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Motivation: Riemann zeta function

;7
n>1
) 1
Product form: ((s) = H T p
p prime
. (71)n+1 2n :
Special values: ((2n) = WBQ,, - (2m)°", B,: Bernoulli #s

Meromorphic continuation:
A(s) = 7*2T(2)(s),

then A(s) =A(1 —s).



Modular form connection

O3(r) = " =D anq" =1+2q+2¢" +---, q=e"".
neZ n>0

2
Mellin transform (Dirichlet Series): Z I~ Z = 2¢(s).

2
n>1 nS/ n>1
1 v—1
Poisson summation: 03(v/—1s) = %93( . ), s € Ryo.

. 1 2 0 -1 .
03(7) transforms accordingly to <<0 1) , (4 0 )> with a

weight 1/2 factor.



Arithmetic Hypergeometric functions

An arithmetic hypergeometric datum, HD = {«, 3}, consists of

o = {al, ceey a,,}, B = {bl = ]., b2, ceny bn}, aj, bj c Q

e n = #«a = #/3, the length of HD
e M(HD) := lcd(ov U 3), the least common denom. of the aj, bj;

Fla.6it) = afos [ » o t]:ZcHDw-tk
n k>0
Cup(k) = (a1)k - (an)k

k'(b2)k -+ (bn)k’
where (a)x = a(a’i— 1)---(a+k—-1)=T(a+ k)/T(a).
o F(a,Bit)m =Y Chp(k)t

1
o



Connection to varieties
Example (HD2 - {{% %}7 {1* 1}})
For each A € Q\ {0, 1}, the cubic equation

Ly: y?>=x(1-x)(1-Xx)

represents an elliptic curve, obtained as follows.
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A version of hypergeometric character sum by McCarthy
Let F,, be a finite field.
Iﬁg ‘= Hom(F%,C*) = (w) ={w* |0< k< p—2}.
Forp=1 mod M, A € F,, let

p—2
Hy(or, 35 0) == Z@HD(k) w
a 1 a(w wai(p—1) +k) g(w*bj(P*1)+k) . .
Q:HD(k) 1 1—11 g(waf” 1) g(wibf(pfl)) w ((_1) )7
where g(x Z Cp - x(x) (Gauss sum of x).
x€F,

Example (HD> = {{1,1},{1,1}}, p odd, X € FF,)

Hy(HDxi \) = p+1— Z (X(X— 1)p(1—>\X)> — a,(V)

x€lF,



Euler factors

Using the norm map, one can extend it to H(c, #; A) over I .
By Dwork, Katz

k>1

sy e P
P, 3; A p~%) := exp (2(1) YH e (cv, ;) p )

is a polynomial of p~=.

Example (HD, p odd, A € F, \ {0,1})

P(HDy; X p~®) = (1= ap(A)p > +p-p ).



Hypergeometric L-functions

L(HD; X;s)" =" ] P(HD; X; p~°).

Example (HD;, A € Q\ {0,1})

L(HDy; A;s) “=" H (1 _ ap(/\)p—s 1p- p—zs)*l
= L(fL/VS)a

where f;, is a weight-2 modular form depending on A.



Hypergeometric L-functions

FROM SIMPLE TO DIFFICULT,
CHOOSE YOUR LEVEL

Photo credit: Amazon

Varying HD and A leds to a database of hypergeometric
L-functions, see L-functions and Modular Forms Database

(LMFDB) (beta version), (Roberts, Rodriguez Villegas, Watkins,
Kedlaya, Roe, ...)



Analytic/meromorphic continuation of L(HD; \;s)?
Example (HD = ({1,111} (L1 L1}};A = 1)
a). Yes! L(HD;1;s) = L(fg.4.0.2,5) - C(1 +s) !
[Ahlgren-Ono] For odd prime p, H,(HD; 1) = ap(fg.a.0.2) + P

b). [Kilbourn]  4F3(HD;1),-1 = ap(fs.4.02) mod p°
2

" F(HD;1)

c). [Zagier] L(fs.4.22,2) = 16

Complex field
I'(z)

p-adic Finite fields

Yfs.4.. is in LMFDB label; ap(f) is the p'" coeff. of f.




Dawsey—McCarthy conjectures

Hyp Series Newform f(z) = X a(n)g" Connection

Parameters Space LMFDB Relationship Conditions
L 15 5L 5L 0L | 8:(To48), () [483.2a [alp) = Se@) - F(---), | p =1 (mod 6)
2 [3: 3 51, 1,1010] | SaTo(12),(=2) | 12.3.da |a(p) = Se(p) - F(-+*)p [ p = 1 (mod 6)
318 5 51,101 | Sa(To(64), (<8)) | 64.3.d.a a(p)=F(--)p p =1 (mod 8)
4. [543, 1,101] | Sa(Te(27),(2)) | 27.3bb a(p)=F(---)p p =1 (mod 6)
50054 51, 1,101] | Sa(To(36), (<4) | 36.3.da a(p)=F(---)p, |p=1(mod 12)
6. 1,1, %1,1,111] | Sa(To(108), (=) [1083.cb| a(p)=F(---)p |p=1 (mod 6)
7. [4, 4, 3:0,1,111] [S3(T0(576), (724))[576.3hb|a(p) = Sua(p) - F(-++)p|p = 1 (mod 12)
8[54 31, 1,101] | S5(rp(128), (=2)) [128.3.d.c| a(p) = Sa(p) - F(-++)p | p = 1 (mod 4)
9.1 [§, 5> 331, 1,111] |S3(To(576), (-2))|576.3haa(p) = Si2(p) - F(--)p|p = 1 (mod 12)
10. [§. 5 21, 1,101] | S3(To(432), (=) |432.3.g.a| a(p) = Se(p) - F(---)p [ p = 1 (mod 6)
1| [50 L 21, 1,111] | S3(To(288), (<)) [288.3.g.a|  a(p)=F(---)p  |p=1(mod 12)
12.f [3, 4. 21, 1,111] | 53(To(108), (=%)) [108.3.d.a| a(p) = Se(p) - F(-++)p [ p = 1 (mod 6)
B[54 5L 1L11] | S3(To25).x) |253.ca a(p)=F(---)p p =1 (mod 5)
14.([ 5. 15+ 750 1. L, 1[1]| S3(Ta(20), (722)) | 20.3.d.a |a(p) = Sio(p) - F(---)p|p = 1 (mod 10)
15.([3. 5. a1, 1L 1] ] Sa(To(24), (72)) | 24.3.ha a(p)=F(---)p p =1 (mod 12)




EHMM Outline

Input: Hypergeometric HD

Output: Description of L(HD;1;s) via an Explicit Modular
Form £/, if eligible.

HD L(HD; 1; s)ﬁ—ajFunc.eqn.Spec.valvt

|

check

ifl passed

fup — fup conjugates —— f,ED



EHMM by Michael Allen, Brian Grove, L., Fang-Ting Tu

e Input: HD = {a, B} = {&’ U {r}, B’ U {s}}

e Conditions:
1. HD = a differential
Q(t) =t 11— t)* " 1F(a®, B t)dt = 3 apt" ldt,a, € Q
and a specialization t = t(q) yielding a “nice” g-expansion for

2At(a)g " = c(q+ Y bud)

2. For each p =1 (mod M), normalized “Hp(c, 3;1)" € Z.

e Conclusions:
1. An explicit description of b, in terms of a modular form
2. L(HD;1; s) has analytic/meromorphic continuation.
3. Exact values of L(HD; 1;s) at s =1 or 2 in many cases




The EHMM method is

e applications oriented
Conjectures of Dawsey-McCarthy
Modularity of 4-dim’l repn’s in EHMM2 (arXiv:2411.15116);

e applicable to many cases.



The EHMM method is

e applications oriented
Conjectures of Dawsey-McCarthy
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EHMM Calculator, an invitation

=
7
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EHMM Calculator

e Input: HD’ r s [e.g. {{%,%,;} {1,1,1}}, 3,1]
Either use given t in the database, or enter t = t(q)

e Basic Outputs::
g-expansion of Q(t(q )) [First few g-expansions]

“normalized” Hp(ax, 8;1 )

o Verification:

Whether Q(t(q)) (q) behaves like a modular form

If yes, check its conjugates for compatibility

If yes, build a Hecke eigenform from conjugates



EHMM Calc Demo

### Loding package
load('constructor.py');load('EHMMv3.sage')
### Construct a class

HD=EHMM( [1/2,1/2,1/2,1/2],[1,1,1,1])

print ('Datum=',HD.alpha,HD.beta)

### Sample functions

print ("t's g-expansion")

print (HD.tq().0(6))

print (HD.qg_expansion().0(10))

print ("First few coefficients of $f_{8.4.a.a}$")
print (Newforms(8,4)[0])

Datum= [1/2, 1/2, 1/2, 1/2] [1, 1, 1, 1]

t's gq-expansion

-64%q — 1536%q™~2 — 19200%q™3 - 167936%xq"4 - 1160064*g™5 + 0(g™6)
q — 4%q"3 - 2%q~5 + 24%q~7 - 11%q~9 + 0(g~10)

First few coefficients of $f_{8.4.a.a}$

q - 4%q"3 - 2%g™5 + 0(q”6)




In the remainder of this talk, we will demonstrate using
11
HD(r,s) = {{2, 5> r}, {1, 1,5}} ,

namely HD” = HD, = {{3,3}.{1,1}} augmented by (r,s), based
on classic results in analysis.



Schwarz map for HD,, = {{1, 21} {1,1}}, m=2,3,4
Both F(HDp,; t) and F(HDy,; 1 — t) are annihilated by

d? d m-1

The Schwarz map

V=1 F(HDm:1—t)

Flt) = F(HD,: t)

sends (where Kk, = 1, V3,v/2 when m=2,3,4 respectively)

Upper half plane 7




Modular forms and hypergeometric functions

When m = 2, f~1(t) is the modular lambda function.
M) =16(q — 8q° + 44¢> —192¢g* +718¢° +---), g = €™'".

Moreover,

—1—8q+24¢° —32¢° + 24q* — 48¢° + - -
q

— E : (_1)n1+n2+n3+n4q(n§+n§+n§+n§)

n;€Z

is a weight-2 holomorphic modular form.



From HD(r,s) to modular forms Ky(r, s)
By Euler's integral formula,

(= [1/2 12 1]

Il
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From HD(r,s) to modular forms Ky(r, s)
By Euler's integral formula,

(= [1/2 12 1]

2

= Nl

Ko(r,s) = 27N (1 -XN""1R

n (%) 165—8r—12 p(2r)8s+8r—12

77(7-)245—30 ’

where 7(7) := ¢*/?*T],,=1(1 — q") is the Dedekind eta function.



The S, set

n (%) 165—8r—12 77(2T)85+8r_12

Ka(r,s) = (724530

For (r,s) in
So:={(r,s)|0<r<s<3/2 245,8(r +s) € Z},

Ky(r,s) is a holomorphic and congruence modular form.

Thus, we are endowed with 199 weight-3 congruence cusp forms,
which are nice building blocks.



Conjugates

1 .
M oy = e27r//M

So primitive Mt roots of unity

(G c e @/mM2)} & {5 € @/Mz)* |



Conjugates

1
MHC 27r//M

So primitive Mt roots of unity

(G c e @/mM2)} & {5 € @/Mz)* |

Two (r,s) and (r/,s") in S, are said to be conjugates if
dc € (Z/MZ)* such that r' — cr,s’ — cs € Z.

We can group the elements in S; into conjugate clusters.

Example
{(%,1),(2,1),(3,1),(§,1)} form a conjugate cluster in S,.



Example ({(4,1).) = 1,3.5,7})

Ko (é 1) (16r) = ¢-3¢°=6q'"---+18¢" +--.

K> (;1) (167) = q3—q11—7q19+6q27+~--;6q51+~~-
K (271) (167) = q5—|—q13—4q21—3q29+---;6q85+---
Ky (;’1) (167') _ q7+3q15+3q23+4q31~-;6q119+-~

The coefficients of K (§,1) (167) are multiplicative.

They are all in the Hecke orbit of 256.3.c.g (a twist of 64.3.d.a).
We call such a conjugate cluster to be Galois.



Example ({(£.1).j = 1,3.5,7})

Ko (é 1) (16r) = ¢-3¢°=6q'"---+18¢" +--.

K, (271> (16r) = ¢*—q' =799 +6g% +---—6g°" +---
K, (Z’l) (16r) = @®+q3—4g =3¢+ —6¢% +--.
K, (7 1) (16r) = g’ +3¢" +3¢3 +4q% ... —6q"° + ...

éu
The coefficients of K (§,1) (167) are multiplicative.

They are all in the Hecke orbit of 256.3.c.g (a twist of 64.3.d.a).
We call such a conjugate cluster to be Galois. Not all clusters are
Galois. (Non-Galois clusters are also amazing! -Esme Rosen)



Hecke actions on Galois clusters, by example

Let f; := Ka(&,1)(167), T, denotes the p* Hecke operator. Then

T3

(1)

Moreover,
Tpfi =hp-f,, forp=3,57

with h, = —12,48, —64, for p = 3,5, 7 respectively.



EHMM for HD(r,s) = {{%, %, r},{1,1,s}}

Theorem (Allen, Grove, L. and Tu )

1) If (r,s) € Sy is in a Galois cluster, then the two conditions
are satisfied. For each p =1 (mod M), normalized

11
“H ({2 2 r} {17175} 1> _ap(fl-ﬁlD(rs))

where fHD( 9 is a weight-3 Hecke eigenform.

2) f;, ﬁ ) is an explicit linear combination of functions Ka(r, s) in
the conjugate cluster; L(fHD(r 5’ 1) is a linear combination of
12 12 r

1 s’

P(r,s), where P(r,s) := % £ [




Example ({{3, 3. Jé}; {1,1,1}})

# _
f;({% % é} (1,1,1}} - f256.3.c.g

= A+ Vhs-f+Vhs- f+”h3h fr.

L(fs63.cq,1) = V2(P(1/8,1) — V=1P(7/8,1))
+v/—=6(P(3/8,1) + v—1P(5/8,1)).



Esme Rosen

o [-values of certain weight 3 Modular Forms and
Transformations of Hypergeometric Series [arXiv:2412.07054]
[Using a Coxeter group acting on Sy, all Galois and non-Galois
cases of the Kp-families are classified.]

e ‘Mixed' CM structures associated to certain Hypergeometric
Motives (in preparation)

[Non-Galois cases of K; possess ‘Mixed’ CM structures.]

e Modular Forms and Certain »F1(1) Hypergeometric Series
[arXiv:2502.08760]

[A complete classification of the weight-2 K; families.]



Brian Grove

On Some Hypergeometric Modularity Conjectures of Dawsey
and McCarthy [arXiv:2507.19971]
[A complete classification of the weight-3 K3 and twisted

K§™" families.]



Thank you!

Give it
atry?

https://www.math.lsu.edu/~llong/EHMMCalc.html



