8 g
& 107 [[—DBr & 107 [[—osFes £ 10" F[—Dpgres
——D-LM-BRGS ——D-LM-BFGS —— D-LM-BFGS
DR-LM-D DR-LM-DFP. DR-LM-DFP
—DQN ——DQN —DOoN
10718 —stDM(z:)“‘w 10718 f|——cDPDM@)" 10715 | [———GDPDM(@)"
20 40 60 80 100 120 140 0 05 1 15 2 2.5 0 05 1 15 5 25
Number of iterations Communication volume x10° Time(s)

(@)

Figure 7. Comparisons with decentralized quasi-Newton
using ijennl dataset.

(b)

()

algorithms in terms of the iteration number, communication volume, and CPU time (in seconds)

10° 10° 107 —
¥ —_— ]
~ 10° = 10° . 10°
5 10 5 10 5 10
53 5] 5
$ 2 $
g 8 10 £ o
£ 10" [[—pares £ 107" [—oBFes R m—e
——D-LMBFGS ——D-LM-BFGS ——D-LM-BFGS
DR-LM-DEP DR-LM-DFP DR-LM-DFP
——DQN —DQN ——DON
10715 = GDPDM(4) 1015} |——GDPDM()" 1015 | |——cDPDM(4)*
20 40 60 80 100 120 140 0 2 4 6 8 10 12 0 05 1 15 2 25
Number of iterations Communication volume x10° Time(s)

(a) (b)

Figure 8.
using a9a dataset.

[2] E. Jeong, M. Zecchin, and M. Kountouris, “Asynchronous decentral-
ized learning over unreliable wireless networks,” in 2022 International
Conference on Communications (ICC), 2022, pp. 607-612.

X. Zhang, C. Hu, B. He, and Z. Han, “Distributed reptile algorithm for
meta-learning over multi-agent systems,” IEEE Transactions on Signal
Processing, vol. 70, pp. 5443-5456, 2022.

Z. Chen, Z. Li, C. Guo, J. Wang, and Y. Ding, “Fully distributed robust
reserve scheduling for coupled transmission and distribution systems,”
IEEE Transactions on Power Systems, vol. 36, no. 1, pp. 169-182, 2020.
[5] K. Pillutla, S. M. Kakade, and Z. Harchaoui, “Robust aggregation for

[6]
[3]

[7]
[4]

[8]

(©)

Comparisons with decentralized quasi-Newton algorithms in terms of the iteration number, communication volume, and CPU time (in seconds)

federated learning,” IEEE Transactions on Signal Processing, vol. 70,
pp. 1142-1154, 2022.

A. Nedi¢ and A. Ozdaglar, “Distributed subgradient methods for multi-
agent optimization,” IEEE Transactions on Automatic Control, vol. 54,
no. 1, pp. 48-61, 2009.

K. Yuan, Q. Ling, and W. Yin, “On the convergence of decentralized
gradient descent,” SIAM Journal on Optimization, vol. 26, no. 3, pp.
1835-1854, 2016.

J. Zeng and W. Yin, “On nonconvex decentralized gradient descent,”
IEEE Transactions on Signal Processing, vol. 66, no. 11, pp. 2834—

Authorized licensed use limited to: Louisiana State University. Downloaded on March 07,2025 at 18:09:16 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

This article has been accepted for publication in IEEE Transactions on Signal Processing. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TSP.2025.3547787

2848, 2018.

A. S. Berahas, R. Bollapragada, N. S. Keskar, and E. Wei, “Balancing
communication and computation in distributed optimization,” [EEE
Transactions on Automatic Control, vol. 64, no. 8, pp. 3141-3155, 2018.
W. Shi, Q. Ling, G. Wu, and W. Yin, “Extra: An exact first-order
algorithm for decentralized consensus optimization,” SIAM Journal on
Optimization, vol. 25, no. 2, pp. 944-966, 2015.

H. Li and Z. Lin, “Revisiting extra for smooth distributed optimization,”
SIAM Journal on Optimization, vol. 30, no. 3, pp. 1795-1821, 2020.
Z. Li, W. Shi, and M. Yan, “A decentralized proximal-gradient method
with network independent step-sizes and separated convergence rates,”
IEEE Transactions on Signal Processing, vol. 67, no. 17, pp. 4494-4506,
2019.

K. Yuan, B. Ying, X. Zhao, and A. H. Sayed, “Exact diffusion for
distributed optimization and learning—part i: Algorithm development,”
IEEE Transactions on Signal Processing, vol. 67, no. 3, pp. 708-723,
2018.

J. Xu, S. Zhu, Y. C. Soh, and L. Xie, “Augmented distributed gradient
methods for multi-agent optimization under uncoordinated constant
stepsizes,” in 2015 IEEE Conference on Decision and Control (CDC),
2015, pp. 2055-2060.

G. Qu and N. Li, “Harnessing smoothness to accelerate distributed
optimization,” IEEE Transactions on Control of Network Systems, vol. 5,
no. 3, pp. 1245-1260, 2017.

A. Nedi¢, A. Olshevsky, and W. Shi, “Achieving geometric convergence
for distributed optimization over time-varying graphs,” SIAM Journal on
Optimization, vol. 27, no. 4, pp. 2597-2633, 2017.

J. Zhang, K. You, and K. Cai, “Distributed dual gradient tracking for
resource allocation in unbalanced networks,” IEEE Transactions on
Signal Processing, vol. 68, pp. 21862198, 2020.

Z. Song, L. Shi, S. Pu, and M. Yan, “Optimal gradient tracking
for decentralized optimization,” Mathematical Programming, pp. 1-53,
2023.

D. Jakoveti¢, “A unification and generalization of exact distributed
first-order methods,” IEEE Transactions on Signal and Information
Processing over Networks, vol. 5, no. 1, pp. 31-46, 2018.

F. Mansoori and E. Wei, “Flexpd: A flexible framework of first-order
primal-dual algorithms for distributed optimization,” IEEE Transactions
on Signal Processing, vol. 69, pp. 3500-3512, 2021.

S. Zhu, M. Hong, and B. Chen, “Quantized consensus admm for multi-
agent distributed optimization,” in 2016 IEEE International Conference
on Acoustics, Speech and Signal Processing (ICASSP). 1EEE, 2016,
pp. 4134-4138.

C. Zhang, M. Ahmad, and Y. Wang, “Admm based privacy-preserving
decentralized optimization,” IEEE Transactions on Information Foren-
sics and Security, vol. 14, no. 3, pp. 565-580, 2018.

G. Mancino-Ball, Y. Xu, and J. Chen, “A decentralized primal-dual
framework for non-convex smooth consensus optimization,” IEEE
Transactions on Signal Processing, vol. 71, pp. 525-538, 2023.

A. Mokhtari, Q. Ling, and A. Ribeiro, “Network newton distributed
optimization methods,” IEEE Transactions on Signal Processing, vol. 65,
no. 1, pp. 146-161, 2016.

D. Bajovic, D. Jakovetic, N. Krejic, and N. K. Jerinkic, “Newton-like
method with diagonal correction for distributed optimization,” SIAM
Journal on Optimization, vol. 27, no. 2, pp. 1171-1203, 2017.

M. Eisen, A. Mokhtari, and A. Ribeiro, “Decentralized quasi-newton
methods,” IEEE Transactions on Signal Processing, vol. 65, no. 10, pp.
2613-2628, 2017.

A. Mokhtari, W. Shi, Q. Ling, and A. Ribeiro, “A decentralized
second-order method with exact linear convergence rate for consensus
optimization,” IEEE Transactions on Signal and Information Processing
over Networks, vol. 2, no. 4, pp. 507-522, 2016.

M. Eisen, A. Mokhtari, and A. Ribeiro, “A primal-dual quasi-newton
method for exact consensus optimization,” IEEE Transactions on Signal
Processing, vol. 67, no. 23, pp. 5983-5997, 2019.

J. Zhang, Q. Ling, and A. M.-C. So, “A newton tracking algorithm
with exact linear convergence for decentralized consensus optimization,”
IEEE Transactions on Signal and Information Processing over Networks,
vol. 7, pp. 346-358, 2021.

Y. Li, P. G. Voulgaris, and N. M. Freris, “A communication efficient
quasi-newton method for large-scale distributed multi-agent optimiza-
tion,” in 2022 IEEE International Conference on Acoustics, Speech and
Signal Processing (ICASSP). IEEE, 2022, pp. 4268-4272.

A. Mokhtari, W. Shi, Q. Ling, and A. Ribeiro, “Dgm: Decentralized
quadratically approximated alternating direction method of multipliers,”
IEEE Transactions on Signal Processing, vol. 64, no. 19, pp. 5158-5173,
2016.

(32]

[33]

[34]

[35]

[36]

[37]

[38]
(39]

[40]

[41]

Z. Zhang, S. Yang, and W. Xu, “Decentralized admm with compressed
and event-triggered communication,” Neural Networks, 2023.

J. Zhang, H. Liu, A. M.-C. So, and Q. Ling, “Variance-reduced stochastic
quasi-newton methods for decentralized learning,” IEEE Transactions on
Signal Processing, vol. 71, pp. 311-326, 2023.

O. Shorinwa and M. Schwager, “Distributed quasi-newton method for
multi-agent optimization,” IEEE Transactions on Signal Processing,
vol. 72, pp. 3535-3546, 2024.

A. H. Sayed, “Diffusion adaptation over networks,” in Academic Press
Library in Signal Processing, 2014, vol. 3, pp. 323-453.

L. Xiao, S. Boyd, and S.-J. Kim, “Distributed average consensus
with least-mean-square deviation,” Journal of parallel and distributed
computing, vol. 67, no. 1, pp. 33-46, 2007.

S. U. Pillai, T. Suel, and S. Cha, “The perron-frobenius theorem: some
of its applications,” IEEE Signal Processing Magazine, vol. 22, no. 2,
pp. 62-75, 2005.

D. M. Young, Iterative solution of large linear systems. Elsevier, 2014.
Y. Yuan, “Analysis on a superlinearly convergent augmented lagrangian
method,” Acta Mathematica Sinica, English Series, vol. 30, no. 1, pp.
1-10, 2014.

J. Barzilai and J. M. Borwein, “Two-point step size gradient methods,”
IMA journal of numerical analysis, vol. 8, no. 1, pp. 141-148, 1988.
M. Zhu and S. Martinez, “Discrete-time dynamic average consensus,”
Automatica, vol. 46, no. 2, pp. 322-329, 2010.

Authorized licensed use limited to: Louisiana State University. Downloaded on March 07,2025 at 18:09:16 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



